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Abstract : Monte Carlo (MC) is widely used for the simulation of discrete time Markov chains.
We consider the case of a d-dimensional continuous state space and we restrict ourselves to chains
where the d components are advanced independently from each other, with d random numbers used
at each step. We simulate N copies of the chain in parallel, and we replace pseudorandom numbers on
I :=(0,1)% with stratified random points over I2%: for each point, the first d components are used to
select a state and the last d components are used to advance the chain by one step. We use a simple
stratification technique: let p be an integer, then for N = p?? samples, the unit hypercube is dissected
into N hypercubes of measure 1/N and there is one sample in each of them. The strategy outperforms
classical MC if a well-chosen multivariate sort of the states is employed to order the chains at each step.
We prove that the variance of the stratified sampling estimator is bounded by O(N~0+1/(9)) while
it is O(N~1) for MC. In numerical experiments, we observe empirical rates that satisfy the bounds.
We also compare with the Array-RQMC method.
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1 Introduction

Markov chains with a large state space can be used to model a variety of real life systems in domains
such as particles physics, telecommunications, queueing theory, mathematical finance, etc. In many
situations, neither analytic solutions are available nor deterministic numerical methods are practicable
because the state space is too large. So Monte Carlo (MC) simulation becomes the standard way to
solve the model.

We consider a discrete time Markov chain, with state space X := ngl X;, for some integer d > 0,
where X; = (a;,b;), with —oco < a; < b; < +oo, for 1 <4 < d. We assume that d-dimensional random
variates are used to advance the chain by one step. So Xj is a d-dimensional random variable (it can
be degenerate over a single state) and the chain evolves according to the recurrence:

XnJrl = Pn+1 (Xna Un+1)7 n Z 0. (1)

Here Uy, Us,... are i.i.d. uniform random variables over I, where I := (0,1), and ¢1,s,... are
measurable functions X x I — X. Let P, denote the law of X,,. We want to estimate [, c(z)dP,(z),
for some cost function ¢, by a mean (3_; ¢(X}'))/N, where {X7 : 1 < j < N} are realizations of the
chain at step n (to be defined). The mean must be unbiased and the convergence of the method is
evaluated by Var((3_; ¢(X}'))/N). The MC approach uses pseudorandom numbers as realizations of
uniform random variables over I¢. The drawback is that convergence can be slow, with respect to the
number of samples, classically as O(N~1).

Stratified sampling is a technique for increasing efficiency of MC methods: see, e.g., [8, 14]. We
use here the following strategy, called simple stratified sampling (SSS): for a dimension ¢, the unit
cube I? is partitioned into N = p° intervals J,, := Hle[(ki —1)/p,ki/p), for & = (k1,...,ks), where
each integer k; lies between 1 and p; in each J,, a point is selected at random. The SSS is analyzed
in [2, 3, 9] for integration of smooth functions: the authors show an improved convergence rate for
the variance (compared to classical MC). SSS for simulating Markov chains has been proposed in [4].
When the state space is one-dimensional, variance reduction was theoretically analyzed in [5], for a
discrete space and in [6] for a continuous state space.

This approach resembles the randomized quasi-Monte Carlo (Array-RQMC) method initiated
in [11, 12]. It has been observed that, in many cases, Array-RQMC reduces the variance [1, 13, 15].
However, an improved convergence rate compared with MC has been proved only for very specific cases,
such as a one-dimensional state space with a stratification approach, for which a rate of O(N~3/2)
was established under certain conditions [11]. For both methods, the N copies of the chain are sorted
at each step before being moved forward; this ensures theoretical and numerical convergence. Array-
RQMC has been observed empirically to perform very well for several applications [1, 11, 12, 15], often
with much better rates than O(N 1) for the variance, but we still have no formal proof for these bet-
ter rates in more than one dimension (a difficulty is to find a multidimensional sort which guarantees
convergence). The aim of the present paper is to offer progress in this direction.

Specifically, we prove a O(N —(1+1/ (zd))) variance bound for a SSS method applied to Markov chains
with a d-dimensional state space, under certain conditions. The conditions are restrictive, but they
are satisfied in interesting situations (e.g. the Gaussian random walk). The SSS method examined
here differs slightly from Array-RQMC combined with stratification as defined in [11]. We point out
the difference at the end of Section 2.

