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Abstract : The arithmetic-geometric index is a newly proposed degree-based graph invariant in
mathematical chemistry. We give a sharp upper bound on the value of this invariant for connected
chemical graphs of given order and size and characterize the connected chemical graphs that reach
the bound. We also prove that the removal of the constraint that extremal chemical graphs must be
connected does not allow to increase the upper bound.

Acknowledgements: The authors would like to thank Pierre Hauweele for his help.
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1 Introduction

In mathematical chemistry, and more specifically in chemical graph theory, topological indices are
values that characterize a graph representing a molecule. This value is correlated with some properties
of said molecule. One largely studied class of such indices is composed of degree-based invariants. A
well known example of these is the Randi¢ index, proposed by Randié¢ [14] in 1975. Following the
interest in this index, many others were later introduced. Of interest here is the arithmetic-geometric
index proposed in 2015 by Shegehalli and Kanabur [17]. Let G be a graph with edge set F and let
d,, and d, be the degrees of the endpoints of an edge uv € E. The arithmetic-geometric index AG(G)
of G, is defined as

dy + d,
ao(G) = 3 Dtds
u'uGE2 dudv

The summand in the above formula is the ratio between the arithmetic and geometric means of d,,
and d,. If we replace each summand by its inverse, we obtain another graph invariant known as the
geometric-arithmetic index introduced in 2009 by Vukicevi¢ and Furtula [20] and studied for example
in [1, 2, 5, 15]. Several papers have focused on properties of the arithmetic-geometric index. For
example, Shegehalli and Kanabur [17, 18] give the value of this index for some families of graphs. Lower
bounds for graphs of fixed size (i.e., number of edges) are provided in [12, 16, 19], while an upper bound
for graphs with fixed size and order (i.e., number of vertices) is established in [19]. Upper bounds for
graphs of fixed size and fixed minimum and maximum degrees are given in [11, 12, 16]. The maximum
value of the arithmetic-geometric index of graphs of fixed order is known for unicyclic graphs [21],
bicyclic graphs [13], bipartite graphs and trees [19]. In addition, VujoSevi¢ et al. [19] have characterized
the chemical trees with maximum arithmetic-geometric index value. The relationship between the
arithmetic-geometric index and other topological indices is studied, for example in [3, 4, 8,9, 11, 12, 16].

In this paper, we prove the following upper bound on the value of the arithmetic index of a connected
chemical graphs G of order n and size m:

9 5 0 if 2m —n = 0 mod 3,
AG(G)SM %—1—5 if 2m —n =1 mod 3,
6 2L 37 if 2m —n =2 mod 3.

43 12

We show that with the exception of 22 (n,m) pairs, the bound is sharp, and we characterize the
connected chemical graphs of order n and size m > n — 1 that reach the bound. We also prove that
no better value can be obtained by removing the constraint that the graph must be connected. Note
that for m = n — 1, this gives a characterization of extremal chemical trees of fixed order n. While
such a characterization is given in [19], we show that their result is not valid for 7 values of n.

In the next section we fix some notations, while Section 3 is devoted to observations that will
motivate our characterization of connected chemical graphs with maximum arithmetic-geometric index
value. Lemmas are proved in Section 4 and then used in Section 5 to prove the main theorem.

2 Notations

For basic notions of graph theory that are not defined here, we refer to Diestel [7]. Let G = (V, E) be
a simple undirected graph. The order n = |V| of G is its number of vertices and the size m = |E| of
G is its number of edges. We write G ~ H if G and H are isomorphic. The degree of v, denoted d,, is
the number of edges incident to v, and we say that v is isolated if d,, = 0.

A chemical graph is a graph whose vertices have degree at most 4. The arithmetic-geometric index
AG(G) of a graph G can be seen as a sum of costs on the edges of G. In particular, if we deal with
chemical graphs, there is a limited number of possible values for the costs since they are computed
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from the degrees of the endpoints of the edges. Let ¢; ; = 2’;% be the cost of an edge with endpoints of
degree ¢ and j. The 4 x 4 cost matrix Cy¢ associated with the arithmetic-geometric index of chemical

graphs is

1 3 2 5
\ 2{5 PR 1.0000 1.0607 1.1547 1.2500
o _ |22 56 2va | _ [1.0607 1.0000 1.0206 1.0607
AG — 2 5 7 ~
2z 51 L 11547 1.0206 1.0000 1.0104
E S T 1.2500 1.0607 1.0104 1.0000
4 2v2  4V3

For a chemical graph G, let n;(G) (i = 0,...,4) be the number of vertices of degree i and let
z; ;(G) (1 <i < j <4) be the number of edges with extremities of degrees ¢ and j in G. Then, since
Cl¢ is symmetric, we have

AG(G) = Z Ci,j ZL’Z’J(G)

1<i<j<4

In what follows, we say that a chemical graph G is extremal if AG(G) > AG(G’) for all chemical
graphs G’ with the same order and the same size as G.

3 Preliminaries

We begin this section with the definition of a class of chemical graphs which, as we will see, contains
most of the extremal chemical graphs of order n and size m.

Definition 1. G, ,, is the set of chemical graphs of order n and size m, and such that no(G) = 0,
n2(G) + n3(G) <1 and all edges have at least one endpoint of degree 4.

For example, using Nauty geng [10] or PHOEG [6] to enumerate all chemical graphs having order n
and size m, it can be observed that there is only one graph G,, ,,, in G, ,, for (n,m) = (5,4), (6,10),
(7,7, (7,9), (8,9), (9,8), (9,9) and (11,11), and there are two graphs in G121, one connected and
one non-connected (see also Table 3 at the end of the paper). These graphs are shown in Figure 1 and
they were chosen because they will appear in the proofs of the next sections.

&8 S oo I B SATR

Gsg G717 G719 Ggo Gog Gog G
the only graph the only graph the only graph the only graph the only graph the only graph the only graph the only graph
inGsg4 in G 10 inGs7 inGro inGso in Gog in Goo inGin

30858 AR

the only connected the only non-connected
graphin G211 graph in G2 11

Figure 1: Examples of graphs in G, ,, for some pairs (n,m).

