Les Cahiers du GERAD

ISSN: 0711-2440

Unboundedness in bilevel optimization

B. Rodrigues, M. Carvalho, M. F. Anjos, N. Sugishita

G-2025-22
January 2025

La collection Les Cahiers du GERAD est constituée des travaux de
recherche menés par nos membres. La plupart de ces documents de
travail a été soumis a des revues avec comité de révision. Lorsqu’'un
document est accepté et publié, le pdf original est retiré si c'est
nécessaire et un lien vers |'article publié est ajouté.

Citation suggérée : B. Rodrigues, M. Carvalho, M. F. Anjos,
N. Sugishita (Janvier 2025). Unboundedness in bilevel optimization,
Rapport technique, Les Cahiers du GERAD G- 2025-22, GERAD,
HEC Montréal, Canada.

Avant de citer ce rapport technique, veuillez visiter notre site Web
(https://www.gerad.ca/fr/papers/G-2025-22) afin de mettre a
jour vos données de référence, s'il a été publié dans une revue sci-
entifique.

The series Les Cahiers du GERAD consists of working papers
carried out by our members. Most of these pre-prints have been
submitted to peer-reviewed journals. When accepted and published,
if necessary, the original pdf is removed and a link to the published
article is added.

Suggested citation: B. Rodrigues, M. Carvalho, M. F. Anjos,
N. Sugishita (January 2025). Unboundedness in bilevel optimization,
Technical report, Les Cahiers du GERAD G-2025-22, GERAD, HEC
Montréal, Canada.

Before citing this technical report, please visit our website (https:
//vww.gerad.ca/en/papers/G-2025-22) to update your reference
data, if it has been published in a scientific journal.

La publication de ces rapports de recherche est rendue possible grace
au soutien de HEC Montréal, Polytechnique Montréal, Université
McGill, Université du Québec a Montréal, ainsi que du Fonds de
recherche du Québec — Nature et technologies.

Dépét légal — Bibliotheque et Archives nationales du Québec, 2025
— Bibliotheque et Archives Canada, 2025

The publication of these research reports is made possible thanks
to the support of HEC Montréal, Polytechnique Montréal, McGill
University, Université du Québec a Montréal, as well as the Fonds de
recherche du Québec — Nature et technologies.

Legal deposit — Bibliotheque et Archives nationales du Québec, 2025
— Library and Archives Canada, 2025

GERAD HEC Montréal
3000, chemin de la Céte-Sainte-Catherine
Montréal (Québec) Canada H3T 2A7

Tél.: 514 340-6053
Téléc.: 514 340-5665
info@gerad.ca
www.gerad.ca



https://www.gerad.ca/fr/papers/G-2025-22
https://www.gerad.ca/en/papers/G-2025-22
https://www.gerad.ca/en/papers/G-2025-22

Unboundedness in bilevel optimization

Barbara Rodrigues ?

Margarida Carvalho °

Miguel F. Anjos # ¢
Nagisa Sugishita °

2 School of Mathematics and Maxwell Institute for
Mathematical Sciences, University of Edinburgh,
Edinburgh, EH9 3FD, United Kingdom

b CIRRELT & Département d’informatique et de
recherche opérationnelle, Université de Montréal,
Montréal (Qc), Canada, H3T 2A7

¢ GERAD & Département de mathématiques et
de génie industriel, Polytechnique Montréal,
Montréal (Qc), Canada, H3T 1J4

b.c.rodrigues@sms.ed.ac.uk
carvalho@iro.umontreal.ca
anjos@stanfordalumni.org
nagisa.sugishita@umontreal.ca

January 2025

Les Cahiers du GERAD

G-2025-22

Copyright (©) 2025 Rodrigues, Carvalho, Anjos, Sugishita

Les textes publiés dans la série des rapports de recherche Les Cahiers
du GERAD n'engagent que la responsabilité de leurs auteurs. Les
auteurs conservent leur droit d’auteur et leurs droits moraux sur leurs
publications et les utilisateurs s'engagent a reconnaitre et respecter
les exigences légales associées a ces droits. Ainsi, les utilisateurs:
e Peuvent télécharger et imprimer une copie de toute publica-
tion du portail public aux fins d'étude ou de recherche privée;
o Ne peuvent pas distribuer le matériel ou I'utiliser pour une
activité a but lucratif ou pour un gain commercial;
e Peuvent distribuer gratuitement I'URL identifiant la publica-
tion.
Si vous pensez que ce document enfreint le droit d'auteur, contactez-
nous en fournissant des détails. Nous supprimerons immédiatement
I'acceés au travail et enquéterons sur votre demande.

The authors are exclusively responsible for the content of their re-
search papers published in the series Les Cahiers du GERAD. Copy-
right and moral rights for the publications are retained by the authors
and the users must commit themselves to recognize and abide the
legal requirements associated with these rights. Thus, users:
e May download and print one copy of any publication from the
public portal for the purpose of private study or research;
e May not further distribute the material or use it for any profit-
making activity or commercial gain;
e May freely distribute the URL identifying the publication.
If you believe that this document breaches copyright please contact us
providing details, and we will remove access to the work immediately
and investigate your claim.



Les Cahiers du GERAD G-2025-22 ii

Abstract : Bilevel optimization has garnered growing interest over the past decade. However, little
attention has been paid to detecting and dealing with unboundedness in these problems, with most
research assuming a bounded high-point relaxation. In this paper, we address unboundedness in
bilevel and multilevel optimization by studying its computational complexity. We show that deciding
whether an optimistic linear bilevel problem is unbounded is strongly NP-complete, even without
linking constraints. Furthermore, we extend the hardness result to the linear multilevel case, by showing
that for each extra level added, the decision problem of checking unboundedness moves up a level in the
polynomial hierarchy. Deciding unboundedness of a mixed-integer multilevel problem is shown to be
one level higher in the polynomial complexity hierarchy than the decision problem for linear multilevel
problem with the same number of levels. Finally, we introduce two algorithmic approaches to determine
whether a linear bilevel problem is unbounded and, if so, return a certificate of unboundedness. This
certificate consists of a direction of unboundedness and corresponding bilevel feasible point. We present
a proof of concept of these algorithmic approaches on some relevant examples, and provide a brief
computational comparison.

Keywords : Computational complexity, unbounded, bilevel optimization, multilevel optimization
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1 Introduction

Bilevel optimization is a modelling framework for hierarchical interactions between non-cooperative
decision makers. This framework models a Stackelberg game [24, 25] with at least two players: a
leader and a follower. First, the leader makes its decision. Then, given the leader’s decision, the
follower reacts optimally according to its own possibly-conflicting objective. In turn, the reaction of
the follower influences the objective that the leader can realise. Hence, the leader must anticipate the
follower’s behaviour in order to accurately optimize its objective. Mathematically, a bilevel problem
is an optimization model where some of the variables, corresponding to the follower’s decisions, are
constrained to be optimal for another optimization problem. This type of mathematical models with
optimization problems in the constraints were first formulated in [9].

Bilevel problems are known to be challenging to solve. For instance, mixed-integer bilevel problems
are shown to be Y5-hard in [16]. In fact, even in their simplest form with linear objective functions
and constraints, bilevel problems are strongly NP-hard [15]. In this paper, we focus on this linear case
of bilevel problems, whose optimistic formulation is expressed in (B):

min ¢ z+d'y (B.1)
@y
st. Az + By <a, (B.2)
y €argmin  f'§ (B.3)
g
st. Cz+Dy<hb, (B.4)

where A, B, C, D, a, b, ¢, d, f are matrices and vectors of rational numbers of appropriate di-
mension. The decision problem of the leader (B.1)—(B.2) is called the upper-level, and that of the
follower (B.3)—(B.4) is the lower-level problem. The upper- and lower-level decision variables are
denoted = and y, respectively, and the feasible region (B.2)—(B.4) is often referred to as inducible
region.

The links between linear bilevel and mixed-integer optimization have long been the topic of research.
In fact, Audet et al. [2] showed in 1997 that a binary variable x € {0,1} can be modelled by the
constraints y = 0, 0 < z < 1, and the linear continuous problem:

y€argmax{g:g<wz, g<1—zx}.
g

Thus showing that 0-1 linear optimization problems are a special case of linear bilevel problems. Given
this connection, it should come as no surprise that the inducible region is, in general, non-convex [5],
and it might even be disconnected [1, 10] in the presence of linking constraints (also known as coupling
constraints), this is if B # 0.

Due to the inherent complexity of bilevel models, many bilevel solution approaches start by solving
a simpler single-level relaxation. The most common relaxation is the high-point relaxation (HPR)
which is obtained by simply optimizing the upper-level objective over the constraint set of upper- and
lower-level constraints (Fipr):

r;liyn {cTz+d"y:(B.2),(BA4)}. (HPR)

It is known that, if an optimal solution of the bilevel problem exists, it can be found at a vertex of
this relaxation’s feasible set [5], which hints at the relevance of the HPR in bilevel optimization. Nev-
ertheless, if this relaxation is unbounded, nothing can be concluded about the optimality status of the
corresponding bilevel problem. The examples in [17] show that when the HPR model is unbounded, the
corresponding bilevel model can be finite optimal, unbounded, or infeasible. Due to this inconclusive-
ness, most bilevel solution approaches assume that the feasible set of the HPR is bounded [6, 8, 18, 21].
Consequently, there is little existing research on how to handle bilevel problems when this relaxation
is unbounded.
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1.1 Motivation

The majority of progress in the study of unbounded HPR models is made under the assumption that
this unboundedness originates in the lower-level problem alone. In fact, if there is a feasible upper-level
solution such that the corresponding lower-level problem is unbounded, then the bilevel problem is
infeasible [26, 30]. This key lemma has driven most of the results in this field. Note that this result
is derived for mixed-integer in [30] and for integer in [26] linear bilevel problems, but it can be easily
adapted to linear bilevel problems. The same holds true for the following surveyed results.