The remainder is organized as follows. In Section 2, we recall the MC method for simulating
such Markov chains and we present the approach using simple stratified (SS) samples. In Section 3,
we compare the bounds for the variance of the estimator obtained by the MC method and the SSS
strategy. We provide numerical illustrations in Section 4: we compute the empirical variances of the
estimators and compare them with the theoretical bounds previously established. We also compare
with the Array-RQMC method. Conclusions are drawn in Section 5.
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2 Markov chain simulation

Consider a chain with the recurrence given by (1). We suppose that the d components of the chain
are advanced independently from each other:

SOn+1(a?, U) = (¢n+171($1, Ul), sy <Pn+1,d(33d> Ud))- (2)

This is a strong limitative assumption. There are interesting situations in which this assumption is
satisfied. This is the case of the random walk construction of a standard d-dimensional Brownian
motion at discrete times. It is used for solving physical problems that involve a combination of
convection, reaction and diffusion. Besides, a restricted convergence result may be obtained under a
less limitative hypothesis (see Remark 1). A random walk is also utilized within the Black-Scholes
model in financial engineering: an example is given in Section 4.

We present the usual MC method and the SSS version to simulate the chain. Denote by By (X)
the set of nonnegative Borel measurable functions defined on X. For every s € B4 (X) we have

/ s(x)dPyy1(z) = / 50 ppi1(z, u)dPy(z)du. (3)
X

X xId

The following notations are used. If m,n are integers, then [m,n] := {m,m +1,...,n} (if m < n)
and (m,n] :={m+1,m+2,...,n} (if m < n). Let U be a random variable, then U ~ ${(€) means
that U is uniformly distributed over the set £. For z € X, we denote s, the indicator function of

ITi (@i, 2:).
2.1 Classical Monte Carlo

We present how to simulate in parallel instead of the standard MC sequential algorithm to highlight
the difference with the variance reduction techniques described later. We choose an integer N, the
number of independent samples. We suppose that, at step n, {Xj” : j € [1, N]} are random variables
(the states) such that, for a family C C B4 (X) of cost functions,

Vs e Jsz:s(Xf)%/Xs(x)dPn(x).

Here, the approximation is assumed to be unbiased and consistent as follows.

E jlvgj:s(xy) :/Xs(x)dPn(x) and Var ;V;s(xy) :0@).

The analysis is first done for cost functions of the form s, (Eqgs. (8) and (9)); a result for regular cost
functions is given next (Corollary 1).

We want to find new states at step n + 1. Following (3), for every s € C:
1 n
/X 5(x)dPy41(z) » N zj: /Id 50 Pp1(Xj, u)du. (4)

For j € [1,N], let 1, denote the indicator function of F; := [(j — 1)/N, j/N). We associate to any
s € B4 (X) the following function of d + 1 variables:

A% (u) == Z Lj(uo)s o pnt1(Xj',u), u=(ug,u) €l x 4.
J

Then,
n 1 n
/1d+1 A% (u)du = — Ej /Id 50 @n11(Xj, u)du. (5)
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A numerical quadrature is done for the transition from n to n + 1. Let {U;”rl : j € [1,N]} be
independent random variables with UJTH'l ~ U(I?). We replace the left-hand side of (5) with the
following MC estimate:

- 1 -1 1
Xvn—&-l . § n [T”+1 E n l]n+1
s ' N - AS (.Z\f7 J ) N TV - So@n"’_l(X] I ).
J J

We generate
XM = g (X2, UMY,

so that 1
X;Hrl _ N Z S(X;%Jrl)
J
is chosen as an approximation of [, s(x)dPp41(z).

2.2 Simple Stratified Sampling

We choose N = p??, for some integer p > 0. This is a first limitation of the method: its practical use
is restricted to small d’s, because of the exponential growth of the sample size. We suppose that we
have generated a set of random variables {Y;" : = (my,...,mq) € [1,p]"~" x [1,p**]} such that

VseC ]bz#:s(yg)x/xs(x)dpn(x).