If all edges of a chemical graph G have at least one endpoint of degree 4, then AG(G) = ¢1 4n1(G) +
2¢9,4m2(G) +3c3,.4n3(G) + (m —n1(G) — 2n2(G) — 3n3(G)) and since 2m = n;1(G) + 2n2(G) +3n3(G) +
4n4(G), we have

AG(G) :cl,4n1( ) + 202,4n2(G) + 363,477,3(G) + 4TL4(G) —-m
201,4’/11( ) + 202,4n2(G) =+ 3(}3,47?,3(G) + 47?,4(G)

=1n1(G) + (5 = Dn2(G) + (5 — 3)na(G) + 2n4(G).

QA

For a pair (n,m) of 1ntegers let T,, , be the set of quadruplets (t1,%2,t3,t4) of positive integers such
that Zf 1ti =n and Zz 1 it; = 2m. Hence, we have 2m — n = ty + 2t3 + 3t4. Note that T} o = 0
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since S0 t; < SO0 ity For (ty,ta, ta,ts) € Tnm, let f(ty, ta, t3,t4) be defined as
fltr ta,ts,ta) = §t1 + (5 — Dtz + (25 — )ts + 2ta.

Clearly, if G is a chemical graph of order n and size m, with no isolated vertex and in which all edges
have at least one endpoint of degree 4, then (n1(G), n2(G), n3(G), na(G)) belongs to T), ., and we have
observed above that

AG(G) = f(n1(G), n2(G), n3(G), na(G)).

Let (t1,t2,t3,t4) be a quadruplet in T, ,, with to 4¢3 < 1:

e if to = 1 then t3 = 0, which means that 2m —n = 3t4 + 1 and 2m =t; + 2+ 4(n —t; — 1), or

equivalently, t; = 4n—§7m—2;

e if t3 = 1 then t3 = 0, which means that 2m —n =3ty +2 and 2m =t; + 3+ 4(n —t; — 1), or

equivalently, t; = %;
o if to =t3 =0, then 2m — n = 3ty and 2m = t; + 4(n — ¢1), or equivalently, t; = @.

Hence in all cases, we deduce the following property.
Property 1. If (t1,t2,t3,t4) is a quadruplet in T;, ,,, with to +t3 <1, then

L4n 2m

1 1f2m—n_1m0d3
0 otherwise

1 if2m—n=2mod 3
0 otherwise

.t4— 2mn

Corollary 1. There is at most one quadruplet (t1,ta,ts,ta) in Ty with to +t3 < 1.
Corollary 2. If G is a graph in G, n,, then the quadruplet (t1,t2,ts3,t4) = (n1(G), n2(G), n3(G),n4(G))
is the unique one in Ty, ,, with ty +t5 < 1.

Proof. Let G be a graph in G, ,,,. Then Z?:l n;(G) = n and Zle in;(G) = 2m, which means that
(t1,t2,t3,t1) = (n1(G), n2(G), n3(G),n4a(Q)) is a quadruplet in T}, ,,, with ¢3 +¢3 < 1. By Corollary 1,
it is unique. O

Some connected extremal chemical graphs have all edges with at least one endpoint of degree 4,
but have ng(G) > 0 or ny(G) + n3(G) > 1. Seven examples are shown in Figure 2 and we will prove
that there are no other ones.

o & ol oo & ocoo 5

Figure 2: Seven connected extremal chemical graphs with all edges having at least one endpoint of degree 4 and with
no(G) > 0 or na(G) + n3(G) > 1.

Also, some connected extremal chemical graphs have at least one edge with no endpoint of degree 4.
Fifteen examples are shown in Figure 3 and we will prove that there are no other ones.

For each pair (n,m) such that H, ,, appears in Figures 2 or 3, we can enumerate all chemical
graphs having order n and size m, using again Nauty geng [10] or PHOEG [6]. Table 1 gives the
number of such graphs and it is therefore easy to verify that the following property holds.

Property 2. The 22 graphs in Figures 2 and 3 are the only extremal graphs of their order and size.
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Figure 3: Fifteen connected extremal chemical graphs with at least one edge having no endpoint of degree 4.

Table 1: Number N of chemical graphs for some orders n and sizes m.

112(3|3|4|4|4|4|5|5|5|5|5|6|6|6|6|6|7 7| 810
m([0]1]|2|3(3]4|5|6|5(6|7(8[9|5|6|7|8|9|6]|8] 8 9
N1|1|1({1]|3]|2|1|1[{6]|6]|4(2]|1|14]20|22|20|15|38|82|188]|883

The next property relates quadruplets in 7, ,,, with connected graphs in G, ,,,. Note that a con-
nected chemical graph of order n has m edges, with n — 1 < m < min{2n, %}

Property 3. Let n and m be two positive integers such that n — 1 < m < min{2n, @} and (n,m)
is not one of the 22 pairs for which there is a graph H,, ., in Figures 2 or 3. If (t1,t2,t3,t4) € Tpym
and to +t3 < 1, then G, ,,, contains at least one connected graph G with n;(G) =t; (i =1,2,3,4).

Proof. Consider a pair (n,m) of positive integers such that n —1 < m < min{2n, @} and let
(t1,t2,t3,t4) be any quadruplet in T}, ,,. Note that n > 2 since T1 o = . According to Property 1 and
Corollary 2, a graph in G, ,,, with n;(G) =t; (i = 1,2,3,4) must have

o 1y (G) = [1522]

1 if2m—n=1mod3
o n2(G) = { 0 otherwise

1 if2m—n=2mod3
o n3(G) = { 0 otherwise
o ny(G) = 22

Moreover, in order to impose that all edges in G have at least one endpoint of degree 4, we must have

L] xl,l(G) T Q(G) =T 3(G) = xQ’Q(G) = .’E2,3(G) = .’E313(G) = 0,
o $1’4(G) 7’L1( ) ( ) QHQ(G), :v3’4(G)=3n3(G), x4,4(G)=m—n1(G)—2n2(G)—3n3(G).