In [30], a mixed-integer linear problem is designed to track the reason for the unboundedness of
the HPR, under the assumption that upper-level variables are bounded. Depending on the optimal
objective value of this mixed-integer problem, we can conclude whether the bilevel problem is infeasible,
unbounded, or finite optimal [30] (see Example 3 for an unbounded bilevel model with bounded upper-
level variables). Furthermore, it is shown in [12] that, when the HPR is unbounded, one can detect
whether the lower-level problem is unbounded by solving a linear problem. Depending on the optimal
value of this model, we can conclude that either the bilevel problem is infeasible or the lower-level
problem is well-defined for every feasible point of the HPR. Nevertheless, when the HPR is unbounded,
but the lower-level problem is not unbounded, solving this linear model will not allow us to determine
the status of the original bilevel problem. One of the main drawback of both these works [12, 30]
in the study of unboundedness is the assumption that some of the variables are explicitly bounded,
restricting the possible scenarios leading to an unbounded bilevel problem to unboundedness arising
in the lower-level problem. Finally, the watermelon algorithm presented in [26] to solve integer bilevel
problems can provide a certificate of unboundedness, when one exists. This algorithm is based on
a branch-and-bound approach which uses multi-way disjunctive cuts to eliminate bilevel infeasible
solutions from the search space. This approach cannot be extended to linear bilevel optimization,
because the designed sets of infeasible points rely on the feasible region being disconnected, a property
enforced by integrality constraints. Moreover the branch-and-bound applied to the variables would
also not be directly adaptable to a linear continuous framework.

1.2 Contributions

To sum up, studying the conclusions that can be drawn about the bilevel problem when its relaxation
is unbounded is a relevant but often overlooked topic. In this paper, we address this gap and close
important open questions with our main contribution being from a theoretical computational complex-
ity perspective. Jeroslow’s ground-breaking work [16] establishes that the complexity of determining
if a multilevel model admits an optimal solution rises one level in the polynomial hierarchy for each
additional level added. Complementing this seminal work, we show the hardness of deciding unbound-
edness in multilevel problems. Additionally, we present two algorithmic approaches for dealing with
unboundedness from a practical perspective.

The remainder of this paper is organised as follows. In Section 2, we show that the decision problem
of whether a linear bilevel problem is unbounded is strongly NP-complete, and draw some parallels
to the pessimistic bilevel formulation. More generally, we also show that checking unboundedness of
a linear multilevel problem with k levels is szl—hard in Section 3. In this section, we also show the
Yp-hardness of deciding unboundedness of a mixed-integer k-level problem. In Section 4, we detail
two possible algorithmic approaches for checking whether a bilevel problem is unbounded and, if so,
computing a certificate of unboundedness. We also depict the potential of these algorithms for some
example instances of interest, and present a brief computational comparison. Finally, in Section 5, we
summarise our contributions, and propose directions for future research.
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2 Computational complexity of checking unboundedness

We formalize the problem of deciding the unboundedness of a bilevel problem in Section 2.1. Then,
in Section 2.2, we show that the problem is NP-complete for the optimistic bilevel formulation, and in
Section 2.3, we show the problem’s NP-hardness for the pessimistic bilevel formulation.

2.1 Decision problem
The decision problem of deciding whether a linear optimization model (LP)
m:gn {cTa: Az <b} (LP)
is unbounded can be formulated as
Jz, Az € Q", Vk>0: A(x+ kAz) <b A ¢ Az <07

This problem has an existential quantifier, followed by a universal quantifier, and a property that can
be verified in polynomial time. Consequently, it belongs to the class 35 [28]. However, this question
can be simplified into one with only an existential quantifier as:

Tz, Az eQ: Az <b AN AAz<0 A ¢ Az <07

Therefore, this allows us to say that the problem is in NPC Y. Furthermore, we know that we
can solve a linear model in polynomial-time by applying an interior point method [31], and that such
algorithm also identifies unboundedness. Thus, we can further write the question without an existential
quantifier, allowing us to conclude that the problem is in PC NP. It is exactly this type of reasoning
that will guide our contributions when proving that the decision problem of checking unboundedness
of a linear bilevel problem is in NP. But first, we formally define this decision problem.

We know that a linear optimization problem is unbounded if it admits a feasible point, and a
direction of unboundedness at that point. In turn, a direction of unboundedness must be a direction
along which feasibility is preserved and the objective value improved. Therefore, in linear bilevel
optimization, we say that a direction (Az, Ay) is a direction of unboundedness at a feasible point
(z,y), if it verifies:

(z,y) + k(Az,Ay) € Fy Yk >0, (2)
c'Az +d" Ay <0, (3)

where F;; denotes the inducible region. Condition (2) ensures that every point on the half-line generated
by the feasible solution (z,y) and the direction (Ax, Ay) is a feasible solution for the bilevel problem,
and condition (3) that the upper-level objective value improves along this half-line. Consequently,
we define the decision problem for whether the optimistic linear bilevel problem (B) is unbounded as
UNBOUNDED-BLP.

Unbounded-BLP:

INSTANCE: A, B, C, D, a, b, ¢, d, f matrices and vectors of rational numbers and of appropriate
dimension.

QUESTION: Is the bilevel problem (B) unbounded? Equivalently, are there a feasible solution
(z,y) € Fy and a direction (Az, Ay) at that point that satisfy (2)—(3)?

In the following section, we show that this decision problem is strongly NP-complete, by proving
that it is both in NP and strongly NP-hard.



Les Cahiers du GERAD G-2025-22 4

2.2 NP-completeness of optimistic bilevel case

2.2.1 Inclusion in NP

In this section, we prove that UNBOUNDED-BLP belongs to the complexity class NP. First, we present
two auxiliary results that allow us to formulate the problem’s question as one involving a single
existential quantifier. This formulation is based on the reformulation of the inducible region as a finite
union of polyhedra from [7].

Lemma 1. The bilevel problem (B) is unbounded if and only if the finite-union-of-polyhedra reformu-
lation (P) is unbounded.

min ¢ 'z+d'y (P.1)
z,Y,A
st. (zy,A) € U P, (P.2)

we{l,2}m2

where X are the dual variables of the lower-level problem, no is the number of lower-level constraints,
and the polyhedra P, are defined as:

Pow ={(x,y,\) € Fupp x Fp: (Cx+Dy—10); =0 Vi:w; =1;
)\iZO ViZW¢=2},

where F, = {\: DX = —f; X\ > 0} is the feasible set of the dual of the lower-level problem.

Proof. From [7, Theorem 8], we know that the set of linear bilevel representable feasible regions is
equivalent to a set of finite unions of polyhedra. In particular, the proof of this result is constructive,
showing that by applying the KKT conditions to the lower level of (B), we obtain the equivalent
set (P). In other words, there is a linear transformation between the points in the feasible sets of
problems (B) and (P).

If the bilevel problem (B) is unbounded, then there exists a sequence of feasible points {(z;, y;) }icz+
with decreasing upper-level objective value. Applying the linear transformation between (B) and (P),
which we know exists from [7], we obtain a sequence of points {(x;,y;, A;)}sez+ feasible for prob-
lem (P) with decreasing (upper-level) objective value. Therefore, we conclude that the problem (P) is
unbounded. A similar argument can be used to show the opposite implication, hence proving that the
problem (B) is unbounded if and only if the reformulation (P) is unbounded. O

Theorem 2. The finite-union-of-polyhedra reformulation (P) is unbounded if and only if Jw € {1,2}"2
such that the linear problem (P, ) is unbounded.

min ¢'z4+d'y (Pw)
T,y,A

s.t. (x,y,\) € P,

Proof. If Jw € {1,2}"2 such that (P,) is unbounded, then (P) is also unbounded, because (P) is a
relaxation of (P,,).

To prove the opposite implication, we assume that (P) is unbounded and, by contradiction, that
for all w € {1,2}"2 (P,,) is not unbounded (i.e., it is either infeasible or finite optimal). Consequently,
we have that Vw € {1,2}"2 3L, € RU {+0oo} such that:

V(z,y,\) € Pu : clz+ dTy > Ly,

where the convention is that L, = 400 corresponds to an infeasible problem. Note that since (P) is
feasible, we know that at least one of these bounds L, € R is finite. Therefore, we know that:

v(@,9, %) € U Po:c'o+dy> min {L,}€R,
we{1,2}n2 we{1,2}n2
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which contradicts the assumption that (P) is unbounded. Hence, if (P) is unbounded, then Jw €
{1,2}" such that (P,) is unbounded. We have proved both implications as required. O

Given Lemma 1 and Theorem 2, we conclude that the question of UNBOUNDED-BLP can be

equivalently expressed as:
Jw e {1,2}" : (P,) is unbounded?

This is a formulation with a single existential quantifier, followed by the property of whether a linear
problem is unbounded, which can be verified in polynomial time [31]. Therefore, this problem belongs
to the complexity class NP [28]. Note that the cardinality of the set {1,2}"2 is exponential in the
instance size, therefore we cannot trivially say that the problem is polynomially solvable.

2.2.2 Strong NP-hardness

We now conclude that UNBOUNDED-BLP is strongly NP-complete by proving that it is also strongly
NP-hard. We show this result for problems without linking constraints. We present a similar result for
bilevel problems with linking constraints in Appendix A, whose proof is useful for building intuition
for the multilevel linear case in Section 3.1.

In order to prove this result, we derive a reduction from the decision version of the 3-SAT problem
known to be NP-complete [13].

3-Satisfiability (3-SAT):

INSTANCE: S set of m clauses on the Boolean variables {a;};c 1
literals

QUESTION: Is there a true/false assignment of the Boolean variables a; such that S is satisfied?

n}, €ach clause with at most 3

.....

Following the notation used in [19], S is satisfiable if an only if there exists a € {0,1}" such that
Asa > 1+ cs, where Ay € {—1,0,1}™*" and ¢5 € {-3,-2,—1,0}"". Based on this rewriting of
3-SAT, we prove that UNBOUNDED-BLP is a strongly NP-complete problem in Theorem 3.
Theorem 3. UNBOUNDED-BLP without linking constraints is strongly NP-complete.

Proof. From Lemma 1 and Theorem 2, we concluded that UNBOUNDED-BLP is in NP. It remains to
show that it is (strongly) NP-hard. We achieve this by showing that 3-SAT is a YES instance if and
only if the bilevel model (B) is unbounded.

n

g L ®)

i=1
3
s.t. Az +y > 3 + cs,

1 1
i—ygxiﬁi—&—y Vie{l,...,n},

n

n
1
(z,w) € argzgjlax Zzz - %Zwl

i=1 ;=
s.t. zigyfithi Vie{l,...,n},

1
zigy—xﬁ—i Vie{l,...,n},
1
wi2$i—§ Vi€{17...,n}7

1
wi>§—xi Vie{l,...,n}.
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Note that the problem (B) is always feasible, because y = 0, z; = 3 Vi € {1,...,n}, 2 = w = 0 is
a feasible solution. Furthermore, for any given upper-level decisions y and x, the lower-level optimal
solution is given by:

1 1 1
zi:min{y—z—i—xi; y—mi—i—}:y— xi—2’ vie{l,...,n},

2
S A
w; =1max :Ei*i; 57581 =

Proof of if. Assume that 3-SAT is a YES instance, then S is satisfiable and we know that 3a € {0,1}"
such that Asa > 1+ cs.