Here, the Y,/' replace the X7' of MC; the indexing will be justified in the proof of Lemma 1. The
approximation is assumed to be unbiased and consistent as for MC. For every s € C,

1
s(x)dP,11(2) = — /soapn Y™ u)du.
| s@)iPriato) D3 LTI

In order to find the new states at step n+1, a numerical quadrature is done. For u € [1, p]?~1 x[1, pd*1],
let 1,, denote the indicator function of

— ml—l m; mg—1 my
].:_.[ ) X pd+1 ’pd+1 :

To any s € B4 (X), we associate the function of 2d variables:

Zl 0)s 0 pnt1(Yy,', 9), v=(0,b) € I x I

Then,
n 1 nos g
/12d BZ(v)dv = ¥ EH /Id 50 pnp1 (Y, 1)do. (6)

The transition from n to n + 1 has two steps: renumbering the chains and numerical quadrature.

!

(S1) The chains are relabeled so that if pp = (mq,...,mq), 1’ = (mf,...,m}),

my=mi,...,miy=mi_,mg <mp = Y, <Y5 (7)

This lexicographic ordering (called multivariate batch sort in [13]) was first introduced in a QMC
context and motivated in [10]: it guaranteed theoretical and numerical convergence. Figure 1
depicts the indices y = (m1,m2) on the locations of the states Y;'. The states are first grouped in
two batches (horizontally) according to the first coordinate, then each batch is sorted according
to the second coordinate.
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(S2)

Figure 1: Lexicographic ordering of 22*2 states in R?

This is a second limitation of the SSS method: its use requires d orderings of N numbers at each
step.
For k = (k1,. .., kaa) € [1,p]??, let

2d
. Ei—1 ks
JK:H|: p ,p>

i=1

Let {Vr*! @ k € [1,p]*?} be independent random variables with V,**! ~ $(.J,)). The first d-
dimensional projection VK”“ of V"1 is used for selecting the state at step m and the second
d-dimensional projection VK”“ is used for advancing the chain by one step. That is, we replace
the left-hand side of (6) with the SSS estimate:

Y;n+1 — ZBH Vn+1 Zs o %On-i-l (Vn+1)7vn+1),
where, for u € I?, the index p(u) € [1,p]471 x [1,p?*!] is such that u € Ly(w)- We define
Y/{nJrl = Pn+1 (Y:(V,:L+1)a V/:LJFI) )
so that

n 1 n
)/s = NZS(Y"“ +1)

K

is chosen as an approximation of [, s(x)dPy,11(x).

It is noticeable that the correspondence & € [1,p]?? — (V1) € [1,p]?~! x [1,p?t!] between the
stratified samples V"™ and the states Y, is not necessarily bijective: the same state may be chosen
more than once or some states may be left out. This diverges from the stratified sampling construction
in the Array-RQMC algorithm [11, 13], subsequently called A-Strat.

3 Theoretical convergence

For classical MC, let {X} : j € [1,N]} be i.i.d. random variables with probability distribution Pp.
Then, the following holds for any n > 0.

1.

For any s € B (X),
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2. For any z € &,

Var [ =3 s (x| < . ()

For SSS, we next show that, at every step, (1) for any s € By (X), the estimator of [, s(x)dP,(x)

is unbiased, and (2) for any z € X, the variance of the estimator of [, s.(x)dP,(x) is bounded by
O(N~1+1/2d))y,
We suppose that Py has density fy and we assume the following for any i € [1,d].
Al. For any = € X, the mapping u € I — ¢,11,(x,u) € A; is strictly increasing, bijective; one
defines a function y € X; — ¥n41,(z,y) € I which is strictly increasing, bijective, such that
Y= @ni1i(®,u) & u=Yni1i(2,y)
A2. For any x € A&;, the mapping y — t,41,:(z,y) is continuously differentiable.
A3. For any y € A, the mapping © — ¢,11,(z,y) is continuously differentiable; there exists a

constant M, 11, such that fX’_ |8wg;1’i (z,y)|dz < Mp41,; in addition limy_p, 9511 4(2,y) = 0.