The following algorithm builds such a connected graph G, where V; (i = 1,...,4) is the set of vertices
of degree i in G. It is illustrated in Figure 4.

Start from a graph of order n and size 0. Put n;(G) vertices in V;, i = 1,...,4;

if 2m —n = 1 mod 3 then connect the vertex in V5 to 2 vertices in Vjy;

if 2m —n = 2 mod 3 then connect the vertex in V3 to 3 vertices in Vjy;

add n4(G)—n2(G)—2n3(G)—1 edges that link pairs of vertices in Vj so that the graph induced
by Vo U V3 U Vy is a tree;

5. add m — n1(G) — n2(G) — n3(G) — na(G) + 1 edges that link pairs of vertices in Vj so that no
vertex in V} is incident to more than 4 edges;

- W

6. add edges linking each vertex of V; to a vertex of Vj so that every vertex in Vj has degree 4.

Steps 2 and 3 add the required number of edges with one endpoint of degree 4 and the other of
degree 2 or 3, and Step 6 adds the required number of edges with one endpoint of degree 4 and the
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other of degree 1. Step 4 adds n4(G)—na(G)—2n3(G)—1 edges linking pairs of vertices in Vj, while
Step 5 adds m — n1(G) — na(G) — n3(G) — na(G) + 1 such edges. In total we will therefore have
m — n1(G) — 2n2(G) — 3n3(G) edges linking pairs of vertices of Vj, which is the required number of
edges with both endpoints of degree 4. It remains to prove that such a construction is always possible.
For this purpose, the following constraints must be satisfied :

e 2n5(G) < ny(G) and 3n3(G) < nya(G) to ensure that Steps 2 and 3 can be performed;

o m—n1(G)—2n2(G)—3n3(G) < M to avoid creating parallel edges in Steps 4 and 5;
e n1(G) < 4ny(QG), to ensure that Step 6 can be performed.

It is easy to check that these conditions are satisfied for all pairs (n,m) with n < 13 and n — 1 <

m < min{2n, ”("2_1)}, except for the 22 pairs for which we have a graph H,, ,, in Figures 2 or 3. So

assume n > 14. We then have

o ny(G) > 2mn=2 > nod > 3 > max{2ns(G), 3n3(G)} (since n1(G) + no(G) < 1).
. n4(G)(n4(G)_1)*:C474(G) 21 <2m—n—2 (2m—n—21>>

2 =2 3 3

4dn—2m—2
gy =
3

dm(m —n —11) +n? + 31n — 2

18
>4(n—1)(n—l—n—11)+n2+31n—2
- 18

n? — 17n + 46
= > 0.

18

o 4ny(G) — ny (G) > 4(2ﬂ;—n) _ 4nf%m+2 _ 10m738n72 > 10(n—1§—8n—2 _ z?n _4>0.

In summary, G has the right number of edges of each type and thanks to Step 4, it is connected. [

The algorithm in the above proof is illustrated in Figure 4 for n = m = 17. In such a case, we
have nq1(G) = 11, n2(G) = 0, n3(G) = 1, na(G) = 5 and x4 4(G) = 3. In Step 1, we have represented
the vertices of V3 with the white color, while the vertex in V3 is grey and the vertices in V; are black.
Step 3 links the grey vertex to 3 black vertices. Step 4 adds 2 edges between black vertices. Step 5
adds the last edge between two black vertices and Step 6 adds the edges between the white and the
black vertices. Notice that Step 4 was crucial to obtain a connected graph. Indeed another set of 3
edges linking black vertices could have produced a non-connected graph in G, ,, as illustrated at the
bottom right of Figure 4.

...O.. ..73—.. .—.73—.—.

00000 OOOOOO 00000 OOOOOO 00000 OOOOOO

Step 1 Step 3 Step 4
00000 OOOOOO m &Om
Step 5 Step 6 anon-connected graph in Gy7 17

Figure 4: lllustration of the algorithm in the proof of Theorem 1.

The main objective of this paper is to prove the following theorem.
Theorem 1. Let G be a connected chemical graph of order n and size m. If G is extremal, then either
G is one of the 22 graphs H,, ,, of Figures 2 and 3, or G belongs to Gy, .

To prove this theorem, we need some tools which are given in the next section.
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4 Tools

Lemma 1. Let G be a connected extremal chemical graph. Assume that G has a vertex u of degree 2
where v and w are its two neighbors.

(a) If v and w are nonadjacent, then none of them has degree 3.

(b) If v and w are adjacent, d,>3 and d,,<3, then no vertex nonadjacent to w has degree 2 or 3.

Proof.

(a) Assume that v and w are nonadjacent, and that one of them, say v, has degree 3. Let G’ be the
graph obtained from G by replacing uw with vw. Then, with i = d,, and j = d,, where z is any
neighbor of v other than u, we have

AG(G/)—AG(G) Z Cl4 —C23 + .Hllin4(04,i — CQ,,') + 2 vmin4(C47j—637j)

i=1,... Jj=1,...
~ (0.1479 > 0.

(b) Assume that v and w are adjacent with d, > 3 and d,, < 3, and let x be a vertex nonadjacent to
w such that d, = 2 or 3. Let G’ be the graph obtained from G by replacing uw with zw. Then,
with ¢ = d,, j = dw, k = d, and £ = d,,, where y is any neighbor of z, we have

AG(G")—AG(G) > 1131%1}1 (c1,i — ¢2,i)

+ min | min(¢; py1—¢i2)+k min (¢ pr1—Cok
k=23 j:2,3( 3+17652) =1 4( 1 Ck)

yeeey

~ (0.0128 > 0.

