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Abstract : Surrogate modeling with insufficient data can lead to high prediction uncertainty and
errors. A promising remedy to address this issue is the use of transfer learning techniques that leverage
models built using data from other problems that are implicitly related to the problem of interest.
We present an algorithm that uses transfer learning and mixtures of experts across different design
space regions to improve the predictive capability of surrogate models. The algorithm uses existing
data to divide a problem’s design space into clusters and build ensembles of surrogate models in
each cluster using a multi-criteria weighting method. The proposed algorithm is shown to be both
accurate and flexible, allowing for automated transfer learning with tuning parameters that cater for
different problem types. The multi-criteria approach enables transfer learning in constrained Bayesian
optimization by weighing models based on their shape, accuracy, and variance. The proposed method is
demonstrated using aircraft conceptual design examples and showed up to 10% reduction in prediction
errors.

Keywords: Transfer learning, surrogate modeling, ensemble of surrogates, mixture of experts, aircraft
design

Acknowledgements: The authors would like to thank Jasveer Singh from Bombardier for his insights
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1 Introduction

Engineers and designers typically face problems that require the development of surrogate models that
emulate the behavior of computationally expensive functions. For aircraft design problems, typical
uses of surrogate modeling include the simulation of certain disciplines such as aerodynamics, struc-
tures, weight estimation, and aircraft performance. In addition, aircraft designers use surrogate-based
optimization algorithms to reduce the computational cost of aircraft design optimization problems [43]
or to aid in solving problems with hierarchical and mixed-discrete variables such as system architecture
optimization [8, 21, 48]. The ideal scenario in surrogate modeling is that there are enough training
data to build accurate models. Collecting sufficient training data can be expensive, time-consuming,
or even unrealistic.

Transfer learning is a sub-field of machine learning based on the idea of using information from one
domain to another different but related domain. For example, information can be transferred from
an existing machine learning model that classifies food images, built using existing data, to build a
model that classifies plant images using new data. In this work, we refer to existing data as source
data and data built based on the problem of interest as target data. Consequently, source models are
built using source data and target models are built using target data. Transfer learning of surrogate
models entails the use of information from source models to aid when there is insufficient target data
to build reliable target models, or when trying to reduce the computational costs of building the target
models [57, 67].

In this work, we consider transfer learning in surrogate modeling for aircraft design. Aircraft
manufacturers rely heavily on models to simulate and improve an aircraft’s design [11, 24, 42, 54]. A
challenge faced by aircraft designers is the high prediction uncertainty and errors faced when creating
surrogate models of certain disciplines with limited data [19]. Another challenge is the computational
costs and time associated with expensive simulations and optimization in aircraft design [46]. We
investigate the use of transfer learning for aircraft design and optimization to address the challenges
above. Brunton et al. provide a review of the use of machine learning in aerospace applications [6] and
highlight the need for transfer learning to aid in aircraft model-based engineering. Min et al. propose
the use of transfer learning in the design of different aircraft engines [39]. They use source data from
a different engine type relative to the target problem and add the source data to the target data to
create individual target surrogate models. Tong et al. explore the application of transfer learning on
aircraft engine design surrogate modeling by developing tools to predict turbo-fan core size using a
database of two hundred engines [56]. Min et al. propose a method to transfer knowledge between
source and target problems and apply their method to aircraft engine designs [38].

We are interested in Gaussian process surrogate models because of their flexibility and ability to
quantify uncertainty to enable Bayesian optimization [58]. Gaussian processes are a type of surrogate
model defined by their mean and covariance functions [58]. We introduce the use of Gaussian processes
in aircraft design, which are prevalent in many disciplines and optimization applications. In [9], the
authors used Gaussian process regression to determine both a mean estimate of the takeoff weight of
an aircraft and the associated prediction interval, using observed data from the takeoff ground roll.
The authors in [34] constructed surrogate models for airfoil design using multi-output Gaussian process
regression models to predict airfoil lift, drag, and pitching-moment coefficients. In the field of aircraft
design optimization, Gaussian processes are used in several applications. A conceptual design Bayesian
optimization of business aircraft is presented in [43]. A wing aerodynamic design optimization using
Gaussian processes is proposed in [44]. The authors of [55] used a co-Kriging method, a type of multi-
output Gaussian process, to perform a multipoint drag minimization. However, the use of individual
Gaussian processes in the context of transfer learning is not ideal due to the heterogeneity of data
between different problems and due to the potential increased computational costs associated with
increased amounts of data. Instead, we explore the use of ensembles of surrogate models for transfer
learning.
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The idea of using an ensemble of surrogates as a weighted average of individual surrogate models
is proposed in [22]. The authors claim that using an ensemble of surrogates, which can be constructed
without a significant expense compared to the cost of acquiring data, can prove effective in distilling
correct trends from the data and improve robustness over the use of individual surrogate models.
In [62], the authors demonstrated the use of ensembles of several types of surrogate models, including
Gaussian processes, on a set of problems showing improvement in the robustness of results. Using
ensembles of surrogates in transfer learning leverages existing data from source problems to combine
source and target models with the goal of improving approximation performance and reducing training
computational costs. The authors in [36] proposed an ensemble approach to transfer data between a
set of source problems to a single target problem. The method entails the use of maximum a posteriori
elaboration on a logistic regression model. In [14], the authors proposed a so-called multiple kernel
learning framework for transfer learning where they apply a linear combination of multiple predefined
kernels. In [40], the authors presented a framework for transfer learning based on modular variational
Gaussian processes. The framework relies on a dictionary of pre-existing Gaussian processes that are
used to complement a Gaussian process of a target task. The concept of ensemble of surrogates is
also used in transfer learning of Bayesian optimization in [16, 17, 59, 60] where a weighted-average of
models consisting of source surrogate models and target models is used.

This paper proposes a methodology for performing transfer learning between a set of source surro-
gate models and a target surrogate model, using an ensemble of surrogates defined over a partitioned
design space. The main contributions of this paper are:

1. The use of posterior information to efficiently adapt source surrogate models to the target prob-
lem.

2. The construction of clusters within the design space of the target problem and the development
of a mixture of experts in each cluster.

3. A multi-criteria weighting strategy to build the surrogate ensemble based on shape similarity,
predictive accuracy, and variance.

This paper is organized as follows. In Section 2, we outline the aircraft design motivations and
objectives that drive the need for transfer learning using ensembles of surrogate models, and we
review related work that performs transfer learning using methods other than ensembles of surrogates.
In Section 3, we propose the methodologies to develop ensembles of surrogate models using posterior
information of source surrogate models, a mixture of experts that divides the design space, and a
multi-criteria weighting method to combine the ensembles of surrogates. We then demonstrate the
methodologies using analytical and aircraft design problems in Section 4. In Section 5, we close the
paper by concluding on the methods presented and the claimed results.

