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Abstract : This paper studies linear-quadratic Stackelberg games with a major player (leader) and
N minor players (followers). To design decentralized strategies in the N 4 1 player model, we con-
struct a mean field limit model consisting of the leader and a representative follower and use dynamic
programming to derive two master equations. We analyze quadratic solutions to the master equations
and characterize existence and uniqueness by a pair of Riccati ordinary differential equations. The
master equation-based solution is time consistent and provides decentralized feedback strategies in
finite populations. As in feedback solutions of standard two-player dynamic Stackelberg games, the
leader’s equilibrium strategy in the mean field model does not have global optimality in minimizing
its cost, and this feature makes the equilibrium analysis much more intricate than in mean field games
(Huang, 2010). To characterize the performance of the decentralized strategies, we extend a procedure
of Ekeland and Lazrak (2006) introduced for time inconsistent optimal control, so that the game of
N + 1 players is interpreted as being played by a stream of short-lived agents. Subsequently, the set
of decentralized strategies is shown to be an ey-Stackelberg equilibrium, where ey = o(1).

Keywords : Mean field models, Stackelberg games, decentralized control, time consistency
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1 Introduction

Mean field game (MFG) theory has been developed to deal with non-cooperative dynamic decision-
making in a large population of comparably small players [36, 43]. By addressing the macroscopic
behavior of the overall population, the theory relates finite large populations to a simpler continuum
population model, leading to a tractable solution. This methodology overcomes the dimensionality
difficulty and provides decentralized strategies for the original model with a finite number of players.
Since the inception of this paradigm, there has accumulated an enormous literature; see [7, 11, 13, 17]
and references therein. The basic framework of MFG modeling and analysis has been enriched by
extensions along different directions such as common noise models [13, 15, 17], discrete states [30, 53],
mean field of controls [16, 46], partial information [54], cooperative agents [27, 35], learning algorithms
[31, 45], among others.

1.1 Major player models

Among the generalizations of MFG modeling, of particular interest is a population with a major
player, which has strong influence on a large number of minor players. Let (2, F, P) be the underlying
probability space. Consider a major player Ay and N minor players A;, 1 <1i < N, which have state
processes described by the stochastic differential equations (SDEs):

dXP = fo(X7 ™ ud)dt + o0dWY, (1)

X} = f(X7, X0, ™l uf)dt + od W, L<i<N, (2)
where {Wtj,O < j < N} are N + 1 independent Brownian motions and MgN) = % Zfil dx;: is the
empirical distribution of the states of the minor players. For simplicity, we take oy and o as constant
matrices of suitable dimensions.

The cost functionals with initial time O are given by

T

TN 0,0 u) = E / Lo(xXP, ™) uf)dt + Ego (X5 i), (3)

0
JiJVH(O?ul,uO,u*’) :E/ L(XZ,X,?,ﬂ,E ),ui,u?)dt (4)

0

+Eg(Xi, X9, 15V), 1<i<N,

where we denote by u = (u!,--- ,u") the strategies of all minor players and write u=% = (u!,---  u’~1,
u'tt ... u™N). Here Ay is called the major player due to its significant impact on all other players. In

contrast, each minor player’s impact on others is negligible when N is large. Note that the functions
fo, f, Lo and L are defined as a function of the states (i.e., 2%, %), the controls (i.e., u°, u*) and the
measure-valued variable p from a certain space.

This class of major-minor player mean field games was initially introduced in a linear-quadratic
(LQ) setting [34]. It developed the so-called Nash certainty equivalence approach treating a mean field
limit model consisting of the major player and a representative minor player. This method obtains
decentralized strategies for the original finite population, which have an e-Nash equilibrium property.
Within the LQ framework, the reader is referred to [49] for non-uniform minor players, [12, 28] for
partially information, [38] for an application to optimal execution in finance, and [40] for random
entrance of agents. Meanwhile, the study of major-minor players in nonlinear models can be found
in [7, 8, 10, 18, 19, 50], where the stochastic maximum principle or dynamic programming plays a
key role in analyzing an agent’s best response control law. Sen and Caines [54] considered partial
information and control with nonlinear filtering. Lasry and Lions [44] introduced master equations for
a nonlinear major-minor player model. Cardaliaguet et al [14] analyzed a convergence problem for a
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major-minor player model, where a pair of master equations was obtained as the limit of the Hamilton—
Jacobi-Bellman (HJB) equations for the N + 1 players as N — oco. In the above contributions, all
players choose their strategies simultaneously.

1.2 Stackelberg games and mean field Stackelberg games

Some noncooperative decision problems demonstrate a hierarchy among the players. Historically, von
Stackelberg [56] introduced such a game model, later named after him, with a leader and a follower,
where the leader moves first while incorporating the follower’s response. Dynamic Stackelberg games
started in the fundamental work [20, 55], and found important applications in economic theory since
1970s [41, 42].

The study of dynamic Stackelberg games has been mainly founded on three solution concepts
and their associated information structures: (i) open-loop solutions, (ii) closed-loop solutions, and
(iii) feedback solutions [3, 41, 55]. The open-loop solution can naturally be extended to stochastic
dynamic Stackelberg games such that the players can use information of the underlying filtration
on the probability space. Each player’s control in the open-loop solution is just a function of time
in a deterministic model, or a random process adapted to the underlying filtration in a stochastic
model [60]. In a closed-loop solution, the leader’s strategy is selected as a feedback rule on the entire
time horizon all at once while taking into consideration the reaction of the follower(s). The feedback
solution is determined by dynamic programming and specifies a feedback rule for each player, but
is so-called for a distinction with the closed-loop solution which cannot be characterized by dynamic
programming [55]. A further related solution notion is the global Stackelberg solution where the leader
announces, under an accompanying information structure, its strategy on the whole time horizon and
commits to that strategy, which the follower responds to [3]. The closed-loop solution may be viewed
as a global Stackelberg solution under a specific information structure. For feedback solutions, see [3,
sec. 7.6] for a continuous-time two-player Stackelberg game, and [41] for a discrete-time model with a
leader and N followers playing a Stackelberg—Nash game. The feedback solution of Stackelberg games
has time consistency. Informally stated, the solution, as a decision rule on a whole time interval [0, T,
still solves the decision problem restricted to any remaining period [¢, T).

Within the setting of major-minor players, a natural solution notion is to consider leadership of the
major player while all minor players act as followers. In the recent literature on major player models,
the analysis of leadership or Stackelberg equilibria can be found in [58] for a discrete time model,
[5, 33, 48] for LQ Stackelberg games via stochastic calculus of variations, [6] for nonlinear dynamics
with control delay, where each follower has delay in collecting the information of the leader, [26] for
mean field principal-agent problems via the stochastic maximum principle, [2] for an application to
epidemic control, and [39] for evolutionary inspection games under a major player’s pressure. Also
see [29, 47], which study leadership in the mean field setting via the stochastic maximum principle and
so essentially adopt an open-loop solution. Moreover, different from the major-minor player modeling,
both the leader and the follower in the mean field type models of [29, 47] can directly influence the
mean field.

1.3 The LQ mean field Stackelberg model

In this paper we consider an LQ mean field Stackelberg game. For this purpose, in (1)—(4) we take
the drift terms:

(5)

fo(zo, p, u®) = Aozo + Bou® + Fy(y) .
f(zi,zo, pyut,u®) = Az, + Bu' + Biu® + F(y),, + G,
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where (y), = [z, yu(dy), and running costs and terminal costs:

LO(QUO»/%UO)‘ = ‘.’EO - F0<y>lt|z?0 + |u0|%{0’
L(wi, wo, pu',ul) = |o; — Mg — a(y)uld
+|ut R + [ul%, + 20T Rou?, (6)
go(o, 1t) = |zo — F0f<y>u|ggofv
9(@i, o, 1) = lzi = Iyzo — Dop(y)alty,

where |y|3, = y? My for a symmetric matrix M > 0. For this LQ model, th € R™ and u{ e R™
are, respectively, the state and control of A;, 0 < j < N. The initial states {Xg,O < j < N} are
independent with finite second moment. The R™2-valued Brownian motions {W7 : 0 < j < N} are
mutually independent and also independent of the initial states.

The constant matrices Ao,Bo, Fo, 0'07A, B, Bl, F, G, ag, Fo, Qo, Ro, F17 FQ, Q, ]’%7 Rl, RQ, Fof, Qof,
Iy, Iy, and @ have compatible dimensions, where Qo, Ry, @, R, Ri, Qoy, Q¢ are symmetric and
Qo>0,Q >0, Qo >0, Qf >0, Rg >0, R>0, R >0. It is possible to consider a more general

form for JéVH and JiNH. For instance, one may use |zg — I'o(y), — 770|2Q0 with a constant vector 79 in
J,L-]V+1

Jév +1 and similarly generalize

developed in this paper.

. These more general cases can be easily handled by the method

A desirable solution of this dynamic Stackelberg game of N + 1 players is to seek some form
of low-complexity feedback strategies. With the N + 1 players, one might try a direct solution for
a Stackelberg—Nash equilibrium by dynamic programming. This direct solution, however, becomes
unfeasible for large N due to high complexity. Instead, we employ dynamic programming in the mean
field limit model consisting of the leader and a representative follower. This approach may be viewed
as the mean field counterpart of the feedback solution of Stackelberg games, and leads to the so-called
master equations. Master equations have been an important tool to analyze mean field games; see e.g.
[4, 7, 13, 17, 21, 44]. Preliminary results of our master equation-based approach have been presented
at the conferences [37, 59], and in this paper we provide complete analysis.