1
xi2‘ Vie{l,...,n}.

Let y > 0, and build

1 .

5 fa;, =0 )

T = % / ?a , 2=0, wy=yVie{l,...,n}.
5ty ifa=1

First, we show that for all y > 0, this yields a feasible solution of problem (B). Since z € {% -, % + y}n,
it is straightforward to verify that this solution is optimal for the lower-level problem, and that it verifies
the upper-level constraint:

Therefore, we must only show that it also verifies Asx +y > % + ¢5. Note that for each clause
t € S, there are exactly three literals 51, S2, St3 such that:

(Asz — cs)r = 541 + 542 + 5y3,

where for all j € {1,2,3}, there exists ¢ € {1,...,n} such that §;; is either z; or 1 — ;. From the
bounds on z, we know that:

1 1
xi,l—xizi—yWG{l,...7n}:>§tjZi—ije{l,Z?)}. (5)

Furthermore, since a is a true assignment, then at least of its literals in clause ¢t € S is true, this is
3j € {1,2,3} : sy = 1, where (Asa — ¢s)¢ = s41 + St2 + s¢3. This implies that the corresponding literal
in the x variables is % +y:

. _ 1
3]6{17233}:8tj:§+y' (6)

From Equations (5) and (6), we obtain:

1 1 1 3
_ > (2 - - = _q.
(Asw —cs)e > (2 y) + (2 y) + (2 +y> 5 Y
Since this holds true for any clause ¢t € S, then for all y > 0, the solution we build is feasible for
problem (B).
In addition, the upper-level objective value at these solutions is:

n

- 1 1

Consequently, we can create a sequence of feasible points with decreasing (improving) objective value,

by picking y € {0,1,2,...}, and the corresponding x, z, and w values. Thus, problem (B) is unbounded.



Les Cahiers du GERAD G-2025-22 7

Proof of only if. Assume that problem (B) is unbounded. Then, there is a feasible point (¥, z, z, W)
and a direction of unboundedness (Ay, Az, Az, Aw) at that point. Since (B) is a minimization prob-
lem, we know that the objective value decreases along (7, Z, zZ, w) + k(Ay, Az, Az, Aw) towards —oo,
as k — +oo. In particular, we know that there is a k > 0 such that (y,z,z,w) = (7,Z,2, @) +

k(Ay, Az, Az, Aw) is a feasible point with strictly negative upper-level objective value:

n

- 1
Z 2 — % Z w; < 0.
i=1 i=1
We now show that the assignment:

a; =
1 lf.’L'Z >

N N|=

is a true assignment of S.

In order to do so, we start by showing that, since the feasible point (y, x, z, w) has strictly negative
objective value, then for all clauses ¢t € S, at least one of the literals has value strictly greater than %,
this is:

1
Vte S, 35 €{1,2,3}: 5, > >

where (Asxz — ¢); = 841 + Si2 + Si3. First, since Agx +y > % + ¢, we know that for each clause t € S,
there exists j € {1,2, 3} such that the corresponding literal 5;; > % — % where Agx — ¢ = 841 + 52 + 5¢3.
If, by contradiction, all literals S;1, 542, 513 < % — %, then Az —c < % —y which implies that (z,y, z,w)
is not feasible.

Now, assume, by contradiction, that all literals 51, 542, 5¢3 < % We know already that there exists
J €{1,2,3} such that 5;; > % — %, let ;, be the corresponding variable. Then, we can deduce that:

Sou g = u e g | - g e 5.
1= =1 =1 =1

. 1 1

YTt T "

11

>y -3y =5,

_ 2,50

_Sy—a

where the first inequality holds true, because x; € [% -, % + y] implies ‘xz — %’ < y. The second

inequality holds true, because 5;; € [% -4 1] implies ‘xp — %‘ < 4. In fact, if 5;; = x,, then

zp € [ — 4 1], andif §;; = 1—x,, then z,, 63[%2, 2+ 4]. Inboth cases, we know that |z; — 1| € [0, 4].
The final inequality holds true, because for a feasible solution x € [% -, % + y]n to exist, we must
have y > 0. This inequality contradicts the fact that (y,x, z,w) has strictly negative objective value,
thus we conclude that for each clause ¢t € S, there exists j € {1,2,3} such that the corresponding

literal 5,; > %
Now, we are ready to conclude the proof by showing that a is a true assignment of S. Let x, be
the variable associated with that literal. If 5;; = x,, then s;; = a, = 1. If 5,5 = 1 — x,, then z, > L

2
ap=0and s =1—a, =1.
In any case, we obtain:
(Asa — cs)t = 511+ Sp2 + 53 > 1.

Since, this holds true for any clause ¢t € S, then a € {0,1}™ verifies Asa > 1 + ¢, and the 3-SAT is a
YES instance. O



Les Cahiers du GERAD G-2025-22 8

2.3 NP-hardness of pessimistic bilevel case

So far we have considered the optimistic formulation of a linear bilevel problem. Another possible
formulation is the pessimistic one, in which, if there are multiple lower-level optimal solutions, the
worst solution with respect to the upper-level will be selected. In the presence of linking constraints,
this might mean that for a given upper-level decision, the follower selects an optimal lower-level solution
that violates the linking constraints, leading to infeasibility of the selected upper-level decision.

We can equivalently formulate the optimistic problem formulation as:

min min ¢ z4+d'y,
z€X yeS(x)
where X = {z : Jy € S(x) : Az + By < a} is the set of feasible upper-level variables, and S(z) =
argmin {f ' : Cx + Dy < b} is the set of optimal solutions of the lower-level problem at z. Given
g

this notation, we define the pessimistic formulation, similarly to [11], as:

min max ¢ x+d'y. (P)
zE€X yeS(x)
The underlying assumption in both formulations is that for a solution (z,y) to be bilevel feasible, the
lower-level problem cannot be infeasible, i.e. §(z) # 0. This assumption is not always considered and
an alternative approach for the pessimistic formulation is presented by Wiesemann et al. [27]. Finally,
note that problem (P) can be rewritten as:

min min ¢ z+d'y (P")
z€X yeS(x)

st. clx+dy>cz+dy VyeS(x).

In general, unboundedness of the optimistic formulation of a bilevel problem does not imply that
of its pessimistic formulation, as illustrated in Example 1.
Example 1 (Unboundedness in Optimistic vs Pessimistic Formulations). Consider the following bilevel
problem:

‘min” -z 4y —yo
x
st. (y1,92) € argmin  —g1 — §>
Y1,Y2
s.t. 7Z‘+gl+g2 S 1,
y1,92 = 0,

where the upper-level is purposefully ill-defined, because we will consider both the optimistic and the
pessimistic versions of the problem in this section.

The lower-level constraints imply that any feasible  must be in the interval [—1,4+o00[. For any
feasible Z € [—1, +00], the set of lower-level optimal solutions is given by:

o) = {(y1,92) ER* 1y +y2 =147 y1,52 > 0}.

Given the upper-level objective, we can compute the optimistic y© and pessimistic y* solutions as:

yO = (y107y20) = (071+j)7
v’ =i ys) = (1+20).

By replacing these lower-level solutions into the upper-level objective, we obtain —2x — 1 in the
optimistic version, and 1 in the pessimistic formulation. Consequently, for the optimistic formulation,
we can build a direction of unboundedness (Az, Ay;,Ays) = (1,0,1) valid for the feasible point

(xvylayQ) = (—1,0,0)
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Therefore, the optimistic formulation of the bilevel problem is unbounded. However, the pessimistic
formulation has a constant upper-level objective value for all feasible solutions. Therefore, the pes-
simistic formulation of the bilevel problem is bounded. In conclusion, unboundedness of the optimistic
formulation of a bilevel problem does not imply that of its pessimistic formulation.

Nevertheless, the NP-hardness part of Theorem 3 still holds if we consider a pessimistic formulation,
because the lower-level optimal solutions in the reduction are uniquely defined by the upper-level
variables. In other words, the pessimistic and optimistic formulations are equivalent for the bilevel
problem used in the reduction. Therefore, the decision problem of whether a pessimistic linear bilevel
model is unbounded is also strongly NP-hard, even without linking constraints:

Corollary 4. Deciding whether the pessimistic linear bilevel program (P’) is unbounded is strongly
NP-hard.

Even though we have seen in Example 1 that unboundedness of the optimistic formulation of a
bilevel problem does not imply that of its pessimistic formulation, the converse is true. To conclude
this section, we show that the boundedness of the optimistic formulation of a bilevel problem implies
that of its pessimistic formulation in Lemma 5.

Lemma 5. If the pessimistic formulation (P’) is unbounded, then the corresponding optimistic formu-
lation (B) is also unbounded.

Proof. The optimistic formulation (B) is a relaxation of the pessimistic one (P’), because the feasible
set of the pessimistic formulation is the feasible set of the optimistic formulation plus one new set of
constraints. Consequently, the optimal value of the pessimistic formulation (P’) is an upper bound
on the optimal value of the optimistic model (B). Therefore, if the pessimistic formulation (P’) is
unbounded, i.e. has optimal value —oo, then so does the optimistic formulation (B). O

3 Complexity results in multilevel optimization

In this section, we extend our results to multilevel optimization by showing that deciding whether
a linear k-level optimization problem is unbounded is ¥} _;-hard in Section 3.1, and that deciding
whether a mixed-integer k-level optimization problem is unbounded is ¥%-hard in Section 3.2.

3.1 Linear multilevel optimization

We have already showed that for & = 2, checking if a bilevel problem is unbounded is NP-hard, or
equivalently X7-hard. In this section, we extend this result to show that for each level added to a
multilevel problem, the complexity of deciding unboundedness moves up a level in the polynomial
hierarchy. First, we introduce an optimistic linear k-level problem (KLP):

min f,;'—ac
xT
st. xzeCk
(=1 € argmin f,:_lx(k_l)

2(k—1)
st. ztk-D e k-1

r*=2) ¢ argmin (...)
r(k—2)

(KLP)

) € argmin fz®
e
st. @ ec?
+M ¢ argmin  f 2z
(1)

st. at et
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where = (z!,...,2") are the decision variables, and C? is the linear feasible region of level i; note

the slight abuse of notation on the use of the same variable notation over different levels. The set
C' is parametrised by the variables of all the levels above 4, so the notation C? is an abbreviation
for C*(x™*1,... x*). The subset of decision variables of level i is (") = (z!,...,2%), and f; the
corresponding objective coeflicients.