2 Aircraft design surrogate modeling

This work is motivated by scenarios when aircraft designers have limited data from a specific target
discipline and abundant data from another, i.e., source, discipline. The target disciplines could be
complex to model and computationally expensive, or they could be not part of the core business of the
designers’ company and typically are obtained from external entities. In such scenarios we assume that
we can transfer knowledge from other source disciplines implicitly assuming that these disciplines are
relevant to the target discipline and therefore can be used to derive more accurate surrogate models
or to obtain sensitivities to key input variables. In addition, we are interested in performing transfer
learning for Bayesian optimization of aircraft to enable the use of existing (source) optimization data
while performing a new target optimization. Finally, we are interested in performing transfer learning
between different aircraft configurations, for example, we intend to leverage knowledge from available
source data from a high-speed and high-sweep aircraft wing when designing a low-speed and low-sweep
aircraft wing.
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Of particular note in the aircraft design surrogate modeling scenarios is the relationship between
source and target problems in specific areas of the design space. We discuss the example of the high-
speed and low-speed wings. The lift, drag, and pitching moment of an aircraft operating at a fixed
angle of attack change rapidly as the aircraft approaches the speed of sound. This change is called
compressibility effect [23]. Its onset begins at a specific airspeed called the critical Mach number. Tt
is driven by the formation of a normal shock that separates the flow on the aft part of an airfoil. An
airplane with low-speed wings and thick airfoils will experience it as early as Mach 0.6, whereas a
high-speed wing begins to experience it above Mach 0.80 as shown in Figure 1. The Mach number at
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Figure 1: Sample curves showing the evolution of compressibility drag coefficient with the Mach number highlighting the
drag-divergence Mach (Mpp) numbers between a low-speed and a high-speed wing (adapted from [23]).

which this happens is the drag-divergence Mach number Mpp. If we use source data from a high-speed
wing model on a low-speed wing target problem, we will have large errors if the model is used across
the whole design space. However, at Mach numbers below 0.6, models built on both the target and
source data will produce equivalent wave drag results. Therefore, we are interested in methods to
enable weighting of source models in ensemble of surrogates in specific areas in the design space. We
present an illustrative numerical example to highlight our motivations in Figure 2.

3 3 3

2 2 2

-2 0 2 4 6 8 -2 0 2 4 6 8 -2 0 2 4 6 8
x x x

(a) Target function. (b) Source 1 function. (c) Source 2 function.

Figure 2: Numerical example illustrating motivations for methods to divide a target problem’s design space and to use
posterior information from source surrogates.

We consider a target problem defined by a one-dimensional function f(z) = sinx + cos 10%, with

x € [—2,8]. We are interested in using two source functions: the first is defined as f(x) + 1 when
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x > 1.8 and 2+ ¢ otherwise, and the second is defined as f(x) — 2 when z < 4.5 and —2 + ¢ otherwise,
€ is a noise term. Both of the source functions have a similar shape to the target function in only a
region of the design space as shown in Figure 2 (b) and Figure 2 (c). We also note that the source
functions do not share the same output values with the target function even in regions of the design
space that their shapes are similar. Therefore, transfer learning methods must be able to use source
surrogate models only in specific regions of the design space. We will use this example as a running
example to demonstrate our methods in Section 3.

We summarize the motivating aircraft design scenarios as follows:

Scenario 1: an aircraft designer is interested in creating surrogate models of a computationally
expensive discipline by transferring knowledge from other disciplines.

Scenario 2: an aircraft designer is interested in combining the prediction capabilities of multiple
surrogate models that are valid in only specific regions of the design space.

To that end, we select the use of ensemble of surrogates when we have multiple surrogate models
built using datasets from source problems and a single dataset from the target problem as depicted
in Figure 3. This ensemble of surrogates must be able to perform any of the motivating scenarios
described above. There exists several methods to apply transfer learning on surrogate modeling other
than the use of ensembles of Gaussian processes. Authors in [33, 63] used a single surrogate model for
the target problem which can be used and adapted based on prior information from existing Gaussian
processes. In [63], the authors achieved this by applying different kernels: a squared exponential kernel
for points in the target problem, and a nearest neighbor kernel for points in the source problems. Several
methods also exist for transfer learning using multi-output Gaussian processes [2, 49, 61]. The authors
in [28] used a so-called deep Gaussian process [12] by projecting the target data on a source Gaussian
process which was then linearly combined with the second layer of a two-layer deep Gaussian process.
Another popular use of transfer learning in surrogate modeling is the use of neural networks, a type
of surrogate models that is comprised of multiple layers of interconnected nodes [51]. However, we
consider these methods inadequate for the problems of interest in this research due to their higher
computational costs compared to the ensemble of surrogates approach. In the following sections, we

Source
surrogate
models

= o~

Ensemble of
surrogates

Target data 4 Target )

surrogate
model

Figure 3: lllustration of transfer learning ensemble of surrogates.

present descriptions of the two aircraft design surrogate modeling problems based on Scenarios 1 & 2
that will be used in this paper as the application problems. We note that Scenario 3 is not applied in
this paper and will be part of future work.
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2.1 Aircraft noise prediction

Aircraft noise is a major consideration for aircraft and engine designers due to its impact on local
communities and natural habitats around airports. Noise sources from aircraft are complex and inter-
dependent as presented in Figure 4 (adapted from [65]). Predicting aircraft noise is a complex task
and is computationally expensive for higher fidelity methods [18, 65]. Furthermore, validation tests of
noise prediction methods are also expensive and rely on a variety of ground and flight tests. In this
scenario, we assume that a small set of input-output data for the target problem, aircraft approach
noise, is present; however, an aircraft acoustics model is not available to produce estimates for aircraft
approach noise for new sets of inputs. Aircraft noise during the approach flight phase, i.e., aircraft
approach noise, is always higher than other reference flight phases, i.e, lateral and flyover noise, and
is typically measured using the EPNL, effective perceived noise level, metric [18]. We hypothesize
that aircraft approach noise is correlated with aircraft maximum takeoff weight (MTOW) as a heavier
aircraft requires a larger airframe, engines, high lift devices, and landing gear. In this problem, we aim
to use transfer learning to build a surrogate model of aircraft approach noise based on a set of input
variables and a surrogate model of MTOW.

Figure 4: Aircraft approach noise sources (adapted from [65]). Photo by Yan Gouger.

2.2 Slats configuration impact on aircraft weight

For the second aircraft design problem we are interested in estimating the MTOW of an aircraft
depending on whether the aircraft has slats, i.e., slatted, or not, i.e., unslatted. Aircraft wing slats
are a type of leading edge high lift devices, an example of the Airbus A321 aircraft slat is shown
in Figure 5, that allow an aircraft’s wing to operate at a higher angle of attack without stalling
therefore allowing the aircraft to takeoff and land on shorter runways and at lower speeds [45]. By
enabling an aircraft to fly at lower speeds at takeoff and landing than unslatted aircraft, slats allow
designers to reduce the size of an aircraft’s wing which significantly reduces its cruise drag especially
for high-speed transonic aircraft. Slats are typically attached to the wing’s front spar (F/S) by means
of actuators and tracks where multiple competing constraints drive their design and implementation.
Although slats significantly improve the low speed, ground performance, and high-speed cruise drag of
an aircraft, their integration comes with significant challenges such as actuation installation, anti-icing,
cost and reliability. Therefore, the decision for installing slats or not on an aircraft is complex and
multi-disciplinary which necessitate the use of optimization and aircraft level trade studies. In this
problem, we are interested in performing analyses that predict the MTOW of an aircraft based on
aircraft sizing input variables in addition to whether an aircraft is slatted or unslatted. Consider a
scenario where we have two sets of simulation models: M1) the first model correctly models a slatted
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aircraft and predicts its MTOW but produces incorrect results if the aircraft is unslatted, and M2)
the second model behaves conversly by predicting correct MTOW only for unslatted aircraft. We are
interested in running an optimization where slat configuration is a design variable and we combine the
computationally expensive simulation models of M1 and M2 into the same framework. Our goal is to
perform transfer learning in the new framework using existing results we had obtained using either M1
or M2 solely. The transfer learning methodology must be able to capture the correct behavior of M1
and M2 in their respective applicable design spaces.