In both cases, G’ is connected and AG(G’) > AG(G), which means that G is not an extremal, connected
chemical graph, a contradiction. O

Lemma 2. A connected extremal chemical graph does not contain a chain vy, ve,...,v. as partial
subgraph with v1 nonadjacent to v,—1 and ve nonadjacent to v, in G and with d,, < d,,, d,, <3, and
dy,_, =4.

Proof. Let G’ be the graph obtained from G by replacing the edges v1,ve and v,._1, v, by v1,v,_1 and
va, V. Then, with d,,, =1, d,, = j and d,, = k, we have

" — > mi i i : e —Cig — ~0. .
AG(G") — AG(G) > min - min k:z’I}i-lgl...A(CZAchj’k ¢ij — ca) ~ 0.0207 >0

Since G’ is connected and AG(G') > AG(G), this means that G is not an extremal, connected chemical
graph, a contradiction. O

The next lemmas have a label (i, j) with ¢ < j to indicate that they state that a connected extremal
chemical graph G has z; j(G) = 0, with a few exceptions.
Lemma (1,1). The only connected extremal chemical graph G with x11(G) > 0 is Ha 1.

Proof. Let G be a connected extremal chemical graph with two adjacent vertices of degree 1. Since
G is connected, it does not contain any other vertex, which means that G ~ Hj ;. O

Lemma (2,2).  The only connected extremal chemical graphs G with
13272(G)>0 are H373, H474 and H575.

Proof. Let v and v be two adjacent vertices of degree 2 in a connected extremal chemical graph G.
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e Assume that « and v have a common neighbor w. If w has degree 2, then G ~ Hj 3. So suppose
w has degree at least 3. We know from Lemma 1(b) that all other vertices in the graph have
degree 1 or 4. If they have all degree 1, then G ~ Hy 4 (if w has degree 3) or G ~ Hj 5 (if w has
degree 4). So assume w is adjacent to a vertex x of degree 4. If x is adjacent to a vertex y # w
of degree 4, then Lemma 2 with the partial chain u,v,w,x,y contradicts the fact that G is a
connected extremal chemical graph. Hence, all neighbors y # w of x have degree 1. Similarly, if
w has a second neighbor z of degree 4, then all neighbors of z, except w, have degree 1. There
are therefore only three possible cases:

— if w has degree 3 then AG(G) ~ 7.80 < 8.12 ~ AG(G7,7) (sce Figure 1);

— if w has degree 4 and a neighbor of degree 1, then AG(G) ~ 9.12 < 9.24 ~ AG(Hgzg) (see
Figure 2);

— if w has degree 4 and a second neighbor of degree 4, then AG(G) ~ 12.62 < 12.78 =~
AG(G11,11) (see Figure 1);

In all cases G is not a connected extremal chemical graph, a contradiction.

e Assume that u and v have no common neighbor. Let 2 # v (resp. y # u) be the second neighbor
of u (resp. v). Let G’ be the graph obtained from G by replacing zu with zv. Then, with i = d,
and j = d,, we have

AG(G’) — AG(G) 2 C1,3 —C22 + 1_11111114(6371' — 6272') + jiI%iIlél(C&j — 027]‘)

~ 0.0541 > 0.
Hence, G is not extremal, a contradiction. O

Lemma (1,2). The only connected extremal chemical graphs G with x1,2(G) > 0 are Hs 2 and Hg 5.

Proof. Let G be a connected extremal chemical graph with two adjacent vertices v and v such that
d, = 1 and d, = 2, and let w be the other neighbor of v. If w has degree 1 then G ~ Hsz,. We
know from Lemma (2,2) that w does not have degree 2, and from Lemma 1(a) that w does not have
degree 3. Hence, d,, = 4. If w has three neighbors of degree 1, then G ~ Hg 5; otherwise, w has a
neighbor x # v of degree at least 2 and Lemma 2 with the partial chain u, v, w,z contradicts the fact
that G is a connected extremal chemical graph. O

Lemma (3,3).  The only connected extremal chemical graphs G with
ZZJ373(G) > 0 are H475, H476, H578 and Hﬁvg.

Proof. Let G be a connected extremal = chemical graph with two adjacent vertices u and v of degree
3. Let us first show that all vertices x # u, v are either adjacent to both u and v, or to neither. If this
is not the case then, we consider two cases.

e If 4 and v have a common neighbor w, then let x # v be a vertex adjacent to v but not to v,
and let i # u be a vertex adjacent to v but not to u. Then G is not extremal. Indeed, let G’ be
the graph obtained from G by replacing xu with xv. Then, with ¢ = d,, j = dy and k = d,, we
have

AG(G") — AG(G)>ca4 — 33+ ‘7mir§ 4(0471'—63’1')

1=1,4,9,

* j:rfg%,zl(&l’] cs) + k£121§4(c4’k+c2’k Cs.k)

~0.0593 > 0.
e If 4 and v have no common neighbor, then there are two possible cases.

— if all neighbors « # u,v of u and v have degree 1, then G is not extremal since AG(G) =
5.62 < 5.87 ~ AG(Hg 5) (see Figure 3);
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— if at least one of u,v, say u, has a neighbor x # v of degree at least 2, then G is not
extremal. Indeed, let y be the other neighbor of v and let G’ be the graph obtained from
G by replacing yu with yv. Then, with i = d,, j = d, and k = d., where z is any neighbor
of v other than u, we have

AG(G/)—AG(G) 202,4—6373 + .H211:1314(027i—63,i)
1=2,9,
4+ min (047]‘—03’j) + 2k_min (64’;6—63’}6)

j=1,2,3,4 =1,2,3,4
~0.0089 > 0.

Hence, let x,y the the two common neighbors of u and v. We next show that at least one of x,y has
degree 4, or G is Hy 5 or Hyg.

e If x has degree 3, then z is adjacent to y since xu is an edge linking two vertices of degree 3 and
we have seen that this implies that y cannot be adjacent to exactly one of w,z. Hence, either
G ~ H, ¢, or y has degree 4.

e If x has degree 2, then we know from the previous case that y is of degree 2 or 4. Hence, either
G ~ Hy 5, or y has degree 4.