We define:
d d

Iy = HMnJrl,i and X4 = ZMR+17i'

i=1 i=1

For initialization, we would like to start with a better convergence rate than MC. We assume that
we can define a set {Y)) : p = (m1,...,mq) € [1,p]*"! x [1,p?*!]} of independent random variables
with the following properties (which are used in proofs by induction in Proposition 1).

P1. For any s € B (X),

E

1
N Z S(Y,?)
uw
P2. There exists some 3y > 0 such that, for every z € X,
1 0 Bo
n

If the density fo of Py is such that fo(x) = H?Zl fo.i(x;), this may be obtained by the in-
version method. Let Fy; be the cumulative distribution function (cdf) associated with f;. For
A= (£1,...,43) € [1,p?]%, denote

= /Xs(a:)dPo(a?). (10)

-1
K’\::H[ 2 ’2)'

. p p
=1
Let {Vi : A € [1,p?]%} be independent random variables with Vy ~ (K)). We take
VY= (Foi (Van)s- - Fog(Vaa)).
Then (10) is satisfied (after re-indexing) and there exists Sy < d/4 such that for any z € X,

1 0 Bo
Var <NZSZ(Y)\ )) S W

A

After, the analysis has two stages: (1) a variance bound for step n to n + 1, conditional on the
states at step n, and (2) a bound of the unconditional variance (over several steps). We first focus
on one step and we assume that {y;; : p € [1,p]?! x [1,p*t1]} are given vectors with a numbering
satisfying (7). Let

Sn 1 *n n y/n
yirt= N Z Z L (Vs o g (g1, V).
KB
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Lemma 1. For the SSS method, we have:

1. For any s € BL(X),

y"+1 Z/ 50 Pnt1 yl“ u)du.
m

2. For any z € X,
d(zn-i-l + 2)

Hn+1
Var(Vy ) < TANIF12d

Proof.

1. Straightforward.

2. The transition from n to n+1 is described by a numerical quadrature of a function B; if s = s,
then BY = B is the indicator function of the following set:

5 UL XH 7/}n+11 yuza ))

The variable BY. (V;"*1) is a Bernoulli random variable, with expectation eZ ! = NAyq(E2NJy).
Hence, Var(B7. (V”H)) < 1/4 and Var(BZ (VrH) = 0if J, C 2 orif J, NEF = 0. The only

k's that contribute to the variance of JA);’ZH are those for which J,; intersects the boundary of £7.
Therefore,

Var(ynﬂ) N2 |{/<; e[1,p??:J. ¢ EY and J, NET # @}‘
where |N| denotes the cardinality of a (finite) set A/. We have:

o if J, ¢ &7, then

Jie[l,d kayi > pmde((k;r—ulr)lpd,kdpd] wnJrl,z(y(kl,...,kd,l,md),ia zi),

o if J,NET £ (, then

y . . n .
Vie([l,d ki < pmde((k?ﬁ?pd’kwd}wnﬂﬂ(y(klMkdfl’md))i,zZ) + 1.

Hence,

— min (yr C2) ) 4 2dptTt ).
ma€((ka—1)p?,kap?) wn_Hﬂ(y(klwwkd?l,md)ﬂ, l)) b

Up to now, the proof is a generalization of the one-dimensional case done in [6]. Henceforth, we

use the lexicographic ordering of the states. As a consequence of (7), there exists a covering of
d )

[T;_[ai, bs] with

ar = wg,l < w?,l < < w;‘,l = by,

_ n n n —
azg = Wy 00 Wy 10 < <wy, L0 =by formy €[1,p],

— n —
ad = Wy, .. mg_1,0,d < Wmy,...,mq_1,1,d << Wmy,...,mqg_1,p,d = ba

for (ma,...,mg_1) € [1,p]**
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such that, if, for & := (ki,...,kq) € [1,p]¢ we define
R: = [wlz*l,l’wghl] X [w217k2*172’w213k2a2] XX [w}?l,uwkd—lakd*l’lew"de

then we have y(y € Ry for any mq € (kg — 1)p?, kqp?]. Hence, there exist points

,,,,,

gt g’ € R? so that

d d
n p An N N, _
Var(ys:rl) < IN2 <Eﬁ ;ﬂ [n41,i( Yi)ir # 2;) — wn+1,i(yk,i7zi)| + 2dp? 1)
p* d

d—1 Z d—1
4N2 (d Mn+1 7 + de > 9

1=1

where the last inequality is obtained by using a modified version of Lemma 4 in [10]. The
conclusion follows. O

The proof of the next result uses techniques employed in [11].
Proposition 1. For the SSS method, the following holds.