Siat Tralling-Edge Gap

Fuel Tank \W

RS .
A321 Airfoil Section L |
Flap Chord

Figure 5: Airbus A321 wing cross section showing a deployed slat [45].

3 Methodology

As described in Section 2, we focus in this work on ensembles of Gaussian processes. In the following
sections, we describe the methodologies used to develop an ensemble of Gaussian processes using trans-
fer learning. Based on the motivations described above, we identify the following that our methodology
must achieve:

1. Build Gaussian processes from the source data but adjusted to the output of a target problem.
2. Divide the design space of a target problem based on the performance of source surrogate models.

3. Determine appropriate weighting of source models for both surrogate modeling.

To achieve the above, we first propose an approach to transfer the prior mean function from a source
surrogate model to a target model in Section 3.1. Secondly, we present a method to divide the design
space preparing for a mixture of experts algorithm in Section 3.2. Lastly, we propose a multi-criteria
weighting methodology to enable expert selection in each region of the design space in Section 3.3. In
the literature, there are several methods for the weighting of the ensemble surrogate model [10, 17, 22,
60, 62, 64]. However, these methods are not flexible for use in transfer learning for surrogate modeling
and optimization. In this work, we develop a multi-criteria approach that can be altered depending
on the use case at hand. The selectable criteria are based on the shape, accuracy, and variance of the
surrogates in an ensemble. We use Gaussian processes in all of the surrogates in this work to obtain
variance information to enable ensemble weighting and to use them in Bayesian optimization. Finally,
we combine the steps above into an algorithm for building an ensemble of surrogates using transfer
learning. The notation we use in this work is defined in Table 1.

Table 1: Notations in transfer learning for surrogate modeling.

Symbol Definition

DoEL N Design of experiments datasets containing input/output pairings from source problems 1, ..., N
DoEr Design of experiments dataset containing input/output pairings from the target problem

X7 Input vector data from DoEm

Y Output vector data from DoEp

g}é """ N 1, ..., N source surrogate models built using source datasets DoEé """ N

Qé,’“"N 1, ..., N modified source surrogate models, y;"“’N, using target dataset DoE

Ut Target surrogate model built using target dataset DoE
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3.1 Transfer of prior

When transferring a source model to a target problem, the use of a source model as-is or its prior,
therefore maintaining the shape of the source model, is well established in literature We define the
shape of a model as the behaviour of the model’s outputs corresponding to changes in inputs values.
In this work, we also are interested in the value predictions of source models and not just their shapes.
Therefore, we propose to transfer source model posteriors, gs, and adjust their predictions to target
data DoE similar to the approach proposed in [52]. We then use these posteriors as the prior mean
functions m of a target problem, such that m(z) = ags(x), where gs is the posterior of a source model
and « is a scaling term. Starting from the squared exponential covariance function, the authors in [52]
proposed a new covariance function as follows

' wiisz Ami*AiﬂjQ
k (zi,7;) = 0f exp {H2P|} exp [ (s )212%( ) ] ’ 1)

where hyperparameters oy and [ are the variance and characteristic length-scale of the covariance
respectively, and lg¢ is the length-scale obtained from gs and are calculated using maximum likelihood
estimation [1]. The covariance function in Equation (1) may potentially change the shape of the
source models §s between two points z; and x; since the covariance function k" and hyperparameters
oo and [ are determined based on gs(z;) and gs(z;). However, in some cases, designers are interested
in maintaining the shape of the source model without modifying the covariance function. In addition,
the work in [52] developed their approach specifically for use in a Bayesian optimization context which
does not need to adjust the bias of the source models since the Gaussian process hyperparameters are
fit to the new observations. To that end, we propose an approach for adjusting a source model gg
considering both a scaling factor and a bias.

9%/ (z) = anfs (z) + Bn, (2)

where the scaling term «,, and the bias term [3,, are constant parameters that can be fitted to the target
data DoET to create a modified set of source models as described in Algorithm 1. Alternatively, one
could still use the covariance function from Equation (1) with a prior mean function from Equation (2).
The output of Algorithm 1 is N modified source surrogate models that require aggregation into an
ensemble, which is addressed in the following sections.

Algorithm 1: Source surrogate model with posterior information.

Input: Source datasets DoEé’“"N and target dataset DoEp : (X, Ym)

Output: Modified source models Q;;""N
1 forn=1,...,N do
2 Build source model gg' based on DoEg
Use the posterior of the g& to calculate g& (XT).;
Calculate (an, fn) = aiggqeiﬂg e(a, B) where ¢ is an error metric between gg, (X) and Y, ;

5 Calculate the hyperparameters off and I".;
6 Set modified source surrogate model per Equation (2) and Equation (1);
7 end

3.2 Mixture of experts approach

To address the problem of fixed weights across the whole design space for ensembles of surrogates,
we propose a mixture of experts approach that divides the design space into clusters and calculates
the probability for each source model being the correct model for each cluster. Mixture of experts is
based on the divide-and-conquer principle in which the problem space is divided between a number of
weighted experts, i.e., surrogate models, that are supervised by a gating network. The authors in [27]
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presented a general architecture of mixture of experts for supervised learning. This architecture is a
tree structure where the tree splits are called a gating network. Each gating network produces soft tree
splits until the terminal leaves which produce an output by means of a generalized linear model. The
parameters of the different generalized linear models are estimated using the Expectation-Maximization
(EM) algorithm [13, 37] on the input-output space. In this work, we use source models that are already
developed, and we only need to develop a gating network without redeveloping the existing surrogate
models. In [4], the authors developed a mixture of experts algorithm aiming to increase the accuracy
of a function approximation by replacing a single global model by a weighted sum of local experts.
The approach is based on a partition of the problem domain into several subdomains via clustering
algorithms followed by a local expert training on each subdomain. Clustering does not use generalized
linear models but Gaussian mixture models obtained using the EM algorithm which allows for a
smooth transition between clusters. They use a latent discrete random variable x that indicates which
component of the mixture is to be used. The authors in [31] applied the mixture of experts algorithm
from [4] on aircraft aerodynamic prediction problems. The classical expression of a mixture of experts

model is presented as follows
K

jla) =) Pk =il X = )ji(x), (3)
i=1

where K is the number of clusters, x € {1,...K} denotes the discrete random variable associated with
the clusters, P(k = i|X = x) is the probability of a point x to lie in cluster with index ¢, and ¢; is
the local expert built on cluster ¢ knowing that a Gaussian X = x. The ideal number of clusters is
problem dependent and can be obtained using the EM algorithm by utilizing the so-called Bayesian
Information Criterion or Akaike Information Criterion [7]. The gating network probability is derived
in [4]. Assuming a Gaussian mixture GM of K components, the EM algorithm [13, 37] is used to
estimate the parameters of each Gaussian k € 1...K based on (X,Y) pairings:

K
GM : (X,Y) ~ > onN (g, Tk), (4)

k=1

where «y, is the mixture parameter for each Gaussian such that ay, € [0, 1] and ZkK:l ar =1, pg is the
mean of the Gaussian distribution k of a Gaussian N (pux, I'y), and T is its variance-covariance matrix.
Using the EM algorithm, the law of x knowing that X = x and without knowing its associated output
Y is obtained as follows

K
X~ N (i, TY), (5)
k=1

where 'Y and ;¥ are the variance-covariance matrix and mean of X for Gaussian k, respectively.