So, without loss of generality, assume d,, = 4. Let W = V' \ {u, v, z,y} where V is the vertex set of G.
Assume that W contains at least one vertex w in W of degree at least 3.

e If d,, = 4, then let z be a vertex adjacent to w but not to z and let G’ be the graph obtained
from G by replacing the edges ux and wz by ww and xz. Clearly, AG(G’) = AG(G), which means
that G’ is also a connected extremal chemical graph. But v and v are two adjacent vertices in
G’, and they are both of degree 3, while x is adjacent to u but not to v. We have shown above
that this is impossible.

o If d,, = 3, then w is adjacent to z. Indeed, if this is not the case, then let z be any vertex in
W adjacent to w and let G’ be the graph obtained from G by replacing the edges uxz and wz by
uz and zw. Clearly, AG(G’) = AG(G) and u,v are two adjacent vertices of degree 3 in G’ with
z adjacent to uw but not to v, a contradiction. Moreover, all neighbors of w in W are adjacent
to . Indeed, assume that a vertex z € W is adjacent to w but not to . Then d, < 2 (since
vertices of degree 3 in W are adjacent to z and no vertex in W has degree 4), and Lemma 2
with the partial chain z,w, z,u shows that G is not extremal, a contradiction. In summary, we
have shown that w can have only one neighbor in W (else  would be of degree at least 5),
which means that w is adjacent to y. We know from Lemma 1(b) that the neighbor z of w
in W cannot be of degree 2 (since u has degree 3 and is not adjacent to w). Hence, d, = 3,
which means that w, x and y are its three neighbors (as z, z, y are the 3 neighbors of w). Hence,
AG(G) ~ 10.08 < 10.28 ~ AG(Gg,10) (see Figure 1), a contradiction.

Hence, all vertices in W have degree 1 or 2. At least one vertex in W has degree 2, else

o if d, = 3, then z is adjacent to y since uy is an edge linking two vertices of degree 3 and we have
seen that this implies that  cannot be adjacent to exactly one of u,y. Hence, AG(G) =~ 7.28 <
7.36 ~ AG(Hs 7) (see Figure 2);

e if d, = 4, then either G ~ Hg g, or AG(G) ~ 10.04 < 10.12 ~ AG(Gs,9) (see Figure 1).

So let z be a vertex of degree 2 in W. We know from Lemmas (2,2) and (1,2) that z is adjacent
to z and y, which implies that y has degree 4, else v and y are two adjacent vertices of degree 3 and
z is adjacent to y but not to u, which is impossible. There are therefore three possible cases:

e if W has two vertices of degree 2, then AG(G) ~ 9.28 < 9.40 ~ AG(Hg,9) (see Figure 2);

o if TV has one vertex of degree 2 and x is not adjacent to y, then AG(G) ~ 9.66 < 9.78 ~ AG(G79)
(see Figure 1);
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o if W has one vertex of degree 2 and z is adjacent to y, then G ~ Hs 5. O

Lemma (1,3). The only connected extremal chemical graphs G with
$1,3(G) >0 are H4,3, H474, H(,y(;, H776 and Hlo’g.

Proof. Let G be a connected extremal chemical graph with two adjacent vertices v and v such that
d, = 1 and d, = 3. If v has a neighbor w of degree 2, we know from Lemma 1(a) that the second
neighbor z of w is adjacent to v. Then, either G ~ Hy 4 or it follows from Lemmas (2,2) and (3,3) that
d, = 4. If  has two neighbors of degree 1, then G >~ Hg g, else = has a neighbor y # v, w such that
dy > 2, and Lemma 2 with the partial chain u,v,z,y shows that G is not extremal, a contradiction.

So assuming that G is not Hys 4 or Hg g, we know that no neighbor of v has degree 2. It then follows
from Lemma (3,3) that they all have degree 1 or 4. If v has a neighbor z of degree 4, then all neighbors
y # v of x that are also not adjacent to v have degree 1, else Lemma 2 with the partial chain u, v, x,y
shows that G is not extremal. Hence there are only 4 cases:

o if all neighbors of v have degree 1, then G >~ Hy 3;
e if v has only one neighbor of degree 4, then G ~ H7 ¢;
o if v has two non-adjacent neighbors of degree 4, then G ~ Hjg g;

o if v has two adjacent neighbors of degree 4, then AG(G) ~ 9.18 < 9.24 ~ AG(Hs g) (see Figure 2).
O

Lemma (2,3). The only connected extremal chemical graphs G with
$2,3(G) > 0 are H4,4, H475, H576 and H6,6-

Proof. Let G be a connected extremal chemical graph with two adjacent vertices u and v such that
d, =2 and d, = 3. We know from Lemma 1(a) that the second neighbor w of u is adjacent to v. If
G is not equal to Hy 4 or Hy s, it follows from Lemmas (2,2) and (3,3) that w has degree 4. Also, it
follows from Lemmas (1,3) and (3,3) that if G is not Hg g, then the third neighbor = # u,w of v has
degree 2 or 4.

e If d, = 2, then z is adjacent to w since, by Lemma 1(a), the second neighbor of z must be
adjacent to v. It follows from Lemma 1(b) that all vertices other than w, v, w,z have degree 1
or 4. Hence, the fourth neighbor y # u, v,z of w has degree 1 or 4. If d, =1 then G ~ H5¢. If
d, = 4, then there are two cases:

— if y has 3 neighbors of degree 1, then AG(G) =~ 9.92 < 10.12 ~ AG(Gs9) (see Figure 1);

— if y has a neighbor z # w of degree 4, then Lemma 2 with the partial chain w,v,w,y, 2z
shows that G is not extremal, a contradiction.

o If d, = 4, then let y # v, w be a neighbor of z. It follows from Lemmas 1(b) and 2 with the
partial chain u, v, z,y that d, = 1. Let G’ be the graph obtained from G by replacing the edges
uw and zy by ux and wy. Clearly, AG(G’) = AG(G), which means that G’ is also a connected
extremal chemical graph and since w is now the neighbor of v of degree 4 that is not adjacent to
u, this means that all neighbors of w different from v, z have degree 1. Hence,

— if w is adjacent to x then AG(G) ~ 8.85 < 8.86 ~ AG(H7 ) (see Figure 2);
— if w is not adjacent to = then AG(G) ~ 10.35 < 10.5 ~ AG(Gg,9) (see Figure 1). O

5 Characterization of extremal chemical graphs
In this section, we characterize extremal chemical graphs of order n and size m > n — 1. We first

consider the connected extremal chemical graphs, and then the non-connected ones. We conclude the
section with a property of extremal chemical graphs or order n and size m <n — 2.
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We start with the proof of Theorem 1 that states that a connected extremal chemical graph of
order n and size m necessarily belongs to G,, ,,, except for 22 pairs (n, m).