The decision problem of deciding whether the linear k-level problem (KLP) is unbounded can be
stated as:

Unbounded-KLP:

INSTANCE: fy, ..., f1 rational vectors of appropriate dimension and C¥, ..., C" linear polyhedra
(defined by rational coefficients).

QUESTION: Is the corresponding k-level model unbounded?

In Theorem 6, we show that UNBOUNDED-KLP is strongly X% _-hard.
Theorem 6. UNBOUNDED-KLP is X | -hard.

We have divided the proof of Theorem 6 into smaller sub-proofs showing that checking unbounded-
ness of a linear trilevel model and a k-level problem for k > 4 are ¥5-hard and X}_,-hard, respectively.
We have further divided the proof for the k-level problem into cases where k is odd and even. Thus,
this proof can be obtained by combining Theorem 7, Theorem 8 and Theorem 9 presented in the
remainder of this section.

The decision problem that we use in all the sub-proofs of Theorem 6 is the (k — 1)- ALTERNATING
QUANTIFIED SATISFIABILITY with k adjusted as suited. This decision problem is known to be ¥} ;-
complete [29].

(k — 1)-Alternating Quantified Satisfiability:

INSTANCE: Disjoint non-empty sets of variables Xi,...,X;_1, a Boolean expression E over
Uf;ll X; in a conjunctive normal form with at most 3 literals in each clause c € S.

QUESTION:

e When k odd, (Bx—1 N3CNF): Is there a truth assignment ag_; of the variables in Xj_1
such that for all truth assignments ay_o of the variables in Xj_, ..., such that for all truth
assignments a1 of the variables in X7 the expression F is not satisfied?

e When k even, (Bip_1 U3CNF): Is there a truth assignment ax_; of the variables in Xj_1
such that for all truth assignments ay_o of the variables in Xj_o, ..., such that there is a
truth assignment a; of the variables in X such that the expression E is satisfied?

Following similar notation to the one used for the 3-SAT problem, we say that Byp_; N 3CNF
(for k odd) is a YES instance if and only if Jag_1 € {0,1}" -1, Vag_o € {0,1}™-2, ..., Jay €
{0,1}™2, Va; € {0,1}"™ such that

k—1

ZAlal ?1l+e,

=1
where A; € {—1,0,1}™*™ with m = |S| the number of clauses in S, and n; = | X;| forl € {1,...,k—1},
and c € {-3,-2,—-1,0}™.

Similarly, we say that By_; U3CNF (for k even) is a YES instance if an only if Ja;_q € {0, 1}™-1,
Vag—o € {0,1}™-2, ..., Vag € {0,1}", Jaq € {0,1}"* such that

E

1
Ajap > 1+c.
1
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3.1.1 Trilevel unboundedness problem is >5-hard

Based on the 2-ALTERNATING QUANTIFIED SATISFIABILITY (B; N 3CNF) problem, we show that
deciding whether a linear trilevel problem is unbounded is a ¥5-hard problem in Theorem 7.
Theorem 7. UNBOUNDED-KLP for k = 3 is ¥5-hard.

Proof. Let £ = 3. We show that an instance of UNBOUNDED-KLP reduces to an instance of BoN3CNEF.
Given as instance of By N 3CNF, we build the following UNBOUNDED-KLP instance:

ysa, Y
S,z
st. y>1,
T2 S [07y]n27
Z9 = 0,
s=0,
(1,8,2) € argmax s
T1,8,2
2
st. Y A > s+ cy,
i=1
z1 € [0,y]™, (3LP)
zZ1 = 07
s € [0,y],
zs =0,
2 ny
z € argmax Z2g + Z Z(zl)i
2 I=1i=1
s.t. 2 <ax Ve {12},
a<y—xz Vie{l 2}
zs < 8,
zs Sy — S,

where we abbreviate z = (21, 22, 25), and for [ € {1,2} denote n; as the dimension of ;. Note that
optimality of level 1 implies that any feasible solution satisfies (z1); = min{(x1);,y — (z1):} Vi €
{1,...,n1}, (22); = min{(x2);,y — (x2);} Vi € {1,...,n2} and z; = min{s,y — s}. In addition, the
linking constraints zo = 0, z; = 0, z; = 0 at levels 3 and 2 enforce that x5 € {0,y}"2, 1 € {0,y}™
and s € {0,y}, respectively. It is important that these linking constraints appear in the level that
decides on the corresponding variables (z3, z1 and s) whose integrality is being enforce.

We show that By N 3CNF is a YES instance if and only if (3LP) is unbounded.

Proof of if. Assume that B, N 3CNF is a YES instance, this is that Jas € {0,1}, Va; € {0,1} :
A1a1 —+ A2a2 /)é 1+ec.

Let y > 1, and 29 = aGgy, and ay € {0,1}™. We show that (y,z3) along with x; = a1y, s = 0,
z1 = z2 = 0 and z; = 0 constitutes a feasible solution of (3LP). It is easy to verify that the feasibility
constraints at all levels are verified. According to our observation about optimal solutions for level 1,
it is clear that this solution (21, 22,25) = (0, 0,0) is optimal for level 1. We show that this solution is
also optimal for level 2 by contradiction. Assume, by contradiction, that s = y would be feasible for
level 2. Then,

2
ZAimi > s+ cy < Asas + Arar > 1+¢,
i=1

where the equivalence arises from y > 1. This contradicts our assumption that By N 3CNF is a YES
instance. We also note that any assignment as € {0,1}"2, a; € {0,1}"* satisfies A1a; + Asas > ¢,
so s = 0 is always feasible for level 2. Therefore, the problem at level 2 has optimal value 0, and the
solution considered is optimal. Since the solution we build is feasible for any y > 1, then by setting
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y € {1,2,3,...} we can build a sequence of feasible points for (3LP) which have increasing objective
value y. Therefore, the trilevel problem (3LP) is unbounded.

Proof of only if. Assume that B, N 3CNF is a NO instance, this is that —(3ay € {0,1}"2, Va; €
{0,1}™ : Ajay + Asaz # 1+ ¢). Equivalently, we can write:

Vag € {0, 1}”2, da; € {0, 1}”1 : Arap + Asas > 1+ c.

We show that (3LP) is infeasible. Assume, by contradiction, that there is a feasible solution
(y, 1,22, 8, 21, 22, 25) of (BLP). Let as = ixg. Since x5 € {0,y}™2, then as € {0,1}"2. By assumption,
we know that there exists a; € {0,1}" such that Aja; + Asas > 1+ ¢. Therefore, for y and x5 fixed,
Ty = a1y, § =9y, Z1 = Zz = 0 and z; = 0 is an optimal solution of the problem at level 2. This
implies that the optimal value of level 2 for (y,z2) is y, and consequently any other optimal solution
must have the s variable set to y. Then, our feasible solution has s = y. This however violates the
linking constraint s = 0, so the solution cannot be feasible by contradiction. By arbitrariness of the
choice of feasible solution, we conclude that (3LP) is infeasible. Hence, the 3-level problem (3LP) is
not unbounded. O

3.1.2  Unbounded-KLP with odd £ is ©7_,-hard

Throughout this section, we assume that k& > 4 is an odd number. Based on the (k—1)-ALTERNATING
QUANTIFIED SATISFIABILITY (Bi_1 N 3CNF) problem, we show that UNBOUNDED-KLP where k is
odd is a ¥} _-hard problem in Theorem 8.

Theorem 8. UNBOUNDED-KLP for k odd is 3 _, -hard.

Proof. We show that an instance of UNBOUNDED-KLP reduces to an instance of B,_; N3CNF. Given
as instance of Bx_1 N 3CNF, we build the following UNBOUNDED-KLP instance:

max y
Y,x,8,z
st. y>1,
Tp_1 € [Ovy]nk717
2p—1 =0,
s =0,

lodd: (2, s,2) € argmax {s cap €0,y 2z =0; (20D 5 2) € @1

(@) 5,2

)

leven: (2, s,z) € argmin {s cap €0,y 5 =0; (20D 5 2) € (IDl—l}

() 2

(z1,8,2) € argmax s (Odd-KLP)
r1,8,2 1
s.t. Az > s+ cy,
i=1
1 € [07y]n17
zZ1 = O,
s € [0,y],
Zs = Ov
k—1 ny
Z € argmax zg+ Z Z(Zl)z
z =1 i=1
st (20)i < (x); Vi, Vi,
(z1)i <y—(z) VI, Vi,
zs <8,

2s <y —s,
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where z = (z1,...,25-1), 2 = (z1,...,2;), © = (x1,...,75_1), and ®’ is the problem at level i
parametrised by the variables (y, xg—_1,...,z;41) of the levels above.

Note that, for I < k — 2, the problem at level [ is never unbounded because y is a decision of level
k — 1 and hence a parameter for this level. Optimality of level 1 implies that at any feasible solution
we have that (z;); = min{(x;);,y — ()} VI € {1,...,k = 1},Vi € {1,...,n} and z; = min{s,y — s}.
In addition, the linking constraints z; =0 Vi € {1,...,k — 1} and z; = 0 at each level enforce that for
le{l,....,k—1}:2; € {0,y}™ and s € {0, y}, respectively. Note also that s = 0 is always feasible for

k=1
level 2, since any set of assignment values a; € {0,1}™ for [ € {1,...,k — 1} satisfies ) A;a; > c.
i=1

We show that Bj_; N 3CNF is a YES instance if and only if (Odd-KLP) is unbounded.

Proof of if. Assume that B;_; N3CNF is a YES instance, this is that Jag_; € {0,1}™=1, ... Jay €
{0,1}72, Va; € {0,1}™ : SF ' Ajay £ 1+ ¢

Let y > 1, and xx_1 = ax_1y, where a;_1 is the assignment we know exists by assumption. Let
x; =y for all l € {k —2,...,1}, where for [ odd a; € {0,1}"™ can be any assignment, and for [ even
a; is the assignment we know exists by assumption and which depends on the choice of a;+1. We show
that this choice of (y,z) along with s =0, z; =0for l € {k—1,...,1} and z, = 0 constitutes a feasible
solution of (Odd-KLP).

It is easy to verify that the feasibility constraints at all levels are verified. According to our
observation about optimal solutions for level 1, it is clear that this solution z; =0 for ! € {k—1,...,1}
and zs = 0 is optimal for level 1. We must also show each z; and s are optimal for the corresponding
levels.