In this work, we propose to cluster the design space based on combinations of inputs values x and
an error metric £ of each source model on the target data DoE. Therefore, the clustering matrix M
of dimensions p x (n + N) is defined as

M= | o ] (6)
‘/Ijlp DR .’L‘np elp DR eNp

where n is the dimension of the input vector z, N is the number of source models, p is the number
of points in DoEr, 2y, is the value of the n*" dimension of a point with index p of DoET, and ey,
is the value of the N*® source model error at a point with index p of DoE. In this work, we use
an average absolute error for €¢; however, other metrics can be used depending on the use case needs.
Consequently, the Gaussian mixture (X,Y") used in the EM algorithm is set to (X, £) which is built
based on the input vector & and error vector € as per the clustering matrix M. Once the EM algorithm
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is used to calculate the Gaussian mixture parameters, the probability for a given point z = (x, €) to lie
within a cluster ¢ adapted from the derivation in [4] as a so-called hard clustering method as follows.

det(I;) Y2z exp[—L (2 — ) TT; (2 — )]
_ p 7 pl ™

1 _
D det(Ti) ™ 2ay exp[— (= — 1) T (2 = )
k=1

Pk =i|(X,€) = (x,¢)) =

Each cluster ¢ € [1,...,K] is then defined where each point (z, €) yields the highest probability
from Equation (7) as follows,

i =argmax;e gy P(r = (X, &) = (z,€)). (8)

The probability of a point being in a cluster ¢ is then calculated using only the input vector x using a
so-called smooth clustering setting as follows,

det(I¥) "z ay exp[—§ (& — i) "TF (& — pui)]

Pk =X =xz)= 9)

K

1 1 = _
> det(T) "z ay eXp[—§($ — i) TR N = )]
k=1

Alternatively, in a hard clustering setting, P(x = i|X = z) in Equation (3) is replaced by 1px (x) given
by

1.0, if i = argmax,_ Pk = j|X =x),

Lo () = { gmax;_; Pk = j| ) (10)

0.0, otherwise.

We validate this approach on the one-dimensional function from Figure 2. We build two source
surrogate models based on the source functions in Figure 2 (b) and Figure 2 (c) and apply Algorithm 1
from Section 3.1 to obtain modified source surrogates, i, and 93,. We then calculate the errors, &
and & of g4, and 2, respectively, when compared to the target function f(z) across the whole design
space using 100 equally spaced points (X, £). We create the clustering matrix M in Equation (6) using
X and £. Finally, we set the number of clusters to three, apply the EM algorithm, calculate the hard
clustering probabilities from Equation (10), and obtain the clusters from Equation (8). The results of
the clusters and clustering matrix are presented in Figure 6 demonstrating the ability of the proposed
method in correctly dividing the design space based on the accuracy of the source surrogate models.

3

Cluster 1 + Cluster 1
e Cluster2 ® C(Cluster2
271 v Cluster3 N A v Cluster 3
1 P 40f°
! N (I [ el
L v ° .
P / : AT
04 -\ N V
> . $0
~14 F
v
21
~3
-4
-2 0 2 4 6 8
X
(a) Clusters visualization on the target function. (b) Visualization of the clustering matrix M comprised of X, £; and &,.

Figure 6: lllustration of clustering on a one-dimensional target function with 3 clusters and 2 source surrogate models.

The resulting mixture of experts algorithm for clustering based on input vectors and source model
errors is presented in Algorithm 2. We note that the Gaussian mixture clustering method used in this
work may not be accurate for non-Gaussian functions. In application cases where such functions exist,



Les Cahiers du GERAD G-2025-50 10

future work may adapt different clustering approaches [50, 66] to obtain the clusters and the gating
network.

Algorithm 2: Design space clustering and mixture of experts gating network.

Input: Modified source models Qé;""N, target dataset DoEp : (X, Yr), and number of clusters K
Output: Clusters K and gating network definition
1 Calculate the errors £, between each modified source model g, (X7) and Yp forn=1,...,N. ;
2 Assemble the clustering matrix M in Equation (6) using X and the errors &1, N.
3 Apply EM algorithm to M with clusters K to get estimates of the Gaussian mixture parameters ay, py and 'y

fork=1,.., K.
4 Perform the hard clustering step of the data using Equation (7) and Equation (8) to obtain the set of
clusters K.

5 Set the gating network P(k = ¢|X = z) at any point z for each cluster ¢ € K using Equation (9)

Although the separation of clustering and learning in [4] is beneficial for our transfer learning
problem, this algorithm builds a set of different surrogate model types on the same data and calculates
a weight for each surrogate based on its performance in each subset of the design space relative to a
predefined metric. This approach does not match the needs of transfer learning problems where the
intended local experts are already predefined. In addition, mixture of experts algorithms in [4, 31]
assume that the number of surrogate models is pre-set based on the selected types of surrogates, and
that the cluster definition is a prior step to build the surrogate models.

In the transfer learning problem setting, the number of source models may not match the number
of clusters and the clusters are dependent on the source models. Therefore, we propose an algorithm
that first divides the problem space based on (X, &) to obtain the gating network. Then, we add a
term to obtain the probability that each source model is the correct model to be used in each cluster.
The expression defining the prediction ¢ at a point x of our proposed algorithm is given by

K N
g(x) =YY P(k = i|X = 2)P(; = §:)9;(x), (11)

i=1 j=1

where K is the number of clusters, IV is the number of source models, i is the index of existing clusters,
¥; is the Gaussian model representing the indexed cluster, and ¢; is the 7 source model. Equation (11)
can be considered a smooth prediction setting assuming both P(k = i|X = z) and P(g; = ¢;) are
smooth. Alternatively, a hard prediction setting can re-written as follows

K N
hard(®) = Y Y Tex (@)1 ()35 (@), (12)

i=1 j=1

where 1p; is determined as the source model with highest probability to represent the model of cluster
with index i, and 1px is the hard clustering method from Equation (10).

%O oo, s s 3 oo
j=1,..., j i
To obtain the standard deviation § of the ensemble of surrogates {j, we present two methods:
1. target surrogate model variance §; as proposed in [60]
32(z) = §%(x). (14)

2. weighted ensemble of surrogates variances based on smooth clustering and prediction as follows

K N
Fa) =) Y (B(r =i1X = 2)*(B(g; = 5:))°8} (@), (15)

i=1 j=1

where 3;(z) is the standard deviation of the j' source model.
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In the following section, we complement the methods presented so far to obtain P(§; = ¢;), the
probability that source model j is the correct model to be used in cluster 7.