Proof of Theorem 1. Observe first that if (¢1,%2,%3,%4) is a quadruplet in T}, ,,, with t3 +¢3 > 1. Then
there is (s1, s2, $3,54) € Ty, m such that sg + s3 < t1 +t2 and f(s1, 22,83, 54) > f(t1,t2,t3,%4). Indeed:

e Ifty > 2thenset sy =t1+1, s =t3—2, s3 = t3+1 and s4 = t4. We have, Z?:l S; = Z?Zl ti=n

and Z?:l 18; = Z?Zl it; = 2m, which means that (s1, s2, S3, S4) € T),m. Moreover,
f(sl, S2, 83, 84) — f(tl, ta, t3,t4) =C14 — 462$4 + 303’4 =~ (0.0384 > 0.

e if {3 > 2 then set s;1 = t1, 8o = to+1, s3 =t3—2 and s4 = t4,+1. We have 2?21 8 = 2?21 ti=n
and Z?:l i8; = Z?Zl it; = 2m, which means that (si, s2, s3,54) € Tp, . Moreover,

f(Sl, S92, S3, 84) — f(tl,tg,t3,t4) = 26274 — 603,4 +4 ~ 0.0591 > 0.

[ ] lftg Z 1 andt3 Z 1, then set S1 :t1+1, S92 :tgfl, S3 :tgfl and S4 :t4+1 HGHCG,
Zle S = Z?:l t; = n and Z?Zl 18; = Z?:l it; = 2m, which means that (s1, s2, 53, $4) € Th.m.-
Moreover,

f(Sl, S92, 83, 84) — f(tl,t27t3,t4) =C14 — 26274 — 3(}3,4 + 4 ~ 0.0975 > 0.

Note that if s5 + s3 > 1, then we can repeat the same reasoning. We can therefore conclude that
if (t1,t2,t3,t4) is a quadruplet in T, ,,, with to +t3 > 1, then there is (s1, 2, 53, 54) € T}, such that
S2 + 83 S 1 and f(sla 52, 83, 54) > f(t17t27t37t4)~

So let G be a connected extremal chemical graph of order n and size m, and suppose that G is not
one of the 22 graphs of Figures 2 and 3. It follows from the lemmas of the previous section that all
edges in G have at least one endpoint of degree 4. Since no(G) = 0 (else G ~ Hy ), we have AG(G) =
f(n1(G),n2(G), n3(G),ns(G)). We have shown above that if ny(G)+n3(G) > 1, then there is a quadru-
plet (s1, 82, 83, $4) in T}, ,, such that so +s3 < 1 and f(s1, s2, 83, 54) > f(n1(G), n2(G), n3(GQ), na(Q)).
Hence, if no(G) 4+ n3(G) > 1, then it follows from Property 3 that there is a connected chemical graph
G’ in Gy . with AG(G') = f(s1, 82,83, 54) > f(n1(G),n2(G), n3(G), na(G)) = AG(G), a contradiction.
We can therefore conclude that no(G) + ng(G) < 1, which implies that G belongs to Gy, .. O

It follows from Theorem 1 and Corollary 2 that if 1 <n—1 < m and (n,m) is not a pair for which
there is a graph H,, ,, in Figure 2 or 3 and if there exists a connected extremal graph of order n and
size m, then all graphs in G,, ,, are extremal and their arithmetic-geometric index is easy to compute
since we know the number of edges with endpoints of degree ¢ and j for all 1 < i < j < 4. We can
therefore state the following corollary.

Corollary 3. Let G be a connected extremal chemical graph. If G is not one of the 22 graphs Hy, , in
Figure 2, then AG(G) = UB,, y,, where

om 45 0 if 2m —n = 0 mod 3,

n m 3 13 —

UBypmm = . VoA if 2m —n =1 mod 3,
%—% if 2m —n = 2 mod 3.

Proof. Theorem 1 shows that G belongs to G, ,,,. Let us compute AG(G).

e If 2m—n = 0 mod 3, then 4n—2m = 0 mod 3, which means that n; (G)=2222 n,(G)=n3(G)=0

3
and ng(G)=2%=". Hence, AG(G) = 3402 | p2mon — 2nddm,

e If 2m—n = 1mod 3, then 4n—2m = 2 mod 3, which means that ni(G)=22=22=2 ny(G)=1,
n3(G)=0 and ny(G)=22="=L. Hence, AG(G) = %W—l—(%—l)—mzm?ﬁ—l = 2"4‘5(;”—134_%_
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o If 2m—n = 2mod 3, then 4n—2m = 1 mod 3, which means that n;(G)=4=21=L1 n,(G)=0,

n3(G)=1 and n4(G)=2"="=2_ Hence, AG(G) = 34n=2m=1 4 (% —3) +22m=n=2 _ 2nddm 4
21 _ 37 O
3 12

As shown in Table 2, if (n,m) is one of the pairs for which there is a graph H, ,, in Figures 2
or 3, then AG(H,,,;m) < UB,, . Hence, the connected graphs in G, ,, are the only connected chemical
graphs G of order n and size m with AG(G) = UBy, . The sharp upper bound AG(H,, ) for the 22
pairs (n,m) that are exceptions is slightly smaller than UB,, ,,. We give in Table 2 the values of this
upper bound as well as the differences between UB,, ,,, and AG(H,, ,,). We observe that the largest
difference is % while the smallest is approximately equal to 0.0384.