1. For any s € B4 (X),

;;S(Y ) :/Xs(x)dpn(x).

2. Forany z e X,
B
v (3 ) € s e
where Bpy1 =12 By + d(Epq1 +2) /4.

Proof.

1. We prove the result by induction. It holds for n = 0 from (10). For n > 0,
1
D /X (@) APy () — o 3 s(V ) = DIy + D
o

where

D¢y :—/ /Idsogom_l(x u)dudP,, (z Z/ 50 Pnp1 (Y, u)du,
DYy =+ Z/,d 50 Pnia (V' u)du — ZZ L(V s 0 g (Y, Vit
T Koou

By the induction hypothesis, E[D? ;] = 0; by Lemma 1, E[D{ ] = 0. The result follows.
2. We proceed by induction on n. The case n = 0 is given by (11). Let n > 0 be arbitrary.

Since {V? : p € [1,p]*™' x [1,p?*1]} and {V : k € [1,p]*!} are independent, we have
E[D?, 1D 5] = 0. Consequently
i Yn+1 —F Dn+1 2 — E[(D™ 2 El(D™ 2 13
ar stz(u ) | =E[(D{)7] = E(DS, )7+ E[(D, 2)7)- (13)
m

For the first summand, we write

d
/ S5 0 @pt1(z,u)dudP,(x) = / H Ynt1,i(T4, 7)) APy (2)
xxId X

= v _H P 1, 2050 )P )
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and

/SzO(Pn+1(Y w)du = (— /H&/g;“ 74, 2)8:(Y),")dz.

Id

This gives

n awn+1z 1 n
Dsz,l d/){( 7 Ti, Z 1) ( dPn ) NZS"L(YN )> dx

31/}
d n+1,t
x4, 2) | Dy d
/ < ox; (@ )> 52 3T
=1
We then have

awn+1z d a'(/)nJrli / ’
E[(D} / Ti, % =(z;,2) | E | Dy, D” dxdx
(D2, 5 ( 1 (zi2) [] F5o (@l =) | E [ D2 DY |

7

=

i=1

d
1
< H Mg 1) sup Var (N Z sm(Y;L”)> .
o

zeEX

For the second summand in (13), we have from Lemma 1:

d(Sni1 +2)
n 2 n+1
]E[(DSZ,Q) ] = W

With (13), the result is established by induction. O

This result is a third limitation of the SSS method: there is only a small improvement to the MC
variance bound for large d’s.

The variance of the MC or SSS estimator is bounded for a function of the form s,, with z € X.
We obtain a bound for a regular cost function ¢ by the same reasoning as in Proposition 6 of [11]. Let
C be the class of functions ¢ € B4 (X) which are d-times continuously differentiable and such that

e
V@D (e) = =
L (c): /X Oy -+ Ozq (z)

2. there exists a permutation 7 of [1,d] such that for any i € [1,d] and x.(;) € (ax(j), br(j)), 1 <
J<d,j#i,

dxr < 400,

ad—i
lim z) =0.
() bn(t) OTr(ig1) *** OTr(a) (=)

Corollary 1. If c € C, then
1 Y’n < V(d) 2 ﬂn
ar NZC( W)= (c)) Niti/2d”
n
Proof. We have

n 1 ny e n
D} .= /Xc(x)dPn(x) - N;dYM ) = (—1)d/X m(z)Dszdz.

Consequently,
E[(Dg)?]