3.3 Multi-criteria weighted ensembles

In existing literature, the use of transfer learning in ensembles of Gaussian processes relies on the
mis-ranked or discordant pairs approach [16, 30, 60]. The idea is to select all paired combinations
of a source model’s predictions and the target data and estimate how often this prediction and the
target point agree on the ranking of outputs. This approach promises to measure a source model’s
ability to generalize to the target data based on its shape. Such methods are appropriate for Bayesian
optimization (for the objective function only) where the shape of a function is more important than
the actual prediction values. However, the use of transfer learning for applications other than objective
functions in optimization requires the use of different criteria for model selection. We propose a multi-
criteria ranking approach that can be selected depending on the intended application. Even for the case
of Bayesian optimization, the ideal criterion may not always depend on the shape of a function. For
example, handling constraints requires model selection based on accuracy and not just the shape of the
constraint functions. The mis-ranked pairs approach for model selection is more useful for performing
acquisition function optimization since we are interested in the shape of the predicted function rather
than its values. In [16], the authors developed an ensemble of Gaussian processes transfer learning
method where source models, along with the target model, are weighted based on the shape of the
function, i.e., mis-ranked pairs. They used a loss function to calculate the weights of each source model
when applied to the target data.

L(js, DoET) = Zn: Zn: L((gs(2h) < ds(2k)) @ (Y < Yk)): (16)
m=1k=2

where @ is the exclusive-or operator, DoE- is the input-output data (X, Y) of the target problem T
with n points, and gg is a source model. The posterior of each source model is then used at the target
data creating a set of samples where the ranking losses are evaluated using Equation (16). Weights for
each source model are then calculated by the summation of the samples’ ranking losses divided by the
number of samples. In [60], the authors developed a similar ensemble of Gaussian processes algorithm
also based on function shape. However, to calculate the ensemble weights of the source models, they
first calculate the ratio 7 of discordant pairs to total pairs n of DoE [29] between source models and
the target model. Then they use a weighted average to predict the combined output of the source and
target models. The Epanechnikov quadratic kernel [15] is used as follows

s, Do) = (20T (17)
with
and
~(xs, Do) — 2om=1 Dk 1((yf;ln< YR) © (Y < W1)) (19)

where p > 0 is a predefined bandwidth, DoE is the input-output data of the target problem T, and
Xs are the data predictions Y* on the inputs X of DoE using a source model S with n points.

In this work, we propose a multi-criteria approach to obtain the probability of a surrogate model
Jj being a correct representation in a cluster . A summation of weighted multi-criteria C(g; = ;) to
calculate a score for a model g; being a correct model in cluster ¢ is presented as

NC
C(G; =9i) = Y wier(d; = §i), (20)
=1
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where w; € [0,1] for I =1, ..., NC are the weights assigned to the selected criteria such that Zi\;? w; =
1, ¢; is the measure of the selected criterion, NC' is the number of measured criteria. We propose the
following set of criteria to select from: shape, accuracy, and variance.

The measure of the selected criteria is up to the user and depends on the type of algorithm where
the surrogate model is used. The shape criterion denotes a measure of the degree to which a source
surrogate model is representative relative to the shape of the target data. The methods from [16, 30, 60]
are all considered different types of shape criteria. In this work, we use the discordant pairs method
from Equation (17) [60] as the shape criterion.

The accuracy and variance criteria compare the values of the model predictions with the values
of the target data using modified versions of the shape criterion by replacing 7 in Equation (17) by
Tq and 7, respectively. Similarly, bandwidths for the accuracy and the variance criteria, p, and p,
respectively, are assigned instead of p in Equation (17).

For the accuracy criterion, we use a measure of the absolute relative error metric across the target
dataset DoE to obtain 7, as follows

1 n ys 7yt
Ta(Xs, DoET) = EZ 1 (|mtm > €maz | (21)

where €4, is a predefined maximum relative error.

Similarly for the variance criterion, we propose the use of the same kernel in Equation (17) with
T =T, and p = p, as follows

1< ol
(XS,DOET EZ 1 ( > O-max)7 (22)

m=1 ymam

where 7,4, is a predefined maximum relative variance, 3!, is the maximum observed absolute output
value in DoEr, and o5, is the variance of point m measured using source model S.

Once the criteria measures are calculated, we assume that the probability of a model being the
correct model over a cluster is proportional to its criteria measure in this cluster. Therefore, the
probability of a source model j predicting a correct output of target data in cluster ¢ is then estimated as

B(j; = i)~ =) (23)
n=1

where N is the number of source models.

So far, we have presented the prediction of the mean and variance of the ensemble of surrogates
while ignoring the predictions of the target model g assuming that its predictions are inaccurate due
to insufficient data. Alternatively, one could assign a fixed probability of the target model ¢; and
include it in the predictions of the ensemble of surrogates §. The corresponding second probability
term is defined as

N ~ C(gm = gz)

IED(ym = yz) ~ N ) (24)
Z::lc(ﬁn =1:) + C(9y = 9:)

where ¢, is the m*™ model in a list comprised of N source models and 1 target model, and C (9t = 9i) is
the fixed score for the target model. In the case of the Epanechnikov quadratic kernel, C(g; = ¢;) is set
t0 0.75 in [60]. Equation (23) or (24) can then be used in the second probability term of Equation (11)
from Section 3.2 and complete the prediction of the mixture of experts.
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3.4 Ensemble of surrogates using transfer learning

The ensemble of surrogates using transfer learning algorithm can be summarized based on the method-
ologies described above. The algorithm starts by building a set of source surrogate models using the
available source data. The algorithm modifies the source models per the approach proposed in Sec-
tion 3.1, then develops a mixture of experts as described in Section 3.2. Finally, the weighting of each
surrogate in the ensemble is determined using the multi-criteria approach we proposed in Section 3.3.
The detailed procedure to obtain the ensemble of surrogates is described in Algorithm 3.

Algorithm 3: Ensembles of surrogate models using transfer learning.

Input: Source datasets DoEé’”"N, target dataset DoE, number of clusters K, selected criteria NC, and
criteria weights w; and bandwidths p; for [ € 1,...NC
Output: Ensemble of surrogates using transfer learning
1 Build target surrogate model g using DoE.;
2 forn=1,...,N do

Build nth source surrogate model 3¢ using DoEg.;

Use the posterior of §§ and DoEr to create a modified source surrogate model g, using Algorithm 1.;
5 end
6 Create a set of K clusters using the mixture of experts approach defined in Algorithm 2 to obtain the gating
network P(k = ¢|X = z).;
7 fork=1,...,K do
forn=1,...,N do
Calculate the criteria scores C(gg, = @) of each g, in each cluster k using Equation (20).;

10 Calculate the probability P(gy, = gi) of each g, in each cluster k using Equation (23)

or Equation (24).;

11 end

12 end

13 Return the ensemble of surrogates model (g, §).

After creating the ensemble of surrogates, clusters, and model probabilities for each cluster of the
mixture of experts, a prediction §(x) using input data x is calculated using Equation (11) or Equa-
tion (13), and standard deviation s(x) is calculated using Equation (14) or Equation (15). We note
that users can elect to maintain source surrogate models without modification by skipping line 4
in Algorithm 3 and assigning g¢; = 9& for the rest of the algorithm.