Let I € {1,...,k — 2}. For even I, since we selected x; as this solution which we know exists (by
assumption), then independently of what the following levels associated with an odd [ value chose,
s = 0 is always the only feasible choice for s at level 2. This setting of s = 0 minimizes the objective
value s at this level where x; for even [, is decided on. For odd I, independently of which x; values are
picked at this level, there will always be a corresponding solution for the following levels associated
with an even [ value, which will enforce s = 0 in order for the assignment constraint to hold. In both
cases, the selected z; values and s = 0 are optimal decisions for the corresponding levels.

Since the solution we build is feasible for any y > 1, then by setting y € {1,2,3,...} we can
build a sequence of feasible points for (Odd-KLP) which have increasing/improving objective value y.
Therefore, the k-level problem (Odd-KLP) is unbounded.

Proof of only if. Assume that By_; N3CNF is a NO instance, this is that —(Jap_1 € {0,1}™-1, ...
Jas € {0,1}"2, Va; € {0,1} : f:_ll Aja; # 1+ ¢). Equivalently, we can write:

k—1
Vap_, € {0,1}™-1, ..., Vay € {0,1}"2, 3a; € {0,1}™ : ZAlal >1+ec.
=1

We show that (Odd-KLP) is infeasible. Assume, by contradiction, that there is a feasible solution
(Y, The1y - X158y Zk—1,- - -, 21, 25) Of (Odd-KLP).

Let aj_1 = %azk_l. Since xp—1 € {0,y}™-1, then ar_1 € {0,1}"+-1. Then, we show that s = y.
Let I € {1,...,k — 2}. For odd [, the corresponding level maximizes s, and x; = a;y is an feasible
solution that allows for s = y to be selected. Therefore, the optimal objective value of this level is y,
corresponding to a solution s = y at level 2. For even [, independently of the solution selected by the
corresponding level, the following levels associated with an odd [ value always chose a solution that
makes s = y the optimal at level 2.
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This value of s however violates the linking constraint s = 0, so the solution cannot be feasible,
and we have reached a contradiction. By arbitrariness of the choice of feasible solution, we conclude
that (Odd-KLP) is infeasible. Hence, the k-level problem (Odd-KLP) is not unbounded. O

3.1.3 Unbounded-KLP with even k is X! ,-hard

Throughout this section, we assume k > 4 is an even number. Based on the (k — 1)- ALTERNATING
QUANTIFIED SATISFIABILITY (Bg_1 U3CNF) problem, we show UNBOUNDED-KLP where k is even is
a 37 _,-hard problem in Theorem 9.

Theorem 9. UNBOUNDED-KLP for k even is ¥} _,-hard.

Proof. We show that an instance of UNBOUNDED-KLP reduces to an instance of By_; USCNF. Given
an instance of By_1 U3CNF, we build the following UNBOUNDED-KLP instance:

max Yy
Y,T,8,2
st. y>1,
Tp_1 € [Ovy]nk717
Zk—1 = 07
s§=1Y,

)

leven: (2, s,z) € argmin {s cxyp €0,y 5 =0; (2D 5 2) € @1

() 2

)

—— ——

lodd: (z®,s,z2) € argmax {s cayp €0,y 5 =0; (2D 5 2) € @1

() 5,2

(z1,8,2) € argmax s (Even-KLP)
T1,8,2
k—1
st. > Ajx; > s+ ey,
i=1
Ty € [Ovy]nlv
zZ1 = O7
s €[0,y],
zs =0,
k—1 ny
z€argmax zs+ y, > (1)
z =1 1i=1
st (z1)i < (ay); Vi, Vi,
(21)i <y—(w)i Vi, Vi,
Zs < 8,
2s <y —s,
where z = (21,...,2p-1), 29 = (21,...,2;), * = (x1,...,2,_1), and ®’ is the problem at level i

parametrised by the variables (y,xg—1,...,2;11) of the levels above. This problem (Even-KLP) is
similar to the reduction problem (Odd-KLP) used in the proof for odd k, where the constraint s = 0
is replaced with s = y.

Note that, for I < k — 2, the problem at level [ is never unbounded because y is a decision of level
k — 1 and hence a parameter for this level. Optimality of level 1 implies that at any feasible solution
we have that (z;); = min{(x;);,y — ()} YVl € {1,...,k = 1},Vi € {1,...,n} and z; = min{s,y — s}.
In addition, the linking constraints z; = 0 Vi € {1,...,k — 1} and z; = 0 at level k enforce that for
le{l,....,k—1}:2; € {0,y}™ and s € {0, y}, respectively. Note also that s = 0 is always feasible for

k=1
level 2, since any set of assignment values a; € {0,1}™ for [ € {1,...,k — 1} satisfies ) A;a; > c.
i=1

We show that Bj_; U3CNF is a YES instance if and only if (Even-KLP) is unbounded.
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Proof of if. Assume that By_; U3CNF is a YES instance, this is that Jai_q € {0,1}™-1, ..., Vas €
{0,137, Ja; € {0,1}™ : 37 Ay > 1+ .

Let y > 1, and 1 = ax_1y, where a;_1 is the assignment we know exists by assumption. Let
x; = aquy for all I € {k—2,...,1}, where for [ even a; € {0,1}"™ can be any assignment, and for !
odd a; is the assignment we know exists by assumption and which depends on the choice of a;+1. We
show that this choice of (y,x) along with s =y, zz =0 forl € {k —1,...,1} and z5 = 0 constitutes a
feasible solution of (Even-KLP).

It is easy to verify that the feasibility constraints at all levels are verified. According to our
observation about optimal solutions for level 1, it is clear that this solution z; = 0 for I € {k —
1,...,1} and z, = 0 is optimal for level 1. We must also show each z; and s are optimal for the
corresponding levels.

Let I € {1,...,k — 2}. For odd I, the corresponding level whose goal is to maximise s will choose
x; = ayy as the assignment that results in s = y being feasible (and hence optimal) for level 2. We
know, by assumption, that such a decision exists independently of what the following levels associated
with an even [ value chose z; to be. For even [, independently of the x; selected, we know the following
levels associated with an odd ! value will select the decision that lead to s = y. In both cases, the
selected x; values and s = y are optimal decisions for the corresponding levels. Since the solution we
build is feasible for any y > 1, then by setting y € {1,2,3,...} we can build a sequence of feasible points
for (Even-KLP) which have increasing/improving objective value y. Therefore, the k-level problem
(Even-KLP) is unbounded.

Proof of only if. Assume that B;_; U3CNF is a NO instance, this is that =(Jap_1 € {0,1}™-1, ...,
Vag € {0,1}"2, Ja; € {0,1}™ : Z;:ll Aja; > 1+ ¢). Equivalently, we can write:

k—1
Var—1 € {0,131, ..., Jag € {0,1}", Vay € {0,1}™ : Y Aja # 1+ec.
=1

We show that (Even-KLP) is infeasible. Assume, by contradiction, that there is a feasible solution
(Y, Th1y- -+ X1, 8, Zk—1, - - -, 21, 25) Of (Even-KLP).

Let ap—1 = ixk_l. Since xp_1 € {0,y}™ 1, then a;_q € {0,1}™~1. Then, we show that s = 0.
Let I € {1,...,k — 2}. For even [, the corresponding level whose goal is to minimise s, will choose
x; = ayy as the assignment that results in s = 0 being the only feasible (and hence optimal) for level
2. We know, by assumption, that such a decision exists independently of what the following levels
associated with an odd [ value choose x; to be. For odd [, independently of the z; selected, we know
the following levels associated with an even [ value will select the decision that lead to s = 0. In both
cases, The optimal values of the levels are 0 corresponding to s = 0. This value of s however violates
the linking constraint s = y, so the solution cannot be feasible, and we have reached a contradiction.
By arbitrariness of the choice of feasible solution, we conclude that (Even-KLP) is infeasible. Hence,
the k-level problem (Even-KLP) is not unbounded. O

3.2 Mixed-integer multilevel optimization

In this section, we discuss the computational complexity of deciding unboundedness in mixed-integer
multilevel optimization. A mixed-integer linear multilevel problem is a linear multilevel problem where
some or all of the variables are restricted to take integer values. For each level [ € {1,...,k} of a k-
level problem, we can define the subset I' of variables at that level which are integer, and add the
corresponding constraints to level :

(1); €Z Viell,

where x; denotes the decision variables of level [.

The decision problem of deciding whether a mixed-integer linear k-level problem is unbounded can
be stated as:
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Unbounded-MI-KLP:

INSTANCE: fy,..., fi rational vectors of appropriate dimension, C¥,... C! linear polyhedra (de-
fined by rational coefficients), and I*, ..., I' index subsets of integer variables at each level.
QUESTION: Is the corresponding mixed-integer k-level model unbounded?

Based on the (k)-ALTERNATING QUANTIFIED SATISFIABILITY problem (B, N3CNF or B, U3CNF),
we show that UNBOUNDED-MI-KLP is a 3?-hard problem in Theorem 10. In other words, the decision
problem of deciding on unboundedness of a mixed-integer multilevel problem is one level higher in the
polynomial complexity hierarchy than the decision problem for linear multilevel problem with the
same number of levels. This result follows naturally from the previous section, since the reduction
problems used can be equivalently reformulated using binary decision variables, instead of enforcing
this integrality with the auxiliary variables z and the extra level setting their value.

Theorem 10. UNBOUNDED-MI-KLP is ¥ -hard.

Proof idea. The reduction problems in this proofs are direct adaptations of the ones in Theorem 7,
Theorem 8 and Theorem 9, where the constraints z; € [0,y]™ and z; = 0 are replaced with the
integrality constraint z; € {0,1}™. Similarly, the constraints s € [0,y] and z; = 0 are replaced with
the integrality constraint s € {0,1}. The variable y is removed, and an auxiliary variable r is introduced
to create the unboundedness of any feasible instance of the problem. In addition, the lowest level 1,
in which the z variables were optimized, is removed. For more details on these reduction problems see
Appendix B. O

4 Algorithmic approaches

Despite the theoretical intractability, assuming P#NP, of deciding whether the linear bilevel prob-
lem (B) is unbounded, this section explores methods for addressing it in practice. We present two
algorithmic approaches to check whether a bilevel problem is unbounded when its HPR is. The first
is a natural method leveraging on previously presented results, reduces to solving a theoretically in-
tractable problem. The second is more intricate and it is designed so that each step solves theoretically
tractable problems.