< / 6x1 \/E \/]E )dzdz',
o

hence the conclusion. O

Lic(z)
Oxy---0xq
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Remark 1. The previous results can be extended without difficulty as follows. Let d,d’ be integers

and put d := d + d’. We consider a discrete time Markov chain X,, := (X, X/,) with state space

X = X x X', where X = [[_, X, &' = [y, A with &) = (a;,b;) and —o0 < a; < b; < +0o0,

for 1 <i < d. Here X, (resp. X{) is a d-dimensional (resp. d’-dimensional) random variable and the
chain evolves according to the recurrence:

Xn+1 = Qpn—i-l(Xna Un+1)7 X7/~L+1 = (p{nJrl(X’rqulu Un+l)7 n 2 0. (14)
The variables Uy, Uy, ... are i.i.d. uniform random variables over I¢; the functions ¢, 41 : X x [? — X
and ¢, 1 X x 7 — X’ are measurable. We put @, (T, u) = (pn+1(z,u), ¢}, (x,2',u)), for

7 = (z,2') € X. We denote P,, the law of X,,. We suppose that ¢, satisfies (2) and we assume
(A1-A3) for any i € [1,d]. We suppose that Py has density f,. For z € X, we denote 5, the indicator
function of H?:1(ai» zi) X X',

The SSS scheme is as follows. We choose N = pa*"’l7 for some integer p. For = (mq,...,mg) €
[l,p]a_1 x [1,p%t1Y], we set: L, := Hf;ll[(mz — 1)/p,mi/p) x [(mg — 1)/p, mz/p?™!). Then, for

u € I%, the index p(u) € [1,p]?~* x [1,p?*!] is such that u € L. For initialization, we assume that

w(u
we can define a set {?2 € [1,p]%t x [1,p?T} of independent random variables with the following
properties.

P1. For any 5 € By (X),
1 — _
E lN S s = /f?(f)dPo(f).
P2. There exists some 8, > 0 such that, for every z € X,

1 —0 60
V i g P
ar (l\/ m SZ(Y'M)> Nl-i—l/(a-i-d) '

We suppose that we have generated a set of random variables {?Z s € [1,p]%t x [1,p?*1]}; the
transition from n to n + 1 acts as follows. The numbering is modified so that (7) is satisfied for

1<i<d Fork=(k,....kz.,) € [1,p]%He, let J,, := H?:ld[(kl —1)/p,ki/p). Let {V+l .k €

[1,p]*"%} be independent random variables with V,"*! ~ $l(.J,). For u € 147 let @ := (uy, ... ,Ug)
and @ = (ug q,...,ugz,.,4). We define 7,2“ = @nﬂ(?z(vgﬂyv,f“). The following holds, with

B =118, + (d8n 11 + 2d) /4.
1. For any 35 € By (X),

2. For any z € X,

4 Numerical experiments

In this section, we compare classical MC, SSS and Array-RQMC approaches for the simulation of
multi-dimensional Markov chains. The Array-RQMC method gives several possibilities for the choices
of QMC point sets, randomization and sorting strategy. The A-Strat version uses stratified samples,
while the A-Sobol version employs Sobol’ sequences. For both schemes, a multivariate batch sort is
done. In dimension d, with N states, an A-method with sorting parameters (ay,...,aq) € (0,1)4
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(satisfying oy +- - -+ a4 = 1) firstly sorts the set of N states by their first coordinate in N®* subsets of
size N'=1: then it sorts each subset in N®2 subsets of size N1~®1~22 by their second coordinate, etc.
Note that, for a state space of dimension d, the SSS method corresponds to the sorting parameters
o =+ =0ag-1 =1/(2d), g = (d+1)/(2d). The extension presented in Remark 1 for a state space of
dimension d corresponds to the sorting parameters oy = -+ = a5, = 1/(d+d),ag = (d+1)/(d+d).
In the following, A-Strat and A-Sobol are tested with uniform sorting parameters and also with SSS
parameters.

We calculate the empirical variance of the estimators of

/]R s()AP(x) o /]R 5(7)dP(3),

for some s or 5. We plot this variance as a function of the number N of simulated chains. Assuming
a model KN~ for the variance, we can estimate the rate v by linear regression and compare it with
the theoretical bounds. Thereafter, we denote by ¢ and ® the probability density function (pdf) and
cdf of the standard normal distribution, respectively.