We presented in Equation (20) the weights, w; for [ = 1,..., NC associated with each criterion ¢;.
These weights can be obtained by formulating an optimization problem that minimizes a prediction
error metric of choice using the ensemble of surrogates model on target data. In [3], the authors
proposed a similar metric named Penalized Predictive Score (PPS), and they use PPS directly as an
optimization objective to obtain the weights within (we note that PPS uses different criteria than
those we propose in Section 3.3). In our work, we need to be able to calculate common weights for
all source models and all clusters to build the ensemble of surrogates. Therefore, simply minimizing
a predictive error metric on a single surrogate model as in [3] does not work. Instead, we propose
an optimization problem that encompasses all of the transfer learning problem including all clusters
K and source models N to obtain the weights w; for [ = 1, ..., NC associated with each criterion as
follows,

wel0,1]NC

K )
minimize ZE(\?Z,Yi W)

i=1

Ne (25)
subject to Zwl =1,

1=1

where w is a vector of all w; weights, and IE(?;, YiT, w) is an error metric between the output of the

ensemble of surrogates model, \A(Z, and the target data, Yrir, that lie in cluster 3.
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Alternatively, a designer may decide to set fixed weights or a variable weight selection strategy
based on the envisioned transfer learning problem. For example, an unconstrained optimization prob-
lem benefits from the shape of a source surrogate model whereas a single point sizing problem benefits
from a source surrogate model’s accuracy and variance. Therefore, designers interested in optimiza-
tion problems can assign higher weights for the shape criterion, whereas designers requiring accurate
predictions from a surrogate can assign higher weights for the accuracy and variance criteria.

We also note that if a similar kernel to Equation (20) is used for criteria calculations, the bandwidths
py for I = 1,..., NC associated with each criterion ¢; can also be added as design variables in the
formulation of Equation (25). The optimization problem can then be formulated as

K .
minimize Z E(Yl, Yio, w, p)

w,p =
NC

subject to Zwl =1,
1=1

(26)

where w is a vector of all w; weights such that w; € [0, 1] and p is a vector of all p; bandwidths such
that o >0 forl=1,..., NC.

We note that the transfer learning algorithms presented in this work could be used by relying on
source data that does not correlate with the target problem. In certain cases where source and/or
data are not sufficient to create the ensembles of surrogates, inaccurate predictions may be expected.
Therefore, it is important for users to conduct thorough design of experiments and assessments of the
suitability of the source and target data prior to deployment of the transfer learning methods.

4 Numerical results

We present analytical and aircraft design examples to demonstrate the proposed methodologies in this
work. We first explain the implementation details we used then present the illustration and aircraft
design examples that verify each novel functionality.

4.1 Implementation details

The code is developed in Python 3 building on the following toolboxes: Scikit-learn v1.5.2 [41], SMT
2.0: Surrogate Modeling Toolbox [47], SMAC3 [32], RGPE [17], TST-R [60], and the Bayesian opti-
mization library in [20]. All results are obtained using an Intel® Xeon® CPU E5-1650 v3 @ 3.50
GHz core and 32 GB of memory. The illustration tests the behavior of the following methods:

e Target surrogate model (74 ),

e Source surrogate model n (3g),

e Modified source surrogate model n (3g,).

e Ensemble of surrogates without clustering (Ensemble-TL),

e Ensemble of surrogates with smooth clustering and prediction from Equation (11) (Ensemble
Smooth-C),

e Ensemble of surrogates with hard clustering and prediction from Equation (12) (Ensemble Hard-

Q).
4.2 Analytical examples

In this section, we present two analytical examples along with sensitivity analyses. In the first example,
we illustrate the prior transfer algorithm with an ensemble of Gaussian processes (GP), i.e., Algorithm 3
without clustering in step 6. In the second example, we illustrate the clustering algorithm with an
ensemble of GP, i.e., Algorithm 3 without source model modification in step 4.



Les Cahiers du GERAD G-2025-50 15

4.2.1 Modified Bohachevsky functions

We use modified versions of the two-dimensional Bohachevsky functions [5, 26] such that the functions
share similar shapes. We use three source functions, f1, fa2, f3, and one target function, f;, as follows:

fi(z1, 20) =23 + 223 — 0.3 cos(may) — 0.4 cos(2ma) + 0.7, (27)

fa(21,20) =27 + 222 — 0.3 cos(may) cos(2mxs), (28)

fa(z1, ) =27 + 423 — 0.3 cos(3mxy + 4mxs) — 0.5, (29)
and

fi(z1,x2) =0.522 + 22 — 0.3 cos(3mxy + 4mxs) + 0.4. (30)

Each source function was used to create a DOE from the same design space as the target problem
design space such that z; € [-5,5]", x5 € [-5,5]T. A low number of DOE evaluations is selected for
the target problem to demonstrate the ability of the transfer learning to adjust model priors and select
source surrogate models with limited target data. In our tests, we use a DOE of size 10 for the target
problem (f;) and a DOE of 50 for each of the three source problems (i.e., f1, fo and f3).

We first perform the DOE evaluation of all the problems as presented in Figure 7. Algorithm 1 is
then used to obtain the modified source models g4, 92, and §3,. Since we are interested to demonstrate

(c) Source 2 function, fo. (d) Source 3 function, f3.

Figure 7: Contour plots of the target and source functions showing the DOE evaluation points corresponding to each
problem.

the prediction accuracy in this illustration example, we use fixed criteria weights in Equation (20) by
setting a value of 1 to the weight of accuracy criterion. We do not assign any values for the weight of
shape criterion since we know that all the studied functions in Equations (27-30) share a similar bowl
shape. Similarly, we do not assign any values for the weight of the variance criterion since the source
models are all built on a LHS sampling of the same design space. We set the number of clusters in
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this illustration example to one since all the source models behave similarly across the whole design
space. We then use Algorithm 3 to obtain the ensemble of surrogates model. We create 20 random
evaluations in the design space of the target problem and use them as test data DoEest : (Xtest, Yiest)-

We test the following methods in this illustration problem: the target model (g ), the source surro-
gate models (QéN), the modified source surrogate models (yé}”"N)7 and the ensemble of surrogates
without clustering (Ensemble-TL). All the tested surrogate models, built solely on the 10-evaluation
DoEr, are then used to estimate f; based on the input vector of the test data Xyeq:. Figure 8 presents
the results comparing the prediction errors of the tested models showing the benefits of transfer learn-
ing in adjusting the source models and correctly creating an ensemble of surrogates. The x-axis lists
all the models that are compared for predicting the 50 random test evaluations in the full design space
of the target problem. The y-axis presents box plots showing the errors of each model at the 20 tested
evaluations. We note that all modified source models, g}éu gg, and ;z)g’/, show lower prediction errors
than the target model gt even if they are built on inaccurate source models, g3, §2 and §3. In addition,
the ensemble of surrogates prediction errors show that the ensemble probability weighting algorithm
from Equation (23) is able to select the modified source models that maximize accuracy.
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Figure 8: Box plot comparing ensemble of surrogates with transfer learning using prior with model predictions of the
modified sources and target at 20 test evaluations.