Table 2: Sharp upper bound AG(H,, ) on the arithmetic-geometric index of graphs of order n and size m, for the 22 pairs
(n, m) not included in Corollary 3, and difference with UB,, n,.

n o m AG(Hn,m) UBn,m — AG(Hn,m)
TT 2T =
110 0 77+m ~ 0.2811
2|1 1 1 ~ 0.5000
3 1 ~
3|2 % 1 ~ 0.5000
313 3 1 ~ 0.5000
6 3 3 ~
4 13 2% . , ;;zin . ~ 0.3170
415 14+ 12 910 ~ 0.4175
NG 2 Ve
46 6 Gt is ~ 0.2811
7 3 3 3 21 ~
515 i 3§+§ . ZE—@+H ~ 0.1598
5|7 1+ 5 3_ 9 ~ 0.1360
3\/57 13 23 27 11
5|8 2+ﬁ+% T_ﬁ_zli/g ~ 0.1183
519 34 2L 44 8 21 ~ 0.0591
23 V2 2V3
5 3 fé§ 5 9 3 15 5 =~ 0.2537
61812tz tastas|a v ivs avs © O
6 |7 %+7 %—LJ,-L ~ 0.0384
9 72 2 \/3§ i ~ 0.0799
6|8 5+t 75 t+ 5" ~o
6|9 L7+i+£ 21 3 _ 21 ~ 0.0976
4 "3 4;{5 4 2 4V3
716 {Td_i_i_;’_i %—L ~ 0.2113
5\/§94\/§ 13 2\65
718 5.:,_? . 76— ﬁm ~ 0.1360
8|8 1§+7121 Z_lﬁtﬁ ~ 0.0384
10/ 9 7+27\/§ Ziﬁ ~ 0.1057

When m = n — 1, Corollary 3 gives an upper bound for chemical trees. More precisely, if T is a
chemical tree of order n, then

5 0 if n =2 mod 3,

AG(T) S UBppy = ——2 4 -2 if n=0mod3,
6 2L 3T f p=1mod 3

43 1 = :

and this bound is reached for all n, except forn = 1,2, 3,4,6,7,10 since Hy o, Ha 1, H3 2, Ha 3, Ho 5, H7 ¢
and Hyg9 appear in Figure 3. The same upper bound is given in [19], but the authors did not mention
the 7 exceptions. For example, they state that when n = 1 mod 3, there are "T_l — 1 vertices of degree
4, and one vertex of degree 3 that must be adjacent to vertices of degree 4. This is clearly impossible

for n =1,4,7 and 10.

We now show that if we remove the constraint that extremal chemical graphs must be connected,
then no better value of AG can be obtained.
Theorem 2. Let G be a non-connected chemical graph of order n and size m > n—1. If G is extremal,
then G belongs to Gy m.
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Proof. Assume that the theorem is not valid and let G be a non-connected extremal chemical graph
of order n and size m > n — 1 that is a counterexample with the smallest number of connected
components. It follows from Property 2 that (n,m) is not one of the 22 pairs for which there is a
graph H,, ,,, in Figure 2 or 3. Let Gy,...,G (k > 2) be the connected components of G, and let N;
and M; be the order and the size of G;, respectively. Clearly, AG(G) = Zle AG(G;). Hence, since G
is extremal, every (G; is a connected extremal graph of order N; and size M;. At least one G;, say G1,
contains a cycle C. If C' contains an edge zy with d, = 4 and d, > 3 then:

e if G5 contains only one vertex z then let G’ be the graph obtained from G by replacing the edge
xy by the edge xz. Since y belongs to a cycle, at least one of its neighbors z # z has degree at
least 2. Hence, with ¢ = d,, j = d. and k = d,,, where u is any neighbor of y other than = and
w, we have

AG(G')—AG(G) = cra+t gﬂ(jg&(ci_l,j—cm) — cai)
+ _rn:igri((if2) min (ci,lykfci,k))
1= b =1,4,9,

k=1,2,3,4
0.0193 > 0.

Q

Hence G is not extremal, a contradiction.

e if G5 contains at least two vertices, then consider any edge zw in G5 and assume without loss
of generality that d, < d,,. Let G’ be the graph obtained from G by replacing the edges xy and
zw by the edges xz and yw. Then, with i = d,, j = d, and k = d,,, we have

AG(G')—AG(G) > Eéli j:rlrg%,él k:rl;}}.?74(047j +cik—cai—cjr) =0.

Moreover, all cases where AG(G’) = AG(G) have d, = d,, or/and d, = d,. Hence, G’ has a
smaller number of connected components than G, while n;(G) = n;(G’) for 0 < i < 4 and
2 j(G) = x; j(G') for 1 < i < j < 4. It follows that G’ is also extremal, and either both of
G and G’ belong to Gy, m, or none of them. If G’ is connected, then we know from Theorem 1
that G’ (and hence also G) belongs to G, ,, which means that G is not a counterexample to the
theorem, a contradiction. If G’ is not connected, then G is not a counterexample to the theorem
with the smallest number of connected components, a contradiction.

Note that if G; belongs to Gn, ar,, then the cycle C contains two adjacent vertices of degree 4
(since vertices of degree 1 do not belong to a cycle and there is at most one vertex of degree 2 or 3
in G1). Also, the 8 graphs Hs ¢, Hs 7, Hs s, Hs9, He6, Ho7, Hes, Hoo, in Figures 2 and 3 which
have a cycle and an edge linking a vertex of degree 4 to a vertex of degree at least 3, have such an
edge in a cycle. Hence, 3 4(G;) + x4,4(G;) = 0 for all connected components G; of G with a cycle.