By our approach, the solution has time-consistency. In contrast, several other contributions study-
ing mean field Stackelberg games [6, 8, 33, 48] rely on calculus of variations or the stochastic maximum
principle, and the resulting equilibria do not have time-consistency. When a decision rule is time in-
consistent, a decision-maker lacking commitment will not stick to it under replanning in the future.

After the N + 1 players apply the master equation-based strategies ¢° and ¢ for the leader and
followers, respectively, a fundamental question is how to characterize the equilibrium properties of
these strategies. The resulting performance issue, however, becomes intricate. The difficulty stems
from the fact that the leader’s strategy ¢, while taking into account instantaneous reactions of all
followers, is not guaranteed a minimizer of its cost on [0, T], denoted as jo(O7 uY, 1/1“0)7 where wuo solves
the mean field game for all followers when u° is announced (see (57)) for details).

To overcome the above difficulty with asymptotic equilibrium characterization, we adopt a method
of Ekeland and Lazrak [23] to view the game of N + 1 players as being played by a stream of short-
lived agents. Accordingly, we only need to consider control perturbation on infinitesimally small
time intervals rather than on the whole interval [0,7]. Remarkably, the method of [23] was orig-
inally introduced to obtain time consistent policies for time-inconsistent optimal control problems.
The time inconsistency phenomena of decision problems were observed very early by economists; see
e.g. [1,57] . Later Pollak [51] suggested an equilibrium approach for replanning at a set of discrete times,
where the decision maker at different stages is identified as a different entity acting non-cooperatively
with others. The extension of the above equilibrium approach to continuous time was developed only
much later by Ekeland and Lazrak [23] for optimal control problems with a non-exponential discount.
They introduced the notion of t-selves (the decision-maker labelled by time ¢) making decisions se-
quentially, and characterized a sub-game perfect equilibrium [23] by use of spike variations of the
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equilibrium policy. This sub-game perfect equilibrium approach was adopted in [22] to mean field
games without Markovian dynamics. For further references applying the technique in [23] to overcome
time-inconsistency in optimal control problems, see [9, 24, 25, 32, 61].

The main contributions of this paper are outlined as follows.

e For a mean field limit model of a leader and a representative follower, we introduce a pair of
master equations and give a necessary and sufficient condition, in terms of two Riccati ordinary
differential equations (ODEs), for the existence of a unique quadratic solution. The connection
with LQ mean field games is illuminated when the leader’s strategy is based on the master
equations and fixed and only the continuum of followers seek alternative strategies.

e To our best knowledge, this is the first contribution to achieve a time-consistent solution in
continuous-time mean field Stackelberg games.

e We use the solution of the master equations to construct decentralized strategies for the N + 1
players, and further evaluate their performance.

e Motivated by the Stackelberg—Nash equilibrium for N + 1 players, we introduce the notion
of ey-Stackelberg equilibrium, where each player’s feedback strategy is modified following the
procedure of Ekeland and Lazrak [23]. By considering agents alive on a short period and using
a spike variation of their strategies, we show that the set of decentralized strategies is an ey-
Stackelberg equilibrium.

1.4 Organization of the paper

The paper is organized as follows. Section 2 introduces the mean field limit model and master equa-
tions, which lead to a set of decentralized strategies. Section 3 analyzes quadratic solutions of the
master equations and determines existence and uniqueness of such solutions. Section 4 applies these
decentralized strategies to the finite-population model. Section 5 analyzes the performance of the
decentralized strategies and establishes an e-Stackelberg equilibrium result. Section 6 concludes the

paper.
1.5 Notation

Let C%(R™;R) be the set of twice continuously differentiable functions. Let CZ(R"; R¥) be the set of
R¥-valued functions h with continuous and bounded second order partial derivatives (so that h has at
most quadratic growth). For h € C?(R™;R), its gradient is denoted by d,h(y) or h, as a row vector,
and its Hessian by aih or hy,.

Denote (u, h) = [ h(y)u(dy), and (y), = [ yu(dy) for probability measure p and function A if the
integral is finite. We may indicate dy as in (u(dy), h(z,y)) when h involves more than one spatial
variable. Let Py(R™) be the set of Borel probability measures on R™ with finite second moment.
On P2(R™) we define the Wasserstein metric Wa (g, v) = inf. e () (fgan |2 — y1?v(d, dy))/?, where
I(p,v) is the set of probability distributions on R?" that have u, v € P(R") as the marginals.
Then (P2(R™), W2) is a complete metric space [13]. For a function h(t, z, u), we follow [15] to define
(6h/ou)(t,z, pn,y) as the derivative with respect to the measure p when it exists, and will use the
short notation d,h(t, z, u; y). Here ¢, indicates differentiation and shall not be confused with the dirac
measure.

For a vector or matrix Y, its Frobenius norm is denoted by |Y|. For a symmetric matrix M € R™*"
and Y € R™* we denote [Y]3, = YTMY; if we further have M > 0 and y € R", we denote
ly|3; = yT My. For vectors and/or matrices, we sometimes write a product vw as v - w for ease of
reading, especially when the product involves long expressions.

Letting h(e) be nonnegative and defined on [0, ;] for some small ey > 0, we use Oy x;(h(¢)) to denote
a k x| matrix such that for a fixed constant C' > 0, |Ox;(h(€))| < Ch(e) holds for all sufficiently small
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€ > 0. Sometimes we drop k x [ when the dimensions are clear from the context. If K =1 = 1, we simply
write O(h(e)) as O(h(e)). For a function hy (), we write hq(e) = o(h(e)) if lim,_,o+ h1(€)/h(e) = 0. We
similarly define O(cy) and o(cy) for a sequence {ck, k > 1}.

Let I and 0 be, respectively, identity matrices and zero matrices of compatible dimensions. For N
vectors Yy, 1 < k < N, of the same dimension, denote Y (N) = % Zﬁzl Y, and YR = % Z;-v:l,j#k Y;.
In some proofs, a vector or scalar function h(t) of ¢ € [0,T] (such as P(t), #(t)) is sometimes written
as hy. Denote ¥, = ool and X0 = oo .

Throughout the paper, we use the agent index from {0,--- , N} to label a variable, a process, a
function, and so on (for instance, X!, u?, Z}, P?). They are always interpreted as a superscript, but
not as an exponent. We use C, Cy, C1, etc, to denote generic constants, which do not depend on (¢, N)
and may vary from place to place. When entries like u?, uf’, etc, appear as an argument of a cost
functional (such as J(J,V 1(0,u%,u")), they mean a control law or a strategy, not a vector in a Euclidean
space.

2  Mean field limit model and master equations

Based on the (IV + 1)-player model specified by (1)—(6), we consider a mean field limit Stackelberg
game model which involves the leader Ag with state Z? and a representative follower A; with state Z?.
The two players Ag and A; have the mean field limit dynamics:

ng = fo(Zg, s, ug)ds + UodWSO7 (7)
dZt = (28,29, ps, ul, u®)ds + odW?, (8)

where s is the mean field generated at time s by a continuum of followers. For convenience of later
analysis, here we use s to denote time. The initial condition is given by (X, X¢). Equations (7)—(8)

are obtained from (1)—(2) after approximating ugN) by pts. The measure flow {us,s > 0} drives the
evolution of (29, Z%).

For this two-player mean field model, we take (Z0, Z% u) as the state variable. We consider
closed-loop perfect state (CLPS) information and adopt state feedback strategies of the form

u(s) :wO(S,Z‘g“u,s), ui ZQZJ(S,Z:;,ZS,,MS), (9)
where we have 1? : [0, T] x R™ x Po(R™) — R™ and ¢ : [0,T] x R?" x Py(R") — R"1.

Following the consistent mean field approximation methodology in mean field games [36], below we
specify the dynamics of ;. We apply feedback strategies of the form (9) to (7)—(8) for 1 <i < N. So

(8) is replicated to generate N processes driven by independent Brownian motions. Let ,ugN) be the
empirical distribution of (Z},---,ZN). For h € CZ(R™;R), by (8) and Itd’s formula we have

d(p™ by =N (dy), Oyh(y) - f(y, 22, s, (s, y, 20, 11s), 00 (5, Z2, 1)) (10)
1 Y , :
+ (1/2)Tx[02h(y) Xw))ds + N ; Ayh(Z?) - cdW?.

The consistency condition stipulates that as N — oo, ugN) has ps as its limit, and we formally

write (10) in a limit form, which is the following ODE in a weak form:

C%O‘S» h) =(ps(dy), ayh(y) “f(y, Zg, s (s, Y, Zg’ s ), 1/)0(3’ Zg» Is))
+ (1/2)Tr[85h(y) X)), (11)
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where the initial condition pg = pg is determined by the initial states of the continuum of followers.
We call (11) the consistency condition. The pair of strategies (1%, 1) is called admissible if the resulting
closed-loop system has a well-defined solution (Z9, Z¢, u) for (7)—(8) and (11).

Let (u%,u’) be a pair of admissible feedback strategies defined on [0,7]. Now consider (7)—(8)
and (11) with a general initial time ¢ € [0,7) and initial states Z0 = 29, Z} = 2;, py = p € Pa(R™).
Define

T
Jo(t, 20, 1, 0, ) = E / Lo(Z9, pta, u0)ds + Bgo(Z9. 7). (12)
t

T

Ji(tvziaan//‘auZauo) :E/ L(Z;azgausvu;?ug)ds+Eg(Z%aZ%7MT) (13)
t

Due to the arbitrary choice of z; and p at time ¢, us in general is not equal to the distribution (or the

conditional distribution given {ZY, 7 < s}) of Z..

Below we elaborate on the determination of the feedback strategies (u*,u™) = (¢°(t, 20, 1),
p(t, zi, 20, 1)), if they exist, by dynamic programming equations. Let the value functions be

VO(t,ZOvlu) = jO(tsznu,uo*?ui*), (14)
V(t,Zi,ZO,,U) = ‘fi(tazi720au7ui*7uo*)7 (15)

where ¢ € [0,T], 20,2 € R”, and p € Po(R™).