4.1 LPCC reformulation

The first approach consists in reformulating our decision problem as a linear problem with comple-
mentarity constraints (LPCC). Such problems can be inputted into mixed-integer linear solvers like
Gurobi, where complementarity constraints are handled using SOS constraints of type 1. As shown in
Theorem 11, the objective value of this LPCC allows us to conclude whether the corresponding bilevel
problem is unbounded.

Theorem 11. The bilevel problem (B) is unbounded if and only if the LPCC (U) has strictly negative
optimal value.

z7y7>r\r’1iri7Ay c"Az+d" Ay
s.t. (x,y,A) € Fupr X Fp,
(Cx+Dy—b)"Ax=0,
AAx + BAy <0,
CAz+ DAy <0,
(CAz 4+ DAy) "\ =0,
—1< Az, Ay <1,

—

GIGIGIGIGIGEG!
SICIUR
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where once again Fypp x Fp = {(2,y,\) : (B.2), (B4), D"X=—f, A >0}. Moreover, for any fea-
sible solution with strictly negative value exists, the component (x,y) provides a feasible point and the
component (Axz, Ay) a direction of unboundedness at (z,vy).

Proof. According to Theorem 1 and Theorem 2, we can prove this theorem by showing the following
equivalence instead: There exists w € {1,2}"2 such that the linear problem (P,,) is unbounded if and
only if (U) has strictly negative optimal value.

Proof of if. Assume that there exists w € {1,2}" such that the linear problem (P,,) is unbounded.
Then, we know that there exists a feasible point (z*, y*, A\*) € P,, and a corresponding direction of un-
boundedness (Az*, Ay*, AX*). Without loss of generality, we assume that this direction is normalised
(|Az*, Ay*, AX*|| = 1) such that constraint (U.7) holds. Note that, since there is the bilevel feasible
solution (z*,y*, \*), we know that problem (U) is finite optimal (because (z*,y*, A\*,0,0) is a feasible
solution and constraint (U.7) ensures boundedness).

We now show that there is a feasible solution for (U) with negative objective value. Since (x*, y*, \*)
€ P, then (z*,y*, A*) verifies constraints (U.2)—(U.3). Furthermore since (Az*, Ay*, AX*) is a di-
rection of unboundedness for (P,) and (z*,y*, \*) € P, then we know that (Ax*, Ay*, \*) verifies
constraints (U.4)—(U.6). Therefore, (z*,y*, A*, Az*, Ay*) is a feasible solution of problem (U). More-
over, since (Az*, Ay*, A\*) is a direction of unboundedness for (P,,), we have that ¢ Az*+d " Ay* < 0.
Consequently, we can conclude that problem (U) has strictly negative objective value.

Proof of only if. Assume that the problem (U) has strictly negative optimal objective value and
(x*,y*, N\, Az*, Ay*) is one of its optimal solutions. Then, we define w* such that w} = 1 when
AF > 0 and wf = 2 when A} = 0. From constraints (U.2)—(U.3), the point (z*,y*, A*) is feasible
for problem (P,). Furthermore, from constraints (U.4)—(U.6), we can ensure that along the direc-
tion (Ax*, Ay*,0) there is a sequence {(z*,y*, \*) + k(Az*, Ay*, 0)}keZ§ of feasible points for prob-
lem (P,). Finally, from the fact that the optimal objective value is strictly negative, we know that
as k increases, the objective value of (P,) at the points in this sequence decreases. Hence, there
exists w € {1,2}"2 (as defined from the optimal values of A*) such that the linear problem (P,) is
unbounded. O

Note that we can extract further conclusions about the corresponding bilevel problem (B), from
the optimization status and optimal value of the problem (U). The problem (U) cannot be unbounded,
because of constraint (U.7). When the model (U) is infeasible, so is the bilevel problem (B). We know
this because (Az, Ay) = (0, 0) is always feasible for (U), so infeasibility of this model reveals that there
is no bilevel feasible point (x,y, ). When the model (U) is finite optimal, we know that its optimal
value is non-positive. On the one hand, if the optimal value is strictly negative, Theorem 11 allows us
to conclude that the bilevel problem is unbounded. On the other hand, if the optimal value is zero,
then we know that the bilevel problem (B) is finite optimal, since it is feasible and not unbounded. In
this case, the component (z,y) of optimal solution yield a bilevel feasible point.

4.2 Vertex-enumeration algorithm

In this section, we present another approach to detect bilevel unboundedness. This approach is a
vertex-enumeration algorithm and it is detailed in Algorithm 1. This algorithm is inspired by the
observation that, for a fixed dual variable A, the problem (U) becomes a linear problem. Furthermore,
the feasible space of the dual of the lower-level problem

Fo={A>0:D"\=—f}

only depends on the dual variables A\. Therefore, we can check all vertices of this set Fy, and for
each vertex solve a linear problem (step 2) to determine whether there is a corresponding certificate



Les Cahiers du GERAD G-2025-22 18

of unboundedness for the bilevel. In other words, we simultaneously search for a bilevel feasible point
(z,y), and a direction of unboundedness (Az, Ay) which belong to the same polyhedron P, as the
fixed dual vertex .

Algorithm 1: Vertex-enumerating algorithm.

1 for vy vertex of Fp do
2 Solve linear model (U’): (U) for A = vy fixed;
3 if Optimal value of (U’) < 0 then

L sTop: Bilevel model (B) is unbounded;

4

5 CONCLUDE: Bilevel model (B) is bounded (optimal or infeasible);

Note that similarly to the discussion at the end of Section 4.1, we are able to extract further
conclusions about the feasibility and optimality of the bilevel problem from Algorithm 1.

Another natural idea would be to enumerate the vertices of the feasible set of the HPR and corre-
sponding extreme rays in search of an unbounded polyhedra P,. Nevertheless, a preliminary compu-
tational experience revealed that the enumeration of the dual vertices shows more potential. Hence,
we focus solely on Algorithm 1 in this work.

In order to ensure the correctness of Algorithm 1, we present Lemma 12.
Lemma 12. The bilevel problem (B) is unbounded if and only if there exists X\ a vertex of the feasible
region of the lower-level dual problem Fj, such that the corresponding (U’) has strictly negative optimal
value.

Proof. If there exists A\ a vertex of the feasible region of the lower-level dual problem Fi, such that
the corresponding (U’) has strictly negative optimal value, then (U) also has strictly negative optimal
value. From Theorem 11, we know that the bilevel problem (B) is unbounded.

If the bilevel problem (B) is unbounded, from Lemma 1 and Theorem 2, we have that there exists
w € {1,2}" such that (P,) is unbounded. Let (Az’,Ay’, AXN) be a direction of unboundedness of
that linear problem.

Note that P, = P x P2, where pLY) = {(z,y) € Fupr : Cx + Dy = b Vi : w; = 1} and
PN ={N€ Fp: A\ =0Vi:w; =2} Hence, since P, is non-empty, then both PLz’y) and P)) are also
non-empty. Since P is non-empty, we know that it has a vertex, because the corresponding constraint
matrix has full-row rank, i.e.

span {[D;r]ie{l,...,m}, leilic(1,..na1 } = R™,

where e; is the i*® unit vector, and n, is the number of lower-level dual variables A. In fact, this

property holds valid for any problem in standard form, i.e. with non-negativity constraints. Let
(z,y) € Py = {(z,y) € Fupr : Cx + Dy = b Vi : w; = 1}, which we know is non-empty. Then
(x,y,\) € P, = () P2, Furthermore, since (P,,) is a linear problem, we know that (Az, Ay, A))
is a direction of unboundedness for (P,) at (z,y,\). Therefore, applying a similar argument to the
one in the proof of Theorem 11, we know that (z,y, A, Az, Ay) is a feasible solution of problem (U)
and that it has strictly negative objective value. Hence, (z,y, Az, Ay) is a feasible solution of problem
(U) for fixed variables A, which is a vertex of Fy,, and this solution (z,y, Az, Ay) has strictly negative
objective value. O

The preceding Lemma 12 along with the fact that the feasible set 5, has a finite number of vertices,
lead us to the conclusion that:
Theorem 13. Algorithm 1 determines in a finite number of steps whether (B) is unbounded, and if
so, it returns a certificate of unboundedness. This certificate consists of a bilevel feasible point and a
direction of boundedness at that point.
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4.3 Insights from illustrative examples

We illustrate the behaviour of these algorithmic approaches, the LPCC reformulation, and the vertex-
enumeration Algorithm 1 on three examples. Example 2 and Example 3 consist of unbounded bilevel
problems, and Example 4 is an example of a bounded bilevel with an unbounded HPR.

Example 2 (Book Spine). Consider the unbounded bilevel model below and the corresponding graph,
where the bilevel feasible region is coloured green, and the direction is that of improving lower-level
objective.

Y2 .
lLower—level Obj.

max Yo
z20,y1,y2 ~
st. (y1,y2) € argmin {7z :
91,9220
Ty — Y2 <2 T
xr— gl - ﬂZ g 0} T

In this example the sequence of points leading to unboundedness of the bilevel lays on the intersection
of two facets defined by lower-level constraints, this is along the “book spine”. There is not a single
lower-level facet that is unbounded (and bilevel feasible), but rather the intersection of two facets. In
addition, for = € [0, 1], there are multiple lower-level optimal solutions (green area where yo = 0).

Both the LPCC (U) and the vertex-enumeration Algorithm 1 reveal the direction of unboundedness
(Az, Ay1, Ays) = (1,0,1) at the bilevel feasible point (x,y1,y2) = (1,1,0). In our implementation
(see Section 4.4.1 for further details), the vertex-enumeration algorithm only performed one iteration,
exploring one vertex of the dual feasible region F,. The dual vertex found was (A1, A2, A3, Ay) =
(%, %, 0,0), where A3 and A4 are the dual variables associated with the non-negativity constraints on y;
and ys, respectively. The model (U’) is solved for this dual vertex, and the feasible point and direction
of unboundedness are found. Thus, the algorithm concludes correctly that the bilevel problem is
unbounded, and that (1,0,1) is a direction of unboundedness at the bilevel feasible point (1,1, 0).
Example 3 (Bounded Upper-level Variables). Consider the unbounded bilevel model below and the
corresponding graph, where the bilevel feasible region is coloured green, and the direction is that of
improving lower-level objective.

Y2
i — L -level obj.
leg}gl;?,yz T — '\ovver evel obj
st. <2 <
(y1,y2) € argmin {g; — go :
91,9220
—1+ Y2 <2

AN

This example is relevant because even though the upper-level variables x are bounded, and the lower-
level problem is finite optimal for each feasible value of x, the bilevel is unbounded. This is possible,
because for fixed variables x, the lower-level is bounded (with respect to the lower-level objective),
but it has an infinite number of optimal solutions that form a sequence of bilevel feasible points with
improving upper-level objective.

r—g1 — Y2 < —1}.