We also compare the ensemble of surrogates without clustering (Ensemble-TL) with existing state-
of-the-art methods: Two-Stage Transfer surrogate model with Rankings (TST-R) from [60] and
Ranking-weighted Gaussian Process Ensemble (RGPE) from [16]. We present box plots of the pre-
dictions in Figure 9 noting the capability of our methods of predicting accurate function evaluations.
Results of TST-R and RGPE are expected since both of these methods rely on the shape of source
functions for target predictions.
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Figure 9: Box plot comparing ensemble of surrogates with existing state-of-the-art methods using 20 test evaluations..
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4.2.2 Modified Giunta functions

For the second analytical problem, we aim to demonstrate the capability of the mixture of experts
algorithm combined with the ensemble of surrogates. We use the Giunta function [25], a continuous
multi-modal two-dimensional function, as the target function fi(x).

L

2
1 1 1 1
fi(x) =0.6 + ; {sin(lgxi -1+ sin2(£aci -1+ 0 sin(4( T

subject to —1 < x; < 1 for ¢ € [1,2]. The goal of this analytical problem is to show that Algorithm 3
correctly clusters the design space based on outputs of a set of source surrogate models and then
calculates the probabilities of the ensemble of surrogates in each of the identified clusters. We define
two source functions, fi(x) and fo(x) that are equal to the target function f;(x) only in specific regions
of the design space such that:

_ A > 05
fi(z) = {ft(x) + 323  otherwise,

and

folz) = {ft(x) if x5 < 0.5,

fi(x) — 323  otherwise.

We create a DOE of 100 evaluations for each of the source problems and 30 evaluations for the
target problem. We set the number of clusters to 3 which is the minimum clusters needed to properly
separate the different regions of the design space. We run Algorithm 3 to produce the clusters K and
the ensemble of surrogates without modifying the source surrogate models, i.e., g, = g7. Figure 10
shows contour plots of the two source functions, fi(z) and fa(x), the target function fi(x), and their
associated function evaluations, DoEé7 DOEQS and DoE.After the ensemble of surrogates is built, we
randomly select 100 test points from the full design space DoE;est @ (Xtest, Yiest), divide the points
by the clusters K, and apply the source surrogate models, (7!) and (§2), the ensemble of surrogates
without clustering (Ensemble-TL), the ensemble of surrogates with smooth clustering and prediction
(Ensemble Smooth-C), and the ensemble of surrogates with hard clustering and prediction (Ensemble
Hard-C).

We show box plots of the methods tested in each of the clusters and in the entire design space
in Figure 11. We note that (Ensemble Hard-C) shows the lowest prediction errors on the test data in
all the clusters, as is expected in problems where there is an abrupt transition between the clusters.
The behavior of the source surrogates (j!) and (§2) depends on the cluster selected as expected where
(91) shows low prediction errors in cluster 1 in Figure 11 (b) whereas (§2) shows low prediction errors
in cluster 3 in Figure 11 (c). (Ensemble-TL) results show the that method balances the between (g})
and (9?2) across the whole design space which leads to higher prediction errors than (Ensemble Hard-C)
and (Ensemble Smooth-C).

We present in Figure 12 contour plots of (Ensemble Hard-C) and (Ensemble Smooth-C) across the
design space. We note the behavior of (Ensemble Smooth-C) in cluster 3 (z2 > 0.5) is a combination
of the shapes of the surrogate models from Source 1 and Source 2 which explains the higher prediction
errors of (Ensemble Smooth-C) in Figure 11 (d). Whereas (Ensemble Hard-C) is based solely on the
surrogate model of Source 2 in cluster 3 and consequently has the lowest prediction errors.

The above results are based on equal weights for the shape, accuracy, and variance criteria with
equal bandwidths set at 1 assuming that you have no prior knowledge about the transfer learning
problem. We perform the hyperparameter optimization formulation in Equation (26) to obtain the
optimal criteria weights and bandwidths for this problem using (Ensemble Smooth-C). The minimum
errors achieved were achieved when only the accuracy criterion is used and its bandwidth is set to 0.1.
We also perform a parametric analysis for the criteria weights and bandwidths hyperparameters that
influence the behavior of the (Ensemble Smooth-C) algorithm.
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Figure 10: Giunta problem illustration contour plots of the source and target functions showing the DOE evaluation points
corresponding to each problem.
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(c) Box plots of results in cluster 2. (d) Box plots of results in cluster 3.

Figure 11: Box plots comparing the results of the different surrogate models and ensemble of surrogates tested on 20
evaluation tests and showing (Ensemble Hard-C) as the best performing method across all clusters.

In Figure 13, we compare the results using either the accuracy, shape, or variance criteria. We note
that using the variance criterion solely is not ideal for this type of problems especially that all source
data is obtained from the same design space. The accuracy criterion produces the lowest prediction
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errors. However, we are aware that based on the weighting of the ensemble of surrogates solely on
accuracy may yield inaccurate results in some problems as discussed in [16].
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Figure 12: Contour plots using (Ensemble Hard-C) in (a) and (Ensemble Smooth-C) in (b).
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Figure 13: Box plots of results using either the accuracy w,, shape ws, or variance w,, criteria using 20 test evaluations.

In Figure 14, we compare the results using different set values for the accuracy bandwidth p, when
using only the accuracy criterion showing the importance of selecting appropriate bandwidths for each
problem. The results so far are based on the Epanechnikov kernel in Equation (18). In Figure 15,
we study the impact of kernel selection on prediction errors. We select two popular kernels [35]: the
triweight kernel, denoted as TRI-W, and the Gaussian kernel, denoted as GAUS. The results show no
significant difference in prediction errors when compared to the baseline Epanechnikov kernel, denoted
as EPAN. Therefore, we use the Epanechnikov kernel for the remainder of this work. It is noted that
the results presented are dependent on the considered DOE as they are based on a single run.

We also compare our proposed methods with existing state-of-the-art methods: (TST-R) from [60]
and (RGPE) from [16]. We present box plots of the predictions across all clusters in Figure 16 noting
the capability of (Ensemble Hard-C) of predicting accurate function evaluations.