2.1 Dynamic programming

0

For fixed vectors u®,u?,v € R™, define the following differential operators associated with the pro-

cesses (7)—(8):

(‘Cgoh)(ZO) = hzo (ZO) : fO(ZOa ,U,7’U,0) + %Tr[hzozo(zo)EwOL (16)
(£ B) () = ey () P2 0) + 5Tl () B, (17)
(L3t W) = hy ) £ 20, 1, 0,0) 5 Tl () D, (18)

where h € C%(R"™; R). Here v is the control of a generic follower with state y from an infinite population.
Throughout Sections 2.1 and 2.2 we follow the rule in (16)—(18) as to which variable is used in the
differentiation.

We proceed to apply dynamic programming by assuming that the value functions (Vp, V') are well-
defined on [0, T] with sufficient regularity. We introduce the HIJB equation system

0= 8tVO(t7 20, IU/) + £10LO*‘/O + LO(ZO7 My uO*)
Y20, 7u0*
+<,Lt(dy), Ei(ft’%oo #) A(s/t‘of()(ta 205 M3 y)>7 ‘
0=0,V(t,zi,20, 1) + (L& + L)WV + L(2i, 20, p, u®™*, u*)
2 w0
+<:u(dy)7 ‘Ci(ft)% 0:44), 5HV(t7Zi,Z()7/J;y)>7

where (t, z;, z0, ) € [0, T] x R™ x R™ x Py(R"™),

‘/O(Tu 207/1') = gO(ZO7M)’ V(Ta Ziy 205 ,U,) = g(zzv ZO):U’)'

We still need to specify u®* = ¢%(t, 29, u) and u®™* = (¢, 2, z0, 1) in terms of (Vp, V). The descrip-
tion of the procedure is postponed to Section 2.2.

We also call (19) the master equations. Here E;?O acts on 0,Vp and 6,V via the y variable, with
(t, z;, 20, 1) fixed. Note that §,Vp and 6,V have the extra independent variable y.
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Remark 2.1. For the master equations to be meaningful, we look for a solution pair (Vp, V') with those
properties: (i) for fixed p € P2(R™), we have Vy € C12([0,T] x R™) and V € C12([0, T] x R?™); (ii) the
functions 6, Vo, (6,V0)y, (6,V0)yy (resp., 6.V, (6,V)y, (6,V )y, ) are continuous in (¢, zo, p,y) (resp.,
(t, 2, 20, 14, y)); (iii) the integrands for u(dy) in (19), as a function of y, have quadratic growth.

If the strategies (u*, u™) = (¢°(t, 20, 1), @(t, 2i, 20, i) exist for the master equations in (19), they
are called mean field feedback Stackelberg strategies.

2.2 Selection of reaction functions

Step 1. For each vector u° € R, let (;5“0 (t,y, 20, ) be the instantaneous reaction function (with argu-
0
ments (£, v, 20, i, u’)) of a generic follower, where y is its state value. As a means to find ¢ (¢, y, 2o, 1),
. 0
below we determine the reaction function 4* = ¢* (, 2;, 20, 1) of the representative player A;. Denote

H =L (2, 20, 1, u’, u®) + (Ego + E“i’“O)V(in, 20, 14)
u® z u,
+{p(dy), Lo TG,V (1 y, 20, 15y)),

We interpret —# as the Hamiltonian of A;. Player A; optimizes u?, which is only contained in L and
i, 0
L%V (t, 2, 20, i£). Since R > 0, the minimizer of H is determined by the first order condition:

. 0
u' = (bu (tvzivz(b:u’)

1
= _§Rfl[BT6ZTiV(t, 25, 20, Jt) + 2Rou’), (20)

which is the instantaneous reaction of A; to u® € R given (t, z;, zo, j1).

Step 2. Next we consider the leader’s reaction when all followers have adopted (;5“0 in (20) by matching
with their own states. In view of (19), denote

0
Ho :L0(207 122 uO) =+ Eg ‘/O(ta 20, ,LL)
u0 2 O
+ <M(dy)a ‘Ci)lf (by:z0.1), 5MVO(t7 205 15 y)>

Since Ry > 0, the minimizer of H is determined by the first order condition:

u = R BEOL Vot 20,1) + B (uldy), 9L6,Volt, 20,159))
=: ¢(t, 20, 1), (21)
where
B; = B — BR™'R,. (22)
Substituting (21) into (20) gives

. 1 1
ut* —§R‘1BT8£V(t, Zi, 20, 1) + 51-2—11%2}251-

[BS 0% Volt, z0, 1) + BY (u(dy), 9 '6.Vo(t, 20, 15 y))]
= @(mziaZO)/J)' (23)
Remark 2.2. The master equations in (19) can be formally derived by combining the local expansion of
the value function and the above reaction function selection in (21) and (23). We show how the integral
terms in (19) arise. Let u® be fixed. On [t,t + €] with the initial condition (2%, 2%, 1) at ¢, we take

a Taylor expansion of V(t + €, Z}, ., Z{, ., tu+). In particular, we have the first order approximation
term

i 5#‘/(15, 2iy 20, 13 Y) (e ve(dy) — p(dy))
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= €<:u(dy)? 8y5uv(t7 Zis 205 3 y) ' f(ya 20, Ky U, uo)
+ (1/2)%[85(5“1/(15, 2, 20, 15 Y) X | ) + 0(€).

Subsequently, we determine the reaction functions so that the pair (u",v) within f is taken as the
equilibrium strategies (p°(¢, 20, ), (t,y, 20, 11)). The integral term in the equation of Vj arises for
similar reasons.

This section only constructs the equations in (19). The existence analysis for these equations will
be investigated in the next section.

The pair in (21) and (23) is called the mean field feedback Stackelberg strategies for the mean field
Stackelberg game specified by (7)-(8) and (12)—(13). Under the equilibrium strategies
n (21)—(23), we may further write the closed-loop dynamics for (22, Z, ).

3 Quadratic solutions of the master equations

We exploit the linear-quadratic structure to write the master equations in a more explicit form. By (5)
and (6), we reduce (19) to the following two equations:

—0:Vo(t, z0, ) = 92 Vo - (Aozo0 + Foly)u) (24)
1
+ 5 Te(92,VoZuo) + 20 = To(y) ul2,
+ (u(dy), 9,0, Vo(t, 20, 11;y) - (Ay + Fly)u + Gz))
1 _
- §<M(dy)v 8y5MVO(t7 20, /Jfay) -BR lBTa;:gFV(tvya ZO»M»

1 ~ 2
— 4| BYOL Vo + BT (utdy), 07 8,Vo(t, 20, )|,
0
1
+ 5 Te[(u(dy), 976,Vo(t, 20, 15 y) ¥uw)]
—atV(t,Zi, ZO,M) = aZOV ' (A()ZO + F0<y>u) + 6z1V : (AZZ + F<y>u + GZO) (25)
- iaziVBRleTaZ;V

1
=+ iTr(az()VEwo + aivzw) + |Z’L - FIZO - F2<y>ll|2?

1
- §<,U,(dy), 8y5uv(t7 Ziy 205 M3 y) : BR?lBTagV(ta Y, 20, ,LL)>

1 -~ ~
+ ¢ [Re [BEOL Vo + BY (utay), 0] 8.Vl z0,1))]]

1
2

2

Ria
[0:0Vo - Bo + (u(dy), 0,0, Vo(t, 20, p:9))B1] Ry "
[BJ oLV + BT {0TV + (u(dy), L6,V (¢, zi, 20, 1 y)) }]
+ %Tr[(u(dy), 025,V (t, i, 20, 115 9) T}

where

Ris = Ri — RYR7'R,, (26)
and the terminal conditions are

Vo(T, 20, 12) = |20 = Lo ()l »
VT, zi, 20, ) = |20 — Lp20 — F2f<y>u|?;zf-
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Denote zg = (24,27)T € R?™ and z = (2], 2{,27)T € R, where z = (y),. We are interested in
solutions of the form

Vo(t, 20, 1) = 2 PO (t)z0 + 1°(t), (27)
V(t, 2,20, 1) = 2" P(t)z + r(t), 0<t<T, (28)

where P and P are symmetric matrix functions of ¢ € [0, T] and have the partition

P’ = (P) 1<k, <2, P = (Pu)i<k,i<3-

Each submatrix P or Py has dimensions n x n. Moreover, r°(¢) and r(t) are functions from [0, 7]
to R.

Definition 3.1. We call the pair (Vp, V) in (27)—(28) a quadratic solution for master Equations (24)—
(25) if the pair satisfies (24)—(25).

Denote

A (t) — AO FO
0 G—-BR'BTPy, A+F —BR 'BT(P,+P3)|’

-3 7). m (2], 2] =-fE]

Jl = [O2n><nal2n]7
where By is given by (22). Let Ry be defined by (26). We introduce the Riccati ODE system:

—PO =P°Ag + ATP® — P'BoR, 'BI P + [(1, —10)]3,, (29)
—P =PA+ ATP —PBR'B"P+ [(I,-I1,-1b)[3 (30)
- PB, R, 'BPJ; — JTP°BoR, ‘B P
+ JTP°Bo Ry ' Rio Ry ' B PO T,

where
0 _ 2 _ 2
Note that the coefficient matrices Ay and A depend on P. We further introduce the following ODEs:

_’f‘o = Tr(Plolsz)7 TO(T) =0, (31)
—r = TI‘(PQQEwO + PuEw), ’I”(T) =0. (32)

Remark 3.2. If the system (29)—(30) admits a solution (P°,P) on [0,T], the solution is unique since
the vector field of the ODE system is locally Lipschitz along the solution trajectory. Subsequently, we
further obtain a unique solution (r°,r) on [0, 7.