Both the LPCC (U) and the vertex-enumeration Algorithm 1 confirm that (Axz, Ay, Ays) =
(0,1,1) is a direction of unboundedness at the bilevel feasible point (z,y1,y2) = (0,0,2). In our
implementation (see Section 4.4.1 for further details), the vertex-enumeration algorithm only per-
formed one iteration, exploring one vertex of the dual feasible region F,. The dual vertex found was
(A1, A2, Az, Aq) = (1,0,0,0), where A3 and A4 are the dual variables associated with the non-negativity
constraints on y; and ys, respectively. The model (U’) is solved for this dual vertex, and the feasible
point and direction of unboundedness are found. Thus, the algorithm concludes correctly that the
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bilevel problem is unbounded, and that (0,1, 1) is a direction of unboundedness at the bilevel feasible
point (0,0, 2).

Example 4 (Bounded Bilevel). Consider the bilevel model below and the corresponding graph, where
the bilevel feasible region is coloured green, and the direction is that of improving lower-level objective.

Y

min -z -—y lLower—level Obj.
x>0,y
st. z—y<3
y €argmin{yg: —-x—2§< -6
520
—T— g < 74}3

T

In this example, the HPR is unbounded along the direction (Az, Ay) = (1,1). However, the bilevel
feasible region (in green) is bounded, and the bilevel problem is finite optimal with optimal solution

(z,y) = (4,1).

Confirming this boundedness of the bilevel problem, the LPCC (U) has optimal value 0, and
the vertex-enumeration Algorithm 1 does not find any direction of unboundedness of the bilevel. In
our implementation (see Section 4.4.1 for further details), the vertex-enumeration algorithm checks all
possible vertices to get to this same conclusion. For example, when it finds the dual vertex (A1, A2, Az) =
(0,0, 1), the corresponding model (U’) is infeasible. From constraints (U.3), we have that y = 0. By
substituting this in the upper-level constraint, we obtain that x < 3, and in the lower-level constraints,
we obtain that © > 6. These simultaneous restrictions deem the problem (U’) infeasible. Alternatively,
when the dual vertex (A1, A2, A3) = (0,1,0) is found, the corresponding model (U’) has optimal value
0. There is a bilevel feasible point (z,y) = (2,2) that verifies the complementarity constraints with
this dual vertex. However, from constraints (U.6), we have that —Az — Ay = 0, and since both
variables Az and Ay are non-negative, the only solution is (Axz, Ay) = (0,0). In other words, there is
no direction of unboundedness of the bilevel problem at this dual vertex.

Thus, Algorithm 1 discards both of these dual vertices, and keeps searching. As a matter of fact,
since the bilevel is bounded, all dual vertices are discarded either because (a) they do not have a
corresponding bilevel feasible solution (z,y), (b) there is no direction of unboundedness at any of the
bilevel feasible solution with which the dual vertex matches.

4.4 Computational comparison
4.4.1 Implementation details

For our instance set, we considered the linear relaxations of the mixed-integer bilevel problems from
the BOBILib: Bilevel Optimization (Benchmark) Instance Library [23]. Since all instances had a
bounded HPR, we further relaxed the explicit bounds on the decision variables to the standard form
of non-negativity constraints, i.e. for all variables v, we defined v € [0, +oo[. With this procedure we
obtained 48 linear bilevel instances whose HPR was unbounded. The names of these instances can be
found in the Supplementary Materials.

All computational experiments were conducted on a Dell PowerEdge R740 server running Ubuntu,
equipped with four Intel Gold 6234 processors (3.3 GHz, 8 cores/16 threads each) and 1.5TB of local
storage. The implementation was done in Python [22], and optimization models were solved with the
Gurobi 11.0.1 [14].

For the implementation of the vertex-enumeration procedure in our algorithms, we used the pre-
compiled binaries available at [3], which contain the Irs reverse search vertex-enumeration algorithm [4].
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We impose a two-hour time limit, and a four-thread limit on the Irs vertex enumeration, and increase
the maximum number of cached dictionaries from 50 to 100. Since solving each optimization problem
(U’) may take longer than enumerating vertices, some problems (U’) may remain unsolved when the
time limit is reached. In this case, we continue solving these remaining problems (U’) after the vertex
enumeration stops. We also impose the same time limit and a limit of four threads on the Gurobi
solver when solving the linear problem with complementarity constraints (U).

4.4.2 Results and discussion

In Table 1, we depict the average of the total computational time (in seconds) to solve instances with
both the LPCC approach and the vertex-enumeration Algorithm 1. We present this average per bilevel
optimality status, and the total average on the last line. For each of these averages, we also show in
the column # Instances, the number of instances that were categorized within the time limit.

Table 1: Average total computational time (in seconds) per optimality status.

LPCC Vertex-enumeration Algorithm 1
Bilevel Status # Instances CPU Time (s) # Instances CPU Time (s)
Unbounded 15 6.396 9 5241.181
Finite Optimal 25 22.629 11 1270.638
Infeasible 8 0.121 8 0.377
Total 48 13.805 28 6882.173

We observe that the vertex-enumeration Algorithm 1 has a higher computational time in all cat-
egories. While this difference is significant for unbounded and finite optimal instances, Algorithm 1
is quick at detecting infeasible instances. This is due to the fact that this infeasibility stems from an
unbounded lower-level problem, or equivalently an infeasible dual lower-level problem.

Furthermore, due to the time limit imposed on the lrs vertex-enumeration, Algorithm 1 was only
able to arrive at a definitive conclusion about whether the bilevel problem was unbounded for 28 of
the 48 instances. In Table 2, we further explore this theme, and consider the number of instances
with each optimality status (including an inconclusive one) for which the Irs algorithm reached the
time limit and not. Note that if the lrs algorithm does not time out, a proper optimality status will

Table 2: Number of instances with each optimality status from the dual enumeration algorithm (out of 48).

Irs Timed Out?

Bilevel Status Yes No
Unbounded 5 4
Finite Optimal - 11
Infeasible - 8
Inconclusive 15

Inconclusive Feasible 5 -
Total 25 23

always be found and an inconclusive status is not possible. Similarly, if the Irs algorithm times out,
we will not be able to conclude that the instance is finite optimal nor infeasible, as we would have
to explore all dual vertices to reach that conclusion. In case, we were not able to decide whether the
bilevel instance is unbounded nor feasible, an Inconclusive status is assigned, and if we were not able to
decide whether the bilevel instance is unbounded, but we did find a feasible solution, an Inconclusive
Feasible status is assigned.

We can observe that the Irs algorithm reached its two-hour time limit on 25 of the instances, but in
five of those instances it was still able to conclude the bilevel was unbounded, since the dual vertex that
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allows this had already been found before the time out. Out of those 25, it could discard infeasibility
in five instances, but nothing was concluded in the remaining 15.

While in the LPCC approach most of the computational time is spent solving the model, in Algo-
rithm 1 there are two tasks where the algorithm spends most of its time. The first is naturally running
the Irs vertex-enumeration algorithm, which takes on average 4129.761 seconds, and the second is
building and solving the linear problems at each vertex found, with an average of 3087.721 seconds
spend on building and 1597.400 seconds on solving these problems. Note that each instance solved,
on average, 3542190.3 of these linear problems corresponding to the number of vertices evaluated until
either one that resulted in unboundedness was found or all were explored. Our implementation per-
forms this evaluation of vertices dynamically as they are found and outputted by the Irs algorithm,
and 63% of the evaluated vertices were processed while the Irs was still running.

In conclusion, these results suggest that directly solving a theoretically intractable problem can
be more effective than solving a potentially very large number of polynomially solvable subproblems.
This supports the idea that solving of the LPCC gains by being driven by leader’s objective.

5 Conclusion

We presented results aimed at dealing with the often-overlook topic of unboundedness in bilevel and
multilevel optimization. In Table 3, we summarise the computational complexity results derived in this
work. In general, we show that deciding unboundedness of an optimistic k-level problem is X% _;-hard

Table 3: Overview of computational complexity of deciding unboundedness.

Bilevel Multilevel (k levels)
Optimistic Pessimistic Optimistic
Linear NP-complete NP-hard Ezil—hard
Mixed-integer Eg-hard Zﬁ-hard

for linear problems and Y} -hard for mixed-integer problems. In the bilevel case, we extend the hardness
result for pessimistic formulations by showing that deciding on unboundedness in these problems is
also NP-hard.

Future research could focus on deriving the computational complexity of deciding unboundedness of
mixed-integer pessimistic multilevel problems, or of multi-follower bilevel problems. A more exhaustive
computational experience comparing the performance of the two algorithmic approaches proposed is
also warranted. While the LPCC approach requires solving an NP-hard problem, Algorithm 1 solves
a series of linear optimization problems. However, if the bilevel problem (B) is bounded (and its HPR
unbounded), we must enumerate all vertices of the lower-level dual feasible region. Thus, in this case,
it would be worth saving the best bilevel feasible solution along Algorithm 1, so that we are also able
to return an incumbent solution. Furthermore, developing heuristics to prioritize the enumeration of
vertices of the dual feasible space that correspond to primal lower-level faces which are unbounded for
the HPR may enhance the algorithm’s efficiency in proving unboundedness.

Finally, this work demonstrates that more attention should be paid to ensure unboundedness is
accounted for and dealt with in bilevel and multilevel optimization. This can be achieved by ensuring
that deciding on unboundedness and returning a certificate of unboundedness, if one exists, become
integral practices when developing multilevel algorithmic approaches. In addition, designing a diverse
dataset of bilevel problems with a) unbounded bilevel instances and b) bounded (optimal or infeasible)
bilevel instances whose corresponding HPR is unbounded would also be desirable, as these are scarce
in existent datasets [20, 23, 32].
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Appendix A Strong NP-hardness with linking constraints

In this section, we show that UNBOUNDED-BLP is strongly NP-hard for problems with linking con-
straints. Naturally, the hardness result for problems without linking constraints in Section 2.2.2 is
stronger. Nevertheless, the ideas used for the reduction proof with linking constraints are useful for
building intuition for the multilevel linear case in Section 3.1. This is the main reason why, in this
appendix, we introduce the hardness proof for deciding on unboundedness of bilevel problems with
linking constraints.

Theorem 14. UNBOUNDED-BLP with linking constraints is strongly NP-complete.