4.1 Diffusion

We consider the initial value problem for the d-dimensional diffusion equation:

%(z,t) =vAf(x,t), z € R? t>0 and f(z,0) = fo(x), z € RY,

with constant diffusivity v > 0. Here A is the Laplacian. We assume that the initial data satisfies
fo > 0 and [, fo(x)de = 1. Then, for any ¢ > 0, it holds that [, f(z,t)dz = 1. Let G be the
fundamental solution of the heat operator:

1 2
o —llz||?/4vt d
G(z,t) :== 7(47r1/t)d/26 , T €ERY t>0,

where ||z|| denotes the Euclidean norm of z € R?. Then, for any 7 > 0, f(z,t) = Jpa Gz —w,t —
7)f(w,7)dw, for x € RY and t > 7. If At is a time step, we set t, := nAt and f,(z) == f(x,t,). It

follows that J
1 T; — w;
n = ! 2 fo(w)dw.
Jonr(@) = o Rgyare /R iI:Il“"( 2VA1€> Fnlw)dw

Consequently, for any s € By (R%),

[ s@)ua(@)da
= / s(z1 + V2UALD H(uy), ... 2q + V20 AL (ug)) fr () dzdu.
Rd x [d

We define the Markov chain as in (1). Let Xy have pdf f; and let
Xog1,i = Xy + VWAL (Upyr,), 1<i<d,

where U,, 1 ~ U(I%). This defines a random walk method [7]. Here, Assumption (2) and hypotheses
A1-A3 are satisfied.

As presented, the method is artificial, since we know the exact solution. This algorithm is a part of
fractional step schemes when one considers problems involving a combination of convection, reaction
and diffusion. In this experiment, we take v = 1 and define fj as the indicator function of the interval
[—1/2,1/2]¢. We choose At = 0.001 and T = 0.01. We compute the empirical variance (with M = 100
replications) of the estimate of f[o,l)d f(x,T)dz. Here, s is the indicator function of [0, 1)9.
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For d = 2, Figure 2 (left) shows the variance of MC and SSS as a function of N, for N =
4% 5% ... 50* (in logyg scales). The calculations are also done with A-Strat and A-Sobol. The sorting
parameters (1/2,1/2) and (1/4,3/4) are tested and the results only show a small difference between
them. For both A-methods, the best choice is drawn. For d = 3, the variance of MC and SSS as a
function of N, for N = 35,46 ... 13° (in log1g scales) is shown on Figure 2 (right). The calculations are
also done using A-Strat and A-Sobol, with the sorting parameters (1/3,1/3,1/3) and (1/6,1/6,4/6),
without a great difference between the results; only the best choices are drawn. The regression estimates
of the convergence rate 7y are given in Table 1, for d = 2 (second row) and d = 3 (third row). A-method
refers to uniform sorting parameters and A-method (italicized) to SSS parameters. The rates of the
upper bounds given in Section 3 are indicated in parenthesis. SSS and Array-RQMC produce smaller
variance than classical MC (for the same N). The variances of Array-RQMC are smaller than those of
SSS; nevertheless, the convergence rates of SSS are equal or slightly better than those of Array-RQMC.
For SSS, the regression estimates of the rate v somehow overtake the rates of the theoretical upper
bounds.

5 Diffusion 2D Diffusion 3D
+-MC + MC
* o —E8—sss —a—sSs
-Ar \\-.\ w ty, —-¥-—A-Strat(1/4,3/4) || af & F —-¥-—A-Strat(1/6,1/6,4/6) | |
N — ® — A-Sobol(1/2,1/2) . — @ — A-Sobol(1/3,1/3,1/3)
NS %
5 LN
5t
g8 °f &
> > 6
g g
s Ll S
Tt
8t
9r 8r
10 . . . . . . . . . o . . . . . . . .
2 25 3 35 4 45 5 55 6 65 7 2 25 3 35 4 45 5 55 6 65 7
log N log N

Figure 2: Random walk for diffusion: empirical variance of 100 estimations of f[o 1)d f(x,T)dz as a function of N for MC,
SSS, A-Strat and A-Sobol in dimension d = 2 (left) and d = 3 (right) (logio-logio scale)
4.2 An asian option

In the Black-Scholes model, under the risk-neutral measure, the asset price S; at time ¢ is given by:
Sy = Soexp((r —o?/2)t + o B;), where r is the risk-free interest rate, o the volatility parameter and B
is a standard Brownian motion. Let T' be the maturity date and 0 < ¢; < --- < t, =T be observation
times. If K is a strike price, we want to estimate the value of the call option:

1q
CO=e"TE|[[=-N"S, - K .
(a3 )J

We refer to [8] for further details. If At,4q1 :=tny1 — t,,, we have Sy, = Sy, exp((r — 02/2) At,q1 +

o(By, ., — Bt,)), for 0 < n < ¢. By setting X, := S, X(:=1and X,, := 5, X}, := (1/n) >0 _; St..,
for n > 1, this may be written as in (14):
Xpi1 = Xne(r—az/z)Ather/Athqu(UHl)’
b _ L (5 otr=o?/2)At i to /Bl @ (Ung) X!
n+1 n4+ 1 n n o

where U, 11 ~ $I(I). Here, the state space is (0, +00); d = d’ =1 and hypotheses A1-A3 are satisfied.

In this example, we choose Sy = 100, » = Ln(1.09), 0 = 0.2, K = 90, T = 240/365, At = 1/365,
g=60and t, =T — (¢ —n)At for n € [1,q]. We compare the variances of the MC, SSS, A-Strat and
A-Sobol estimates of CO: we replicate the calculation independently 100 times and we compute the
sample variance.
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Figure 3 shows the variance of MC and SSS as a function of N (in logio scales), for N =
103,153,...,1003. For the calculations done with A-Strat and A-Sobol, the sorting parameters
(1/2,1/2) and (1/3,2/3) are tested. While the differences between the A-Strat versions are small,
this is not the case for the A-Sobol versions. The regression estimates of the convergence rate v are
given in Table 1 (fourth row). SSS and Array-RQMC result in smaller variance than classical MC (for
the same N). Here, A-Sobol with uniform sorting parameters outperforms the other schemes. With
a similar convergence rate, A-Strat gives smaller variance than SSS. In Section 3 we have established
for SSS a O(N—%/ 3) upper bound for the variance of the estimator with a cost function of the form
8., for z > 0: see (15). But we did not prove a bound for the variance of a SSS estimator of CO.

Asian option

g
% 5
o
3
L e
7t [+ mc . e
—8—sSS \.\\ e
8 |—A—A-Stat(1/2,1/2) ~e
—-F-—A-Strat(1/3,2/3) . < e
9| |— & —A-sobol(1/2,112) .

— & —A-Sobol(1/3,2/3) .

10 L L
2 25 3 35 4 45 5 5.5 6 6.5

Figure 3: Asian call option: empirical variance of 100 estimates of CO as a function of N for MC, SSS, A-Strat and
A-Sobol (logio-logio scale)

Table 1: Estimation of the convergence rate ~ of the sample variance: comparison of classical MC, SSS, A-Strat and
A-Sobol approaches. ltalicized names correspond to SSS sorting parameters. The rates of the upper bounds are indicated
in parenthesis.

Experiment MC SSS A-Strat  A-Strat A-Sobol  A-Sobol
Diffusion 2D 1.00 (1.00) 1.34 (1.25) 1.19 1.24 1.36 1.28
Diffusion 3D 0.97 (1.00) 1.25 (1.17) 1.10 1.12 1.21 1.16
Asian option  0.99 (1.00) 1.37 1.38 1.39 1.95 1.72

5 Conclusion

We consider Markov chain models with a (d + d')-dimensional continuous state space. We assume
that the first d components of the chain are advanced independently from each others and that only
d random variates are used to advance by one step. We analyze two approaches for the simulation:
classical MC and a method using SS samples. Upper bounds on the variance of an estimator for a
cost function which only depends on the first d variables are proved. When N copies of the chain are
simulated, the order is O(N~1) for MC and our upper bound is O(N~1+1/(2d+d)) for the stratified
strategy. In our numerical experiments, the SSS variance decreased a bit faster than the bound. The
Array-RQMC method gave a lower variance, but we unfortunately have no proof (so far) of the better
convergence rate for that method. Interesting topics for further research include the extension of our
analysis to more general cost functions and to other stratified approaches, and proving the better
convergence rates for Array-RQMC in more than one dimension.
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