Theorem 3.3. The master equation system (24)—(25) has a quadratic solution of the form (27)—(28)
on [0, 7] if and only if (P°,P) is a solution of (29)—(30) on [0, 7.

Proof. See appendix A. O

If (P° P) is a solution of (29)—(30), we construct the quadratic solution (27)—(28), which has the
regularity properties in Remark 2.1.
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3.1 Feedback strategies

We proceed to analyze the closed-loop systems under feedback strategies. Although the master equa-
tions give the control laws as a function of the agent states and the mean field p, it turns out we only
need to use the first moment of p, which simplifies the computation and implementation of the control
laws.

Proposition 3.4. Suppose that the system (29)—(30) has a solution (P°,P) on [0,7]. Then for master
equations in (19), the pair

¢°(t, 20, 1) = K720 + K3 (y)ps (33)
o(t, 23, 20, 1) = K12; + Kazo + K3(y) s (34)
te [OaT]a 20,2 € an JIES PQ(Rn)a
gives mean field feedback Stackelberg strategies, where

[K?a KS] = _Ral]ngov (35)
(K1, K2, K3] = —R7'B"P + R™'Ry Ry 'BLP°J;. (36)
Proof. If (29)—(30) admits a solution (P°,P) on [0,7], the master equation system (24)—(25) has a

unique quadratic solution (27)-(28) by Theorem 3.3 and Remark 3.2. We substitute (27)—(28) into
(21) and (23) to obtain (33)—(34). O

The feedback strategies are implemented using the actual states (Z}, Z?, u;) of the mean field limit
model. The resulting control laws take the form

up* = KV Z) + Ky (), (37)
u' = K12y + Ko Z) + Ks(y), (38)
and Z; == (y),, satisfies the following equation
Z, = [A+F + B(K, + K3) + B1K3]Z,
+ (G + BE; + B1KY) 7). (39)

The initial condition is Zy = (y) s where p is the limit empirical state distribution of the followers.
The ODE of Z; is constructed from (11) by taking h(y) = y and setting the control laws 1 = u%* and
) = u™. The process Z, is interpreted as the average state of the continuum of followers.

Below we evaluate the costs under the equilibrium strategies (37)—(38). We take a general initial
condition (t, z;, 20, Z) for the system

dZi = (AZ! + Bu? + Byul* + FZs + GZ%)ds + cdW, (40)

dZ% = (AgZ° + Bou®* + FyZ,)ds + oodW?, (41)

Z, = [A+ F + B(Ky + K3) + BiK9]Z, + (G + BK> + B, KY)Z?, (42)
s € [t,T],

which has a unique strong solution. Under the equilibrium strategies, the costs in (12)—(13) are now
written as

T
T (t, 20,2) = E/t (12 = T0Zs|B, + |ud* [y )ds + E|Zp — Tos ZrlB,, (43)

T
Ti(tsne09) =E [ (120 D20 - D2+ lul o+ 1, (44)
t

n 2uz:TR2u2*)ds +E|Zp — Iy 23 — Do Zr |3,
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Proposition 3.5. Assume that the system (29)—(30) has a solution (PY,P) on [0,7]. Then we have

j()k (t, 20,2) = ngo(t)ZO + ’I"O(t), (45)
Jx(t, 2, 20, 2) = 2T P(t)z + 7(t),

where zg = (20, 21)T € R and z = (2], 21, z21)T € R3".

Proof. The representation in (45) follows from setting u = dz in Vy(t, 20, 1) and V (¢, z;, 20, ). O

Remark 3.6. An alternative method can be used to obtain the cost representation in Proposition 3.5.
Let (P°70) be given. By Lemma B.1, we write J (¢, 20, 2) = 23 P°(t)zo + 7°(t), where P? and 7° are
determined by two linear ODEs with a unique solution. Specifically, we have

— P = PAq + AT P + [(1, T3, + [(KY, K%,
P(T) = [(I, ~Lop)l3,, -

where Ay is the coefficient matrix of (22, Z,) for the equation system (41)—(42). Then we can verify
that P? is a solution for the ODE of PY. Furthermore, we can take the solution 70 = 9. Hence this
verifies the first equality in (45). We similarly re-derive the expression of J;.

3.2 A further characterization of strategies of followers

Suppose that the leader announces its strategy u?* = K?Z? + K9Z, for the time interval [0, T]. We let
the continuum of followers re-choose their strategies to solve a mean field game. A natural question is
what strategies the followers will take.

Consider the representative agent A; with control u® when the leader applies u{* and the continuum
of other followers have generated a mean field process Z;. In this case, player A; solves an optimal
control problem with dynamics

zil [z ‘ odW;}
d|Z)| =A|Z)| dt + Bupdt + [oodW? |, 0<t<T, (46)
Z Zy 0

where Z§ = X§, Z§ = X9, Zo = (y),.x, and

A= |0 Ag+BoK? Fy+BoKY
0 G A

_ [A G+BK} F+BK} B
,Bz[ } (47)

02n><n1

In the above, K) and K§ are known and defined by (35). The matrix functions A(t) andié(t) will
be determined below as part of the solution of the mean field game. The equations of (Z{, Z;) within
(46) have been modified from (40) and (42) by setting a general control u}.

The cost functional of player A; is given by
) =E [ (120~ 20 - B2+ K20+ KSZif, (48)
0
il + 20" Ro(K9 20 + K9 20) | at
+E|Zp — Ty Zy — Dop Zrly,,

which is constructed from (44) after taking initial condition (0, 2;, 20, Z) and replacing control u* by
ui. Due to the last term in the integrand, the control problem may be indefinite.
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The solution procedure of the mean field game consists of two steps.

Step 1. Assume that (A4, G) has been known. We start by introducing the following Riccati equation

~P(t) =PA+A P-PBR'BTP (49)
—PBR'Ry[0, KY, K9] — [0, K?, K" RY R™'BTP
+ [ =1 =115 + 10, K7, KR, — 100, K7, K9 3ir -1,

B(T) = [(I, =Ty, —T2p)13, -

This Riccati equation is derived by a formal application of dynamic programming to the optimal
control problem specified by (46) and (48). If (49) has a solution on [0, T], the optimal control law is
given by

a) = —RY(BTP + R0, kY, K9)) Z, (50)
where Z; = [ZiT, 20T Z,)T.
Step 2. After determining P, denote
[K1,K3,K3] = —R'(B"P + Ry[0, K7, K3)). (51)

Now following the method in [34, sec 4.3] we impose the consistency condition

A=A+F+BK}+B(K; +K3), (52)
G =G+ B1K} + BK,.
This condition is due to the requirement that Zt(N)7 as the average of the closed-loop states (Z}, - -+ , Z}N)

of N agents under the best response control laws @', should regenerate Z; in (46) as N — oc.

Finally the solution of the mean field game reduces to a solution of (49) subject to (47) and (52).
Proposition 3.7. If the ODE system (29)—(30) has a solution (P°,P) on [0,7], then the mean field
game solution system consisting of (49), (47) and (52) has a unique solution as P = P. Moreover, i’
in (50) is the equilibrium strategy and is equivalent to u}* in (38).

Proof. We rewrite (49) in the equivalent form

~P(t) = P{A — BR'BTP — BR'R,[0, K, K9]} (53)
+{A -BR'BTP - BR'R,[0, K}, K§]}TP
+PBR'BTP + [(I, I, —I2)[5 + [(0, K9, K9)[%,
— (0, K7, K] %r g1, -
Next we write equation (30) in the equivalent form
—P=P(A -BR'BTP - B, Ry 'BIPJ) (54)
+ (A -BR'BTP - B, R; 'B{P°J,)'P + PBR™'BTP
+ I P'BoRy " Ri2 Ry "B POy + [(1, 11, —13)]%,
P(T) = [(I, Iy, —Taop)5, -
With P° and P as given functions, we may use (35) to show

[0, KY, K%, — [0, KT, K3))5r p-1 5, (55)
= JTPBo Ry ' Ri2 Ry 'BLPYT;.
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Now we take P as a candidate solution of P. After setting P = P for (51)-(52) to determine A, we
can directly show

A —-BR'R,[0, K, K3 = A — B, Ry 'BI P, (56)

As a result, if we take P = P, the equality in (53) holds. Therefore, (49) has a solution given as P.
Its solution is clearly unique by the local Lipschitz property of the vector field in (49), where (4, G)
contained in A is expressed in term of P via (51)—(52).

Once we have determined PP, for the best response optimal control problem of Step 1, we can show
optimality of @ in (50) using the method of completion-of-squares of the cost functionals; see [52,
Corollary 3.2]. Since P = P, we see that 7, and u!* are the same feedback law. In other words, the
strategy ul* is the solution of the mean field game among the followers. O

Remark 3.8. When u?* has been fixed and the game is played only among the followers, the strategy
ui* becomes a mean field Nash equilibrium in the sense (i) that u* is the optimal control with dy-
namics (46) and cost (48), and (ii) that Z; has been generated by a continuum of followers applying
u™ with their own states.