Proof. From Lemma 1 and Theorem 2, we concluded that UNBOUNDED-BLP is in NP. It remains to
show that it is (strongly) NP-hard. We achieve this by showing that 3-SAT is a YES instance if and
only if the bilevel model (B’) is unbounded.
max Yy (B’)
T,z
st. Asz > (1+¢q)y,
0<z, <y Vie{l,...,n},
y=>1,
z =0,

n
zeargmax{zzzéigzi; Z <y—ux; Vie{l,...,n}}.

z i=1

Proof of if. If 3-SAT is a YES instance, then Ja € {0,1}" : Agsa > (1+ ¢s). Consequently, we build
a bilevel feasible solution of (B’) with (a*,y*,2*) = (a,1,0), and a direction of unboundedness with
(Az, Ay, Az) = (a,1,0). Hence, (B’) is unbounded.

Proof of only if. If 3-SAT is a NO instance, then there is no a € {0,1}" such that Asa > 1 + c.
Thus, any feasible a € [0, 1]™ for Aga > 1 + ¢5 implies that 3i : a; €]0,1].

We remark that due to the linking constraint z; = 0, any bilevel feasible solution must have
x € {0,y}"™. Moreover, since y > 1, we can write:

Agx > (1—i—cs)y<:)ASE > 1+ cs.
Yy

This makes it clear that (i) any upper-level feasible (z,y) can be map onto a = % € [0,1]™ such that
Asa > 1+ ¢s and (%) any a € [0,1]" such that Asa > 1+ ¢ can be mapped onto an infinite set of
upper-level feasible solutions of the form (z,y) = (a-y,y) Yy > 1. Given that S is a NO instance, this
reasoning implies that any upper-level feasible solution has some x; €]0,y[. However, this results in
Z; = min{z;,y — x;} > 0 which is infeasible for the upper-level linking constraint z = 0. Hence, (B’)
is not unbounded. O
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Appendix B Complete proof of Theorem 10

In this section, we present a complete proof of Theorem 10 where we explicitly present the reduction
problems considered.

Proof. For k = 2, the mixed-integer bilevel problem used in the reduction is:

max 1
T,E2,T1,8
s.t. rekR,
zg € {0,132,
s =0,
(x1,s) € argmax s
T1,S

2

st. > Aix; > s+e,
i=1

X1 € {0, l}nl,

s €{0,1},

The proof showing that this problem reduces to B N 3CNF is similar to that of Theorem 7 for trilevel
linear problems. This shows that if B,N3CNF is a YES instance, the reduction problem is unbounded,
and if it is a NO instance, the reduction problem is infeasible (i.e. not unbounded).

In general, for a multilevel problem, we separate the odd and even cases. For k even, we adapt the
reduction problem in Theorem 8§ as:

max r
T,%,8,%
st. rekR,
xp € {0,1}7
s =0,

lodd: (20, s) € argmax {s cxp € {0, 1} (20D ) € Q)ll},

) s

leven: (2 s) € argmin {s cay € {0,15(21 s) € CI)ZI},

z ()

(r1,8) € argmax s
x1,8
k=1
st. Y. Ajx; > s+,

i=1
x1 € {0,1}",
s € {0,1},

The proof showing that this mixed-integer k-level problem reduces to By N 3CNF is similar to that of
Theorem 8. It shows that if By N 3CNF is a YES instance, the reduction problem is unbounded, and
if it is a NO instance, the reduction problem is infeasible (i.e. not unbounded).
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For k odd, we adapt the reduction problem in Theorem 9 as:

max r
T,T,8,2
st. rekR,
xp € {0,1}7,
S=1Y,

lodd: (2, s) € argmax {s cay € {0,1}5(21 s) € fbll},

(D) s

leven: (zs) € argmin {s cay € {0,135(21 s) € CIJlI},

z ()

(r1,8) € argmax s

1,8
k-1
st. Y. Ajx; > s+,
i=1
xr1 € {0, 1}”1,
s €{0,1},

The proof showing that this mixed-integer k-level problem reduces to By U 3CNF is similar to that of
Theorem 9. It shows that if By U3CNF is a YES instance, the reduction problem is unbounded, and

if it is a NO instance, the reduction problem is infeasible (i.e. not unbounded). O
References
[1] Charles Audet, Jean Haddad, and Gilles Savard. A note on the definition of a linear bilevel programming

solution. Applied Mathematics and Computation, 181(1):351-355, 2006.

Charles Audet, Pierre Hansen, Brigitte Jaumard, and Gilles Savard. Links between linear bilevel and
mixed 0-1 programming problems. Journal of optimization theory and applications, 93:273-300, 1997.
David Avis. User’s guide for Irs, 2024.

David Avis, Glinter M. Ziegler, and Gil Kalai. A revised implementation of the reverse search vertex
enumeration algorithm. In Polytopes - Combinations and Computation, volume 29 of DMV Seminar,
pages 177-198. Springer Basel AG, 2000.

Jonathan F. Bard. Practical Bilevel Optimization, volume 30. Springer US, Boston, MA, 1998.
Jonathan F. Bard and James T. Moore. A branch and bound algorithm for the bilevel programming
problem. STAM journal on scientific and statistical computing, 11(2):281-292, 1990.

Amitabh Basu, Christopher Thomas Ryan, and Sriram Sankaranarayanan. Mixed-Integer Bilevel Repre-
sentability. Mathematical Programming, 185(1-2):163-197, 2021.

Wayne F Bialas and Mark H Karwan. Two-Level Linear Programming. Management science, 30(8):1004—
1020, 1984.

Jerome Bracken and James T McGill. Mathematical Programs with Optimization Problems in the Con-
straints. Operations Research, 21(1):37-44, 1973.

Benoit Colson, Patrice Marcotte, and Gilles Savard. An overview of bilevel optimization. Annals of
Operations Research, 153(1):235-256, 2007.

Stephan Dempe, Boris S. Mordukhovich, and Alain B. Zemkoho. Necessary optimality conditions in
pessimistic bilevel programming. Optimization, 63(4):505-533, 2012.

Matteo Fischetti, Ivana Ljubi¢, Michele Monaci, and Markus Sinnl. On the Use of Intersection Cuts for
Bilevel Optimization. Mathematical Programming, 172(1-2):77-103, 2018.

Michael R. Garey and David S. Johnson. Computers and Intractability: A Guide to the Theory of
NP-Completeness. A Series of books in the mathematical sciences. W.H. Freeman, 1979.

Gurobi Optimization, LLC. Gurobi Optimizer Reference Manual, 2024.

Pierre Hansen, Brigitte Jaumard, and Gilles Savard. New Branch-and-Bound Rules for Linear Bilevel
Programming. STAM Journal on Scientific and Statistical Computing, 13(5):1194-1217, 1992.



Les Cahiers du GERAD G-2025-22 26

[16]

[17]

[18]

[19]

Robert G. Jeroslow. The polynomial hierarchy and a simple model for competitive analysis. Mathematical
Programming, 32(2):146-164, 1985.

Thomas Kleinert, Martine Labbé, Ivana Ljubi¢, and Martin Schmidt. A Survey on Mixed-Integer Pro-
gramming Techniques in Bilevel Optimization. EURO Journal on Computational Optimization, 9:100007,
2021.

Thomas Kleinert, Martine Labbé, Frank Plein, and Martin Schmidt. Closing the gap in linear bilevel
optimization: a new valid primal-dual inequality. Optimization letters, 15(4):1027-1040, 2021.

Patrice Marcotte and Gilles Savard. Bilevel programming: A combinatorial perspective. In Graph theory
and combinatorial optimization, pages 191-217. Springer, 2005.

Remigijus Paulavicius and Claire S. Adjiman. BASBLib - a library of bilevel test problems, September
2017.

S. Pineda, H. Bylling, and J. M. Morales. Efficiently solving linear bilevel programming problems using
off-the-shelf optimization software. Optimization and engineering, 19(1):187-211, 2018.

Python Software Foundation. Python.

Johannes Thiirauf, Thomas Kleinert, Ivana Ljubié, Ted Ralphs, and Martin Schmidt. Bobilib: Bilevel
optimization (benchmark) instance library, 2024.

Heinrich von Stackelberg. Marktform und gleichgewicht. Springer-Verlag, Vienna, 1934.

Heinrich von Stackelberg. Market Structure and Equilibrium. Springer-Verlag, Berlin, Heidelberg, 2011.
Translation of Marktform und Gleichgewicht (1934).

Lizhi Wang and Pan Xu. The Watermelon Algorithm for The Bilevel Integer Linear Programming Prob-
lem. SIAM journal on optimization, 27(3):1403-1430, 2017.

Wolfram Wiesemann, Angelos Tsoukalas, Polyxeni-Margarita Kleniati, and Berc Rustem. Pessimistic
bilevel optimization. SIAM Journal on Optimization, 23(1):353-380, 2013.

Woeginger, Gerhard J. The trouble with the second quantifier. 40R, 19(2):157-181, 2021.

Celia Wrathall. Complete sets and the polynomial-time hierarchy. Theoretical Computer Science, 3(1):23—-
33, 1976.

Pan Xu and Lizhi Wang. An Exact Algorithm for the Bilevel Mixed Integer Linear Programming Problem
Under Three Simplifying Assumptions. Computers & Operations Research, 41:309-318, 2014.

Yinyu Ye, Michael J Todd, and Shinji Mizuno. An O(y/nL)-Iteration Homogeneous and Self-Dual Linear
Programming Algorithm. Mathematics of operations research, 19(1):53-67, 1994.

Shenglong Zhou, Alain B. Zemkoho, and Andrey Tin. BOLIB: Bilevel Optimization LIBrary of test
problems, 2020.



	Introduction
	Motivation
	Contributions

	Computational complexity of checking unboundedness
	Decision problem
	NP-completeness of optimistic bilevel case
	Inclusion in NP
	Strong NP-hardness

	NP-hardness of pessimistic bilevel case

	Complexity results in multilevel optimization
	Linear multilevel optimization
	Trilevel unboundedness problem is sigma-p-2-hard
	Unbounded-KLP with odd k is sigma-p-k-1-hard
	Unbounded-KLP with even k is sigma-p-k-1-hard

	Mixed-integer multilevel optimization

	Algorithmic approaches
	LPCC reformulation
	Vertex-enumeration algorithm
	Insights from illustrative examples
	Computational comparison
	Implementation details
	Results and discussion


	Conclusion
	Strong NP-hardness with linking constraints
	Complete proof of Theorem 10