Suppose now that G contains an edge zy with d, = 4 and d, > 3. Consider any edge zw on C
and assume without loss of generality that d, < d,,. Let G’ be the graph obtained from G by replacing
the edges xy and zw by the edges xz and yw. Then, with ¢ =d,, j = d. and k = d,,, we have

AG(G")—AG(G) > lIil:I))I}l j£n217§1,4 ki?}.?,4(c4’j + ¢ — cai—cji) = 0.
As above, the only cases where AG(G’) = AG(G) have d, = d,, or/and d, = d,. Hence, either G is not
a counterexample to the theorem, or it is not a counterexample with the smallest number of connected
components, a contradiction.

Hence, we know that x5 4(G) + x4,.4(G) = 0. We now prove that no connected component of G can
have more than 9 vertices. So assume G has a connected component H of order N > 10 and size M.
We know from Theorem 1 that there are two possible cases:

e if H is one of the 22 graphs in Figures 2 and 3, then H ~ Hg g, which implies x3 4(G)>x3 4(H)=2,
a contradiction.
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o if H belongs to Gy, ar, then ng(H) = 0 else x3 4(G) > x3.4(H) = 3, Hence,

za4(H)>m—ni(H)—2> {m— AM—TQm —2—‘ = F)m_gﬂ—‘
The four cases here below show that x5 4(G) +24,4(G) > x34(H)+z44(H) > 1, a contradiction.
If M=N—1=09 then z34(H) = 2.
If M =N —1=10, then x4 4(H) = 2.
If M =N—-12>11, then x4 4(H ) [ 3 U7 > 1.
—If M >N > 10 then z44(H) > N6 1,

We thus know that 3 < Ny <9, N; < M; < min{2Ny, W} and G has no edge linking a
vertex of degree 4 to a vertex of degree at least 3. It is easy to check that there are exactly 7 such
graphs, namely, Hs 3, Hya, Ha5, Hag, Hs 5, Hr g and Hgg (see Figures 2 and 3). Also, 1 < Ny <9,
Ny — 1 < My < min{2No, %} and G2 has no edge linking a vertex of degree 4 to a vertex of
degree at least 3. There are only 14 such graphs, namely, the 7 graphs mentioned above, and H o,
Hy1, Hs o, Hy 3, G54, Hg 5 and Gg g (see Figures 1, 2 and 3).

Let iy, be equal to AG(G), where G is any connected extremal chemical graph of order n and
size m. It is easy to check by enumeration that iy, ar, + iny, M < iNy+No,My+0M, fOr the 7 pairs
(N1, My) and the 14 pairs (N3, Ms). Hence by removing Gy and G and replacing these two connected
components of G by a connected extremal chemical graph of order N7 + Ny and size My + Ms, one
gets a graph G’ with AG(G) < AG(G’), which means that G is not extremal, a contradiction. O

Corollary 2 shows that all graphs in G, ,, have the same AG value, which means that they are all
extremal if (n,m) is not a pair appearing in Figures 2 or 3. Hence, putting together Property 2 and
Theorems 1 and 2, we get the following characterization of extremal chemical graphs.

Theorem (Characterization of extremal chemical graphs). A chemical graph G of order n and size
m > n—1 is extremal if and only if G is one of the 22 graphs in Figures 2 and 3 or G belongs to Gy, .

We indicate in Table 3 the number of connected and non-connected extremal chemical graphs of
order n and size m for 1 < n < 14 and n — 1 < m < min{2n, "(nil} For example, for n = 12 and
m = 11, we see that there are exactly one connected and one non-connected extremal chemical graph
and these two graphs are represented at the bottom of Figure 1. The 22 pairs (n, m) for which H,, ,, is
the only extremal graph are shown in gray boxes. We observe that the number of connected extremal
chemical graphs grows exponentially, but not in a monotonic way.

The proof of Theorem 2 shows that if a non-connected chemical graph G contains a cycle, then there
is a chemical graph G’ having fewer connected components than G and such that AG(G) < AG(G').
This leads to the following corollary.

Corollary 4. For all n and m with 0 < m < n — 2 there is a chemical forest G* which is a disjoint
union of extremal chemical trees and such that AG(G) < AG(G™) for all chemical graphs G of order n
and size m.

6 Conclusion

We have determined a sharp upper bound on the value of the arithmetic-geometric index of chemical
graphs of order n and size m > n — 1, and we have characterized the chemical graphs that reach the
bound. This allows, for example, to characterize extremal chemical trees as well as extremal unicyclic
or bicyclic chemical graphs. For m < n — 2, we have shown that there is an extremal chemical graph
or order n and size m which is a disjoint union of extremal chemical trees.
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Table 3: Number of connected and non-connected extremal chemical graphs of order n and size m for 1 < n < 14 and
n—1<m < min{2n, 11},

n

[T 23456 7 8 9 10 11 12 13 4
m
[o][10
1 10
2 10
3 10[10
4 10[10
5 10/10[10
6 10/10[{10[10
7 10/10[{10]|10
8 10/10/10/10] 10
9 10(10{10/10 10/ 10
10 10[1010{10/ 10 20/ 10
11 10[1020/ 30/ 10 10/ 11
12 1020/40| 20 40/ 60 20 10
13 20[30/100| 120 40/ 51 71 21
14 20/80[170] 81| 211 231 5 1 31
15 70| 90| 470/ 581 141| 27 2 27 3
16 60/370 770/ 311| 1132 111 4 18 2
17 280| 350/ 2490| 3033| 59 4| 15911
18 16 0{198 0] 3990| 1342| 684 8 62520
19 126 0| 1540|1550 1| 1786 9| 29811
20 59 1[1246 1|2395 1| 707 7| 462040
21 719 1| 8451[10801 4| 11855 36
22 265 1|8789 3]16433 6| 4399 20
23 4721 3| 5440 4| 83399 19
24 1544 3|68804 12[125829 28
25 35678 11| 40399 14
26 10778 8|590342 55
27 300361 45
28 88168 25
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