Proposition 3.7 shows that ¢ = u’* minimizes j;n fe among all feedback control laws defined on
[0, 7] as long as the closed-loop system has a well-defined solution. The leader’s optimizing behavior,
however, is different. Let the initial condition at time 0 be (Z3, o). Based on (12), denote the cost
of the leader by Jy(0,%°,1), which is integrated on [0,7]. In general, the leader’s strategy ¢° = u®*
does not have a global minimizer property, resulting in

Jo(0, 0%, ) > inf Jo(0,u®, "), (57)

for feedback strategies u®(t, 2o, 1), where ¢“0 (t, zi, 20, i) is the strategy of the mean field game of the
followers when u°(t, 29, i) is announced for [0, T]. Thus it is possible for the leader to strictly improve
for itself by taking a strategy u different from (°. For standard dynamic Stackelberg games, it is well-
known that the feedback solution is different from the global Stackelberg solution, where the leader’s
equilibrium strategy is a global minimizer while taking into account the follower’s optimal response,
and which cannot be solved by dynamic programming [3, p. 413]. Similarly, the determination of the
global optimizer u%°P' for the right hand side of (57) needs to anticipate the solution of the mean field
game on [0, 7], and so cannot be achieved by dynamic programming as used in finding (¢°, ).

4 Decentralized strategies for the N + 1 players

We introduce the following assumptions.
Assumption 1. The ODE system (29)-(30) has a solution (P°,P) on [0, T].
Assumption 2. The initial states {X7,j < N} are independent and satisfy

N
, 1 ,
j2 X . i X
st;fprjxgag[(E|X0| <Cg, 1\}1_1}1(1)@— .ElEXO =my .
Nz

Based on strategies (37)—(38) for the mean field limit model, we construct decentralized strategies
(@0, at,--- ,aN) for the (N + 1)-player model (1)-(6) as follows. The idea is to replace Z; in (39) by

a new process X;:

X, = [A+F + B(K, + K3) + B KX, (58)
+ (G + BKy + BiK))X?,
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where X! is now generated by the (N + 1)-player model and we take the initial condition Xo = m{.
For (1)—(6), denote the strategies

@0 = K9x9 + KX, (59)
i = Ky X} + Ko X0+ Ko X, L<i<N. (60)

These strategies are called decentralized since each follower uses the state information (X{, X2, X)
and the leader uses (X7, X;), instead of the overall state vector of a high dimensional system.

Denote

Ay = A+ BK;, A1y =G+ BKy + BiK?,

Ay =F, A = BK3 + B1 K3,

Ags = Ao + BoK?, Ags = R, 1&24230-’(3’

Agy = Ay, Ags = A+ F + BK, Agy = Ay,

Ay = Ay, Ay =0, &44=A+F+B(K1 + K3) + B1 K3,
and

— A11 [A127 ‘@\137 A14]

Ao = (A A
0= (Akr)2<n.i<a, 0 o

(61)

Under the set of strategies (59)-(60) for (1)~(6) on [0, T], we use X2 and X7, 1 < i < N, to denote the
closed-loop state processes. Further denote X't(N) = % Z,If:l X'f and Wt(N) = % ij:l Wk. Fixing
i€{l,---,N}, we obtain

):(Z ):(Z odW}
X? -~ X? OothO

d| o] =A | o] dt 62
£ £ caw ™| (62)
X, Xy 0

where ?t is given by (58) after replacing X? by X?. The initial states are Xé = Xg for 0 <j <N,
and X = m{. The linear SDE system (62) admits a unique strong solution on [0, 7).

Lemma 4.1. Under Assumptions 1 and 2, for system (62), we have

sup XN —X,2P<C (E\X(()N) —mE P+ 1/N) , (63)
te[0,T]

where the constant C' is independent of N.
Proof. From (62) we obtain
AXN X)) = A+ F+BE)XN —X,)dt + odw ™.
We apply It6’s formula to get
B — Xof? =EIXSY — m? 4 tlo? /N

t -l ~ =
+ 2/ E[(X™N) - X)T(A+ F 4+ BEK)(X™Y) - X,)]ds.
0

Then (63) follows from elementary SDE estimates with Gronwall’s lemma. O
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4.1 Costs under decentralized strategies

Subsequently, we evaluate the performance of Ag and A; among the N + 1 players. Here the initial
condition has been given as Xg, 0 <7 < N. Our method is to embed the cost evaluation problem into
a family of problems with different initial conditions as in dynamic programming. The key observation
is that if the term X in (62) is not defined as & Y"p_, X¥ but instead specified as an independent
component of the state vector of the SDE (62), the resulting SDE is still well-defined on [tg, T] as long
as an initial condition is selected at to € [0,T].

For convenience of specifying the cost functionals below, we use a set of new variables (Z¢, Z9, Zs, Z)
to rewrite (62) as follows:

A Zi odWi
Zg -~ Zg OodWsO

d ZS = A ZS dS —+ O’dWS(N) , (64)
Zs Zs 0

with initial condition Zi = z;, Z° = zy, Z; = %, and Z; = Z at time ¢ € [0,7]. The above variables
(Zi,7°,7Z,) are used as generic notation and are different from those in (40)—(42). This reuse of
notation shall cause no confusion. Here we take arbitrary z;, 29, 2,2 € R™. Denote @0 = KYZ%+ K9Z,
and ’lvj,i = KlZ; + KQZ? + K3ZS. Define

T
Vo(t, 20, 2, ) :IE/ (129 — Lo Zs13, + @dlR,)ds + E|Z3 — Tos Zr[,, (65)
t

T
V(t, 20,20, 5, 2) :E/ (12~ 120~ D2l + (a3 + (013, (66)
t
+ 20l Ryl ) ds + E| 2 — Ty 28 — Ty 2l

Under Assumption 1, Vo and V are well-defined for ¢ € [0, T].

Denote 7o = (27,27, 27)T and z = (27, 27,27, 27)T. Below we will determine V; and V in the

form

where PO(¢) and P(t) are symmetric matrix functions with the partition

P = (P9)1<k.i<3, P = (Pu)1<ki<a-

Each submatrix above is a function of ¢ € [0,7T] with value in R"*". To determine Vy and V, we
introduce the following linear ODE system:

d ~ .~ ~rn
- %PO = ]P)OAO + AE{PO + [[(K?, OvKg)ﬂ%io + H(I7 _F07 0)]]2207 (69)
d~ A~ mn
= P =PA+ATP+ (1, -1, - 13,0)]5 (70)
+ [(K1, K3,0, K3)[% + [(0, K7, 0, K9)] %,
+ (K1, K3,0, K3)" Ry (0, K7, 0, K9)
+(0,K7,0, K9)" R (K1, K3, 0, K3),
d . X
- %fo = Tr[PY o + (1/N) P 2], (71)
d . . . N
— —Tr = TI‘{[Pll —|— (1/N)(P33 —|— 2P13)]Zw} + Tr(PQQEwO), (72)

dt
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where terminal conditions are
I@)O(T) = [[(Ia 7]10’0)]]2@07 EAD(T) = [[(Iv *Fh*FZ?O)Hé)v
PUT) =#(T) = 0.
The matrix functions (K9, K9, K1, Ko, K3) in (69)-(70) have been defined by (35)-(36).

Lemma 4.2. Under Assumption 1, the ODE system (69)—(72) has a unique solution (B°,®,7°,#) on
[0, 7], and the functions V5 and V in (65)—(66) have the representation (67)—(68).

Proof. Once (P°,P) is given, we find a unique solution (P°,P) on [0,T] from two linear ODEs with
bounded coefficients, and further uniquely obtain (7#°,#) on [0, T]. The last part of the lemma follows
from Lemma B.1. O

Lemma 4.3. Under Assumption 1, the solution (P°,P) of (69)—(70) satisfies
PO(t) = JEPO(£)J2, P(t) = JLP(t)Js, for all t € [0, 7). (73)

where

_ IQn _ ISn
Iz = [[om,fn]} » Ja= [[onm,om,fnd :

Proof. For the purpose of relating (I@’O,}f”) to (PY,P), it is sufficient to consider the special case of
deterministic dynamics. We evaluate the costs by taking ¢ = 0, o9 = 0, and initial conditions
(t, 2, 20, Z) in system (40)-(42) and (¢, z;, 20, Z, Z) in system (64). In this case, we evaluate J, J; in
(44)-(43) and Vj, V in (65)(66) without using expectation. Then we easily see that the pair (Z%, Z0)
is the same in both systems. Moreover, we have Z, = Z, = Z, for all s € [t,T]. Subsequently, we have

Ji(t, 20, 2) = Vo(t, 20,2, 2)  for all t € [0,T], 2,z € R, (74)
since they use the same cost integrand and terminal cost.

On the other hand, by Proposition 3.5 and Lemma 4.2, when ¢ = 0 and oy = 0, we have

Tt 20.2) = GO0 [ (75)
Vo(t, 20,2, 2) = (22, 27, 27)PO(t) %) = (28, Z1)ITPO(£)], b] : (76)

Since zp and Z are arbitrary, the first part of the lemma follows from (74)—(76). The second part is
proved in a similar manner. O

The following theorem compares the costs of the finite population under the decentralized strate-
gies (59)—(60) with the costs in (45) for the mean field limit model. The mean field limit model
only involves the leader Ay and the representative follower A; with initial condition (X§, X¢, mgX) at
t = 0. Recall that we take Xq = m{. We evaluate J]iV'H, 0 < k < N, with the initial condition

(X9, x8,--+, X{") and Xo. For J§ and J; we set the initial condition (X, X§, m{).
Theorem 4.4. Under Assumptions 1 and 2, if the decentralized strategies 4° and af = (a',--- ,a%)
in (59)—(60) are applied to the (N + 1)-player model (1)—(6), then we have
[Jg (0, 8%, 0") = J5 (0, Xg, my)| (77)
= O((EIXy") = mi[*)'/? +1/N),
[JYHH0, % e — JF (0, X5, X, my )| (78)

= O((EIXS™ —mg )2 + 1/N).