4.3 Aircraft conceptual design problems

We use an aircraft conceptual design problem to demonstrate our transfer learning approach. We
present two different scenarios based on the problems defined in Section 2:

Scenario 1: heterogeneous output transfer learning, i.e., source problems that do not share the same
output as the target problem.
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Scenario 2: surrogate modeling transfer learning across regions of the design space, i.e., source surro-
gate models that do not correlate to the target problem similarly across the whole defined design

space.
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Figure 14: Box plots of results using different set values for the accuracy bandwidth p, using 20 test evaluations.
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Figure 15: Box plots of results using different kernel selection using 20 test evaluations.
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Figure 16: Box plot comparing our ensemble surrogate models with existing state-of-the-art methods using 20 test
evaluations.
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The first scenario is based on the aircraft noise prediction problem presented in Section 2.1. We
extend the problem by considering four sets of source data that have different outputs from a target
problem while assuming a relationship exists between each of the source problems’ outputs and the
target problem output. There are numerous cases where designers are interested in a certain parameter
but the models needed to produce this parameter are either unavailable or computationally expensive.
As we describe in Section 2.1, we are interested in building a noise prediction model based on a limited
amount of data from an aircraft noise simulation code based on an input vector z. We intend to use
abundantly available data that link these same inputs with aircraft MTOW assuming that the behavior
of MTOW and noise are similar in response to changes in x. Aircraft block fuel consumption is the
total amount of fuel an aircraft burns throughout its design mission. Similarly, aircraft COs emissions
are the total emitted COy throughout the design mission of the aircraft. Although, a correlation
between aircraft approach noise and either block fuel or COy emissions is not guaranteed since an
aircraft’s range, a major contributor to the block fuel and COs emissions, is not correlated with
aircraft noise, we still use these two parameters in the source data to test how our methods are able to
select which source problem is relevant to the predictions of the target problem. Aircraft cost is also
another parameter that we use to test our methods although no obvious relationship exist between
cost and noise. The setup of the source and target problems is presented in Table 2. We consider
that each set of source data has a DOE of 200 evaluations; whereas, the target problem has a smaller
DOE of only 10 evaluations. We use LHS as the sampling method for all DOE’s in this scenario.
Although the input variables of the source and target models are not identical, we use an aircraft
level multidisciplinary analysis framework [42, 43, 53] to obtain a common set of inputs and design
space that generate the corresponding inputs needed for each of the source and target problems as
defined in Table 3. Algorithm 3 is then used to obtain the modified source models and ensemble of
surrogates. In this scenario, we are interested in obtaining prediction accuracy in addition to ensuring
that the relationships of the target input-output are captured. Therefore, we use fixed criteria weights
in Equation (20) by setting equal values of 1/3 to the weights of shape, accuracy, and variance criteria.
We assign the number of clusters to 1 in this scenario to focus this problem only on the model scaling
and ensemble weighting parts of Algorithm 3.

Table 2: Setup of source and target problems in aircraft design scenario 1.

Problem  Output DOE Size
Source 1 Aircraft Block Fuel Consumption 200
Source 2 Aircraft CO2 Emissions 200
Source 3  Aircraft Cost 200
Source 4  Aircraft MTOW 200
Target Aircraft Approach Noise 10

Table 3: A list of the source and target model inputs related to the aircraft conceptual design problems.

Input Description

T1 Rubber engine scaling factor

T2 Rubber engine bypass ratio

T3 Rubber engine overall pressure ratio
T4 Wing aspect ratio

5 Wing area

T Wing trailing edge sweep

r7 and zg Wing rear spar chord-wise location
Tg Wing sweep

10 Wing taper ratio

r11,...,214  Wing thickness-to-chord ratios

For the test data, we create 50 additional evaluations of the target model and use these evaluations
to test the developed models. As shown in Figure 17, the proposed algorithm shows lower prediction
errors against the test data when compared to the target model g that is solely built on the target
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DOE. We also note that the method is able to only select the source models that correlate to the
target problem as source models associated with block fuel consumption and C'O, emissions were not
selected. Also, an interesting outcome shows that the cost source model results in low prediction errors
that can be explained due to the relationship between aircraft cost and MTOW, which aircraft noise
correlates to.
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Figure 17: Box plot comparing (Ensemble-TL) with model predictions of the modified sources and target of aircraft design
scenario 1.

The second scenario is based on the problem defined in Section 2.2 where the problem of interest
is the prediction of MTOW of an aircraft depending on whether it is slatted or unslatted. In this
scenario, we are interested in performing analyses that predict the MTOW of an aircraft based on
typical aircraft sizing variables from Table 3. Therefore, we append the design space of Table 3 to
include a discrete input, z15 € {0,1}, that defines whether slats are used on the aircraft or not. As
presented in Section 2.2, we use two source problems that are obtained using two different models:
the first is able to properly model the MTOW for aircraft with slats, and the second is able to properly
model the MTOW for unslatted aircraft. The scenario DOE setup is presented in Table 4. Each source
problem is used to model their corresponding output for the majority of the DOE with the exception
of a small number of evaluations that use the opposing slat discrete input variable value. The latter
DOE evaluations are expected to yield incorrect results compared to their respective correct models
in regions of the design space where x5 does not match the source problem. The target problem
uses correct models for both the slatted and unslatted aircraft configurations. Therefore, in the target
problem we expect that surrogate models obtained from the slatted aircraft source problem produce
accurate results in the region of the design space where x15 = 1 and inaccurate results in the region of
the design space where x15 = 0; the opposite assumption is expected for surrogates obtained from the
unslatted aircraft source problem.

Table 4: Setup of source and target problems in aircraft design scenario 2.

Problem DOE Size with Slats DOE Size without Slats
Source 1 (slatted) 100 10
Source 2 (unslatted) 10 100
Target 10 10

We set the number of clusters in this scenario to two which is equivalent to the split design space
of z15. Similar to scenario 1, we set equal values of 1/3 to the weights of shape, accuracy, and variance
criteria to be used in Equation (20). We create a test dataset from the target problem containing
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both slatted and unslatted aircraft and use it to validate the results of the ensemble of surrogates.
We note from the presented results in Figure 18 that (Ensemble Hard-C) performs best compared to
other ensemble models and the source and target models across the whole design space similar to the
results of the second numerical example. Although the motivations and application cases presented
in this work focus on aircraft design, the transfer learning methods presented can also be beneficial
for other domains. Our methods can be applied to any target discipline where generating data is
computationally expensive and other existing data that can be correlated to this discipline is available.
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Figure 18: Box plots comparing the results of the ensemble of surrogates, modified source surrogate models, and target
surrogate model.

5 Conclusions

In this paper, we presented a methodology to perform transfer learning between a set of source problems
and a target problem using an ensemble of surrogates in a divided design space. Our methodology first
creates modified surrogate models of the source problems fitted to the target data using the posteriors of
the source surrogate models. We then divide the design space of the target problem using the clustering
EM algorithm in order to create a mixture of experts in each cluster. Finally, we developed a multi-
criteria weighting approach to build the ensemble of surrogates based on shape, accuracy, and variance
of the surrogates. We validated the proposed methodology using two scenarios of aircraft conceptual
design problems by performing a comparative analysis of prediction errors of the ensemble of surrogates
and the target surrogate models without transfer learning. We demonstrate that the transfer learning
approach is able to capture the behavior of source models and adjust it to the target problem showing
significant improvements in prediction errors (up to 10%). Our proposed multi-criteria ensemble
weighting approach provides users tuning parameters that adjust how information is transferred and
can be adapted based on the studied problem. Since the presented ensemble of surrogate models
provides information for both mean and variance predictions, it can be also employed in the context
of constrained Bayesian optimization to speed up the convergence. In fact, in such scenarios, aircraft
designers are interested in creating surrogate models of objective and constraint functions in Bayesian
optimization based on previous optimization results. We note however that using the transfer learning
algorithms presented herein at every Bayesian optimization iteration may significantly increase the
computational cost. Methods to address this potential computational overhead will be investigated in
future work.
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