Les Cahiers du GERAD G-2023-21 17

Proof. It follows from (67), (27) and (73) that
T 0,4, 0") — T (0, X, my)

= B{[X07, XM Ko IB(0)[x87, X6V, K T+ 7(0) }
— E{[X87, X, [P (0)[X§7, Xo | +7°(0)}

= E{1x¢7, {7, X 1B 0)1x87, X8, X )T + 700}
—~E{[X§7. X, X, P (0)[X87, X, Xo]” — 1°(0)

= B{[0,x"" - X, 0 (0)2X§7, X, + X7, 2%]" )
+72(0) — 7°(0).

Note that (73) implies P, = PY, on [0,T]. So comparing (31) and (71), by Gronwall’s lemma we have
that supyc(o n) |79(t) — r0(t)] = O(1/N). The estimate (77) then follows. The estimate (78) can be
shown in a similar manner. O

4.2 Improving performance via alternative strategies

For the N + 1 player model, suppose u° is fixed as @0 for the leader. Player A°® attempts a different

strategy u’ € U consisting of feedback control laws of the form v (¢, X2, --- , XN, X) which is continu-
ous in its arguments (¢, zo, - - - ,zn, ) € [0, T] x RV+2)" and is Lipschitz continuous in (zg, - - - , zn, ).
We have the following e-Nash equilibrium property for (4!, .- aV).
Proposition 4.5. Under Assumptions 1 and 2, we have
JNTY0, 0t a0 el ) < in£ JNTHO0,ut, a0 el ) 4 e, 1<i<N, (79)
wicie

where ey < C[(E|X™) — m2)1/2 +1/V/N].

Proof. We have the key observation from Proposition 3.7 that u{* in (38) is the solution of a mean
field game (with a continuum of players) and that 4! is based on u* by using the states (X}, X2, X;).
Then we follow the standard method (see e.g. [34, sec 6]) to estimate the performance in the model of
N followers. The detail is routine and omitted here. O

5 Asymptotic equilibrium in finite populations

We proceed to analyze the performance of the decentralized strategies (59)—(60) applied to the (N +41)-
player game. In this case one expects that an asymptotic Stackelberg equilibrium property holds as
N — oco. But the lack of global optimality of u®* = ¢ for minimizing Jy (0, u°, 1/1“0) (see (57)) implies
that we should not attempt to identify an equilibrium by testing strategies that allow modification on
the whole interval [0, T]. To seek a feasible equilibrium concept, we adopt the idea of t-selves suggested
in [23] so that each player A; is distinguished as a different agent at differen time instants. At time ¢,
the player is called the t-A; agent. Therefore the game is played by a stream of N 41 ¢t-indexed agents
as incarnations of the original N + 1 players.

To characterize the equilibrium of the t-indexed agents, one may try to relate the selection of
(u®*,u**) to an optimization problem of N + 1 agents alive only at time ¢. Such an optimization
problem is, however, not meaningful if we only consider a single point of time. To overcome this
difficulty, following [23], we consider a very small time interval as the following. Given the system
initial condition at ¢, for each i, a coalition of followers denoted by Agt’ﬂ_e], consisting of all s-A;
agents, s € [t,t + €], optimizes its cost defined on [¢,T] while it only acts on [t,t + €]. Then we check

how the controls of the N + 1 coalitions on that small interval behave as ¢ approaches 0.
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5.1 Decentralized feedback strategies and spike variation

Consider the following system

dX0 = (A X% + Bou® + Fo X N)ds + aodW?, (80)
dX! = (AX! + Bul + Bju? + FX™N) + GX%)ds + odW?, (81)
dX, = f(s Xoi)ds, onmg(, 1<i<N, 0<s<T, (82)

where the initial states {X7,0 < j < N} satisfy Assumption 2. Denote X¢ = (X%, X! ... XN X,),
where the superscript in X¢ indicates centralized information. For specifying strategies of interest, we
regard f : [0,7] x R?" — R™ as part of the strategy design, and for convenience of presentation will
call it a control.

Our plan here is to specify a class of feedback strategies that contains the set of decentralized
strategies (59)—(60) and serves as a space to search for an asymptotic equilibrium to be introduced
subsequently. We take u” and u’, 1 < i < N, as decentralized strategies of the form: u® = ¢(s, X0, X)
and u’ = (s, X!, X%, X,), where ¢ is shared by all followers as N increases. We call (u®,u”, f) a set
of admissible decentralized (feedback) strategies if the following conditions hold: (i) the functions f,

Y0, and ¢ are continuous, and Lipschitz continuous in their spatial variables (i.e., those for X7, X );
(ii) sup0<s<TIE|X§N) — X2 =0(1) as N — oo. Condition (ii) is due to the consistency requirement
T (N)

that X, be an approximation of X

Let Z/{({ dT consist of all (u®,u’’, f), each as a set of admissible decentralized strategies defined on
[0,T]. When f is already given, we also say that (u?,uf")

decentralized strategies.

is in U({ ‘?,1 and is a set of admissible

Suppose that (u’,uf’, f) € L{({C} is chosen for (80)—(82), which generates a unique solution X¢,
s €[0,T]. At time ¢, taking the initial condition X7, we define the costs:

T
VY X¢,u0,ul f) =E / Lo(X%, u™ u)ds + Ego (X%, ui ), (83)
t

T
JNTLE X et ul u ) f) = / L(XE X0 1Ml u0)ds (84)
t

S

+Eg(Xh, X% 4y, 1<i< N

Now, under (u°,u”, f) € Z/l({ 7 and with the initial condition (¢, X[), we introduce two types of
perturbed strategies. Denote f, = f(s, X2, X).

(a) On [t,t+ €], for a single player A;, we set ul = v’.

(b) On [t,t + €], the set of controls (u?,---,
as a new drift term for X in (82).

ul, f,) is replaced by (v°,--- o™, f,), where f, is used

Case (a). For the single player A;, we take

1€ .__ via SE[tat+d7
o, se[0,T)\ [t,t+ €,

with v being represented as a Borel measurable function of X¢ and E|v?|? < co. Such a random vector
v’ is called admissible. The other components uf>~% and f remain the same. We accordingly have
the cost JNT1(t, X ¢, ub€,u®, uf> =% f). This method of modifying a feedback control implemented on
[t,T] by using a constant control on a small interval was initially introduced in [23]. We call u®*€ a
modification of u’ with the spike variation v’ on [t,t + ¢|. Thus for a given w € 2, u%€ remains the
same on [t,t + €.
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Case (b). We introduce a spike variation on [t, ¢+ €] for each strategy u’/ defined on [0, 7], which leads
to the new strategy

, J tt
e QU sEbtEd, 0<j<N, (85)
ul, se€[0,T]\[t,t+¢€,

with v/ being a Borel measurable function of X§ and E|v/|? < oo. Note that the choice of f in

(80)-(82) has been part of the design of strategies. Now given (v°,--- ,v™), we further define
fo = . S € [t t+ €, (86)
’ fs se[0,T]\[tt+¢,

where f, == f(s, X2, X4, 0%, v™)). The function f : [0, T] x R2"*t2" — R™ is continuous, and Lipschitz
continuous in (zg,Z) (for (X2, X)), with linear growth in all four spatial variables. Since as in (82)

our approach is still to use X, to provide information on X§N)7 we consider the above form for f,

instead of making f as general as possible. Denote uf"¢ = (ute, - uMN¢) and uf>~%¢ similarly.

For both case (a) and case (b), in our further analysis, the spike variation associated with a specific
perturbed strategy u?¢ will be clear from the context.

For the resulting solution X on [t,t + €| in case (b) to be relevant, we need to further specify f

in an appropriate form. The idea is to use f to adjust Xy, to closely approximate Xt(ive). Note that

X has been selected under a similar requirement (see (58)). Adjusting X;,. to the right position is
crucial since otherwise it would be irrelevant to the game resumed at time ¢ 4+ ¢. We introduce the
following definition.

Definition 5.1. We call f in (86) compatible if it ensures that for some fixed constant C' independent
of (t,N,v%,--- o),

E X2 — X, > < CEX™Y) — X, + Ce/N,

where (X0,---, XN X,), 0 < s < T, is the solution of (80)-(82) with strategies (u®€, uf*¢, f¢) specified
by (85)—(86). Accordingly, we call (u®€, uf*¢, f¢) a set of admissible perturbed strategies.

Remark 5.2. The compatibility condition in Definition 5.1 translates into a certain constraint on the
selection of f. Since (u®,u”, f) € U({‘fp ensures supOSSStE|X§N) — X,|]? = o(1), now with f being

compatible, we have ]E|Xt(ive) — X1 cl?=0(1) as N — oo.

Note that (u®€, uc, f€) in general is not in U({ ’%,1 but still ensures a well-defined solution in
L wx, (0,T; RONV+2)7)) for the SDE system (80)—(82), where F}VX° is the o-field generated by (W7, XJ,0 <
j<N,s<t). So Jév+1(t7X§,u0’6,uF’5,f€) and JZ-NH(t,Xf,ui’e,uo’e,uF’_iﬁF) are well-defined.

Regardless of the specific form of f, we adopt a natural construction of f:
X, = GX° + (A + F)X, + By + Bv™ (87)
= fs, t<s<t+e

where the initial state X; has been determined as the last component of X§. This ODE is constructed
by approximating the SDE of XéN):

dXM = [GX° + (A+ F)X™) 4+ B1o® + BuMds + odW ™), t <s<t+e

where o) = (1/N) YN, v and W) = (1/N) N, wi
Proposition 5.3. Under (u%¢, u¢, f¢) taking f in (87), we have

sup E|XM - X, 2 < CEIX™) — X2 + Ce¢/N, (88)
t<s<t+e

and f is compatible.
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Proof. The estimate (88) follows by checking the SDE of XS(N) —X,. Then f is clearly compatible. [

For determinacy, we will take f of the form in (87) in all subsequent analysis. We introduce the
notion of €y-Stackelberg equilibrium for the game of N + 1 players in (80)—(82).
Definition 5.4. A set of strategies (u°,--- ,u, f) € L{ggp is an €y-Stackelberg equilibrium if for each
given t € [0,T) it fulfills the following two conditions:

(i) Foreach 1 <i¢ < N,

limsup — [JN‘H(t X¢ut,ul,uf 7 f) — JiNH(t,Xf,ui’E,uO,uF’_i, )] <en, (89)
el0 €

for any u*€ being a modification of u’ by taking an admissible v¢ on [t,t + €].

(ii) For admissible perturbed strategies (u%¢,uf>¢, f¢) with f given by (87),

lim sup — [Jév+1(t X¢eoul ' f) — FVTHE X e u®e ute fO)] < e, (90)
el0 €
where 1€ is any modification of u® by taking its admissible v° on [t,t + ¢, and uf*c = (ub<, ... juN>)

is a modification of uf’ = (u!, .- uV) with v = (v!,--- ;o) on [t,t + €] such that u¢ is a Nash
equilibrium for the N followers when v° has been selected and fixed for the leader (so vI" depends on
v? and may be denoted v (v°)).

Remark 5.5. For very small € and ¢y and the game played on [t,t + €], condition (i) means that
(u®, -+ uV) restricted on that interval is almost a Nash equilibrium among the followers. Condition
(i) further indicates that u® nearly attains the lowest cost of all scenarios in which the followers react
on the time interval [t, ¢ + €] by playing a Nash game among themselves.

For N > 1, denote
a¥X = XN - m¥$)V2 +1/V/N. (91)

Under Assumption 2, we have dX = o(1). A key result of the equilibrium analysis is the following
theorem.

1 AN)

Theorem 5.6. Under Assumptions 1 and 2, the set of decentralized strategies (4°, af") = (4%, @ ,

0
given by (59)—(60) constitutes an € y-Stackelberg equilibrium for the N 41 player model (1) (6) where
en = O(dy).

In view of Lemma 4.1, it is easy to show that (4%, 4f") belongs to L{({‘;. The proof of Theorem 5.6

is postponed to the end of this section. For convenience of presentation, we will first check condition
(ii) in Definition 5.4 for the cost of the leader.

5.2 The auxiliary static Stackelberg—Nash game

To prove Theorem 5.6, we introduce an auxiliary static game with IV + 1 players. Denote

YO = X7, x(MT XTI, v = (XIT v (92)
and
_Ao FO 0
A= |G A+ F 0 ) AZ{JS (G’AF’ 0):|a
G 0 A+F 0
_BO 0 ago 0
BOZ Bl 5 Bg: B 5 DOZ 0 5 DSZ g,
| B1 B 0 0
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_ Bl a __ B a __ 0
o [3] wolath (i)
0 o a_ |0
D= [Do} ’ Dy = {Dg/N] ’ b* = Dg} ’
0
B, = |:§1:| ) BO - g ) BN - |:Bg/N:| :

Let X¢ = (X0, X}, ,Xﬁv,ft) be generated by (62) under the set of strategies (a°,---,a")
applied on [0, ¢]. Define @/ with spike variation v/ on [t,t + €]. When the system (1)—(6) takes the set
of controls (v°,vt, -+ vV) on [t,t+¢] that depends only on (Y%, -+, YY), the processes (Y?,--- , YY)
follow the dynamics on [t,t + €]:

dy? =(A,Y? + Byv® + BGv™)ds + DodW? + Ddw ™), (93)
dYi =(AY! + B1v° + B4v' + B ™)) ds (94)
+ DAW? + DndW! 4+ DWW, 1<i<N,

with the initial conditions

YO (x0T x(MNT ?T T yi_ [T yOT|T 95
t*[tatvt}vt*[tat]’ ()
where we denote v¥) = (1/N) SN v and o) = (1/N) Z;.V:l,j# v’ and likewise for W) and

W (. The initial conditions in (95) are determined using (62) on [0,¢]. Both (93) and (94) share the
last component X, described by (87), which is re-displayed below:

X, =GX?+ (A+ F)X, + B’ + Bu™), t<s<t+e

See Remark 5.2 for the requirement underlying the construction of this equation.

For a real matrix M, define

S2
Unr(s2,81) = / exp{(s2 —s)M}ds, forall0<s <s3<T.

S1

By the variation of constants formula, for s € [t,t + €] we have
YO =exp{(s — t)Ag}Y," + W4, (s,t)(Bov° + Bv™) (96)
+ [ exp{(s = ) AoHDoaw? + D),
t
Y =exp{(s — t) A}YY} + Wa(s,t)(B1° + B4’ + B(™) (97)
+ / ’ exp{(s — 7)AY(DAW? + DndW} + D*dW ).
t

We proceed to specify the auxiliary game model. The (N 4 1)-player static Stackelberg—Nash game

has actions (v°,v!,--- ,v™) on [t,t + €] and costs

Jé\H_l(t, }/t(), ﬁ(],e7 ﬁF,e)7 JiN+1(t, }/tiv ,&z},e? ﬂO,e’ ﬁF,fi,e)7 1 S i S ]\]7 (98)

where the leader chooses its action v° and the random vector Xtc is observed by all players; in analogue
to (83)—(84), we define

T
TN YL, a0, a) =E / Lo(X0, ut), 0%%)ds + Ego(X2, ui™), (99)
t
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T

DA AR TR L) :IEI/ L(XE X0, u™M) e a2€)ds + Bg(Xi, X9, u$)). (100)

t

In this static game, we adapt Definition C.1 of the Stackelberg-Nash equilibrium by allowing general
action spaces. Due to the particular form of the control laws (4%€, a%*¢), and in view of (96)—(97),
here JY ™! and JVT! depend on X§ through (Y2,4%, vF) and (Y{,%, vF), where vF" = (v1,--- o),
respectively, and so we write the costs in the form of (98). Similarly, for (4°,a%'), we write the costs
JNTHE YR a0, af) and JNTH(E Y 4, a0, a7 for 1 < i < N.

Denote
SoTHt e, Y200, v ) (101)
t+e R
:E[‘/t Lo(X&MgN)’UO)ds—I—Vb(t—‘re,ytie) Xtc:| ,
SZ-NH(t,e,Y;i,vi,vO,vF’_i) (102)

t+e ) ) R )
=B | [ O X s+ Va4 e Y
t

Xf] ,

where v~ is obtained from v¥' by excluding v’. The above processes {YJ,t < s <t+e€},0<j <N,
are determined by (96)—(97). The functions Vp and V have been specified by Lemma 4.2. For each
fixed ¢, Sév 1 and SiN *1 are Borel measurable function of Xf. A more concrete form of Sév 1 and

SNT! will be derived in our further analysis; see (D.1) and (D.2). Then we have the relation
TN YL 0% aF) = BIS) T (¢ e, V2,00, v, (103)
TN, Y abe a0 al ) = B[SV T (¢ e, Vi, vt 00 v ). (104)

5.3 Performance of the leader

Before proving that (90) holds for the set of decentralized strategies (4°,---,4"), we make a cost
comparison when (4°,--- ,4) is perturbed in a particular way.

To avoid the notation from becoming too heavy, below we will often write PO(t) as B?, and P(t)
as ;. This is similarly done for 7 and #. Throughout Sections 5.3 and 5.4, each term of the form
O(h(e)) satisfies |O(h(e€))| < Coh(e) for a constant Cy independent of (¢, N). For instance, we have
|O(€)| < Cpe. Also, each term O(e) (or O(1), etc) is deterministic and can be determined in a concrete
form, but for our purpose it is adequate to indicate the generic form O(e).

Lemma 5.7. Under Assumption 1, there exists ¢* > 0 such that for all 0 < € < €*, the static
Stackelberg—Nash game with costs (103)—(104) has a unique equilibrium, which takes the form

v = =Ry "B (1)Y, + O(e)YY, (105)
0™ = —[R'BITB(t) + O(e)]Y{ + R'RyRy ' BIPO(1)Y?, 1<i<N, (106)

where the term O(e) in (106) is the same for all ¢ € {1,--- ,N}.

Proof. See appendix D. O

Lemma 5.8. Suppose € € (0,€*] for €* specified in Lemma 5.7. Under Assumptions 1 and 2, let
(0% vt ... [oV*) be the Stackelberg-Nash equilibrium of the static game with costs (103)-(104).
For 0 < j < N, define @/¢* on [0,T] by

N
Uy’

vi* s €t t+ €,
al, s€l[0,T)\[tt+¢,
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where 47 is given by (59)—(60). Then it holds that

1
lim - [JON Y a0 a") = T Y et ﬁ“*)} = O(dy), (107)
€ €
where the limit on the left hand side exists and af<* = (ab<*, ... @), The term dx is given
by (91).
Proof. See appendix D. O

5.4 Performance of the followers

Select a single player A; and consider its auxiliary optimization problem as follows. It chooses its
control % on [t,t + €] while the leader and the other N — 1 followers take the strategies (a°, a’>~%) on

[t,t +¢€]. All N + 1 players take the strategies (4", ") on (¢ + ¢, T]. Denote

A G+ B KY F B, K3

A — 0 Ao+ BoKY Fy ByK?Y
'""|-BK,/N G+ BKY+BKy(1-1/N) A+F+BK, Ajz|’

0 G+ B1K) + BK, 0 A g

where

Aj 34 =B1 K3 + BK3(1 —1/N),
A4y =A+ F+ BK) + B(K, + K3).

Player A; chooses v* to minimize the cost JZ-N"'I(t7 Y abe af af

(100) and may be written as

), which is defined similarly to

. . . t+€ . . A .
JNTH L Y abe al, ) = B [/ LXE X0 0N v a0)ds + Vit + e, Vi )| (108)
t
where, for Y defined in (92) and t < s <t +¢,
dY! = (A Y! + BYv')dt + DAW? 4+ DndW! + DW=, (109)

Lemma 5.9. Under Assumption 1, there exists € > 0 such that for all 0 < ¢ < € the optimization
problem on [t,t + €] to minimize (108) has a unique minimizer v**, which takes the form

V* = —RYR,[0,KV,0, K9] + BYIP(t) + O(e)} ;. (110)

Proof. See appendix D. O
Remark 5.10. For (106) and (110), we can show that for some constant C,

wi* — v < C1XN) = Xy + C|Ye.
Denote

al, s e [0,T)\ [t,t+ €. (111)

ER

~T,Ex {Vi*7 ERS [tat+€]a

Lemma 5.11. For the strategy given by (111),
1 o . o ,
hﬁ} 7[‘]1'N+1(t7 thlv i, aO, ﬁF7fz) _ JiN+1(t, Y;Z, ’LALZ’G*, ﬁ07 ﬁF,fz)] _ O(d%),
€ €

where the limit on the left hand side exists and dy is given by (91).

Proof. See appendix D. O
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5.5 Proof of Theorem 5.6

Since (v%*, vI™*) = (v%* v, .-- Jv™*) in (105)-(106) is a Stackelberg-Nash equilibrium for the static
game of N + 1 players with costs (103)-(104) and actions (v°,--- ,v™) on [t + €], it follows that

N+1 0 ~0,ex ~Flex N+1 0 ~0,e ~F,
JO (t,Y;,u ‘ yu 6)SJO (thtau €7u 6)7

for any 4%¢ (with its associated variation v° on [t,t+¢]) and af>¢ = (ab<, .-, a™V¢), where "¢ with its

associated vI" = (v!,---  v) is a Nash equilibrium among the followers for the given 4%¢. Therefore,

1
limsup — [J07 (4,2, a0 ) — (8 Y0, 0w
el0 €

1
S hﬁ)l - |:Jé\7+l(t7yvt0’a0’ ﬁF) _ Jé\/+1 (t, Y'tO,ﬁO,e*’ ﬁF7€*):| )
€ €

In view of the above inequality and Lemma 5.8, condition (90) holds for (4%, af").

Let 4% be a modification of 4* with any admissible v¢. For 4*¢* given by (111), Lemma 5.9 implies
(]il\/'—}—l(t7 )/ti’ ﬁi,e*’ a07 ﬁF,*i) S JZV+1(t7 }/ti’ ,[L’L',67 iLO7 ﬁF,*’L’).
Hence we have

1 o . o .
lim sup ~ {JiN“(t, i, al, a0, af oty — IV Y ae, @l ﬁFﬂ)]
elo0 €

1 o s P
<lim - {Jﬁv IR ERUNGN S EFARR (D AR N N i ’)]
€ €

which combined with Lemma 5.11 implies that condition (89) holds for (a°,af).

6 Concluding remarks

We study linear-quadratic mean field Stackelberg games with a leader and a large number of followers.
We use master equations to determine decentralized strategies for the finite-population model and
establish an ep-Stackelberg equilibrium property for such strategies when the game is played by a
stream of t-selves of the original N + 1 players. For future work, it will be of interest to generalize the
asymptotic equilibrium analysis to nonlinear models.

Appendix A: Proof of Theorem 3.3

Proof. Suppose (24)—(25) has a quadratic solution of the form (27)-(28). Recall zg = (', 27)T and
z = (2,20, z2")T, where z = (y),. We have

0z, Vo = 224 PPy + 22" Py, 02 Vo = 2P,

8, Vo(t, 20, 113 y) = 227 Phy + 225 Py,

By 0, 0Vo(t, 20, 13 y) = 227 Pgy + 225 Py,

926, Vo(t, 20, 3 y) = 0,

0,V = QZiTPu + 2ng21 + QZTP31, 6§1V = 2P, (A1)
02V =228 Poy + 221 Py + 227 Psy, 92V = 2Py,

8,V (t, 2i, 20, 3 y) = 227 Pagy + 22 Prgy + 224 Pasy,

040,V (t, 23,20, 3 y) = 22T Pyy + 2zZ.TP13 + QZOTng,

8§6HV(t,zi, zo, (3 y) = 0.
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Denote the right hand side of (24) as s = 22:1 Sok, where the components sg; correspond to the
seven terms on the right hand side of (24) in the same order. Similarly, denote the right hand side

of (25) as s = Z,lf)zl Sk-
We substitute (A.1) into the right hand side of (24) to get

T Pf'l An. Fl Ag PO PO
501 = Zg P201 [Ao, o] + F&F (P11, Prs) ¢ 2o,

PO AT
S04 + So5 = 2, { {PIOQ} [Ao21, Ag22] + [A%Ql} [P3y, P } 2o,
22 0,22

S02 = TI'(PIOIEH,D), S03 — Zgﬂ([, —FQ)]]éOZm (AQ)

T0 — 1 Tmp0
S06 = 7Z0]P) BORO BOP Zg, So7 = O,

where Ag 21 and Ag 22 are, respectively, the lower left and lower right submatrices within the partition
of Ag. Note that sg1 + sos + so5 = PAg + AgIP’O. By the above calculations, the right hand side

of (24) is
so =z [PPA¢ + AJP? — P'Bo Ry 'BJ P + [(1, —10)]3, )20 + Tr(P{y Zwo). (A.3)
Substituting (A.1) into the left hand side of (24) gives
—zlPO(t)zo — 7O(2). (A.4)
Equating (A.4) to (A.3), we have that PY satisfies (29) on [0, 7.

We substitute (28) into the right hand side of (28) to get

[Pys] 0
s1 =27 { | Paz| [0, Ao, Fo) + | AL | [Pa1, Poo, Pa3) ¢ 2,
| P32 Fy
_Pll_ .AT
so =27 { | Por| [A,G,F] + |GT | [P, Pra, Pi3] ; 2,
| P51 FT
Py
s3=—2' | Py | BRT'BT [Py, P12, Pi3)z
Psy
= —z'PBR™ BT Pz,
Pis 0
s+ s7 =21 { | Pas| [0,A021,Ap00] + A§121 [Ps1, P32, P33] » z,
Ps3 Af 29

s4 =Tr(PoXy0 + PYy), ss=2z"[(I,—-I1, *F2)Héza
ss =2 [Ry By P'[%,,20 = 2" I [Ry "By PUI%,, a2,
s9 = — 223 P'Bo Ry 'BI Pz = —227 J{ P'Bo R, 'B] Pz
= — 27 (JIP'Bo R, 'B P + PB, R, 'BL P°J, )z,
s10 =0. (A.5)

It is easy to show s; + so + sg + s7 = PA + ATP. By the above calculations, the right hand side
of (25) is

s =z {PA + ATP - PBR™'BTP - PB, R, 'BI P°J,
— ITP°Bo Ry 'BIP 4 JT POBy Ry ' R1a Ry 'BE POJ,
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+ (I, —I1, 123}z + Tr(Paa Xyo + PriXy). (A.6)
Substituting (28) into the left hand side of (25) gives
—2TP(t)z — 7 (). (A7)
By equating (A.7) to (A.6), we have that IP satisfies (30) on [0, T7.

Conversely, if (29)—(30) has a solution (P°,P), we can substitute (P°,P) into (31)-(32) to solve for
a unique solution (r% r) on [0,T]. By (A.3)-(A.4) and (A.6)—(A.7), the pair in (27)—(28) is verified to
be a solution of the master equations (24)—(25). O

Appendix B
Consider the linear SDE

dXs = [A(s)Xs + k(s)]ds + o(s)dWs, s €t T], (B.1)

with initial condition X; = z for ¢ € [0,7] and 2 € RY. The standard Brownian motion W is in R%.
The cost functional is

T
V(t,z) =E / IXTQ(s)X, + 207 (5) X, + h(s)]ds (B.2)
+E(X1Qs X1 + 20} X1 + hy).

The matrix or vector (or scalar) functions A(t), k(t), o(t), Q(t), n(t) and h(t) are deterministic, bounded
and Lebesgue measurable on [0,T]. The parameters Qs, ny and hy are deterministic. We introduce
the ODE system

P(t)+ ATP+ PA+Q,
S(t) + ATS + Pk +1, 0<t<T, (B.3)
7(t) + 25Tk + h + Tr(Poo™),

0
0
0

where P(T) = Q¢, S(T) = ny and 7(T') = hy. The ODE system (B.3) has a unique solution on [0, 7.
Lemma B.1. For V defined in (B.2), we have the representation

V(t,z) = 2T P(t)x + 227 S(t) + (1), te[0,T], z € RY (B.4)

Proof. Let V(t, x) be the function defined by right hand side of (B.4). Applying It6’s formula and
using (B.3), we get an SDE of dV (s, Xy) for s € [t,T]. Integrating the resulting SDE on [t,T] and
taking expectation, we obtain

EV (T, Xr)—V(t,z) = —E / T[XSTQ(s)Xs + 2T (s) X, + h(s)]ds. (B.5)

Writing V(T, Xr) using the terminal conditions Qf,ny, hy, we see that V(t,x) is equal to the right
hand side of (B.2). O

Appendix C

This part formulates a static Stackelberg—Nash game with a leader Ay and N followers A;, 1 <i < N.
Player A; has cost J; and chooses action u; € R™. Their costs depend continuously on a small
parameter € > 0. After the leader’s action ug is announced, the followers play a Nash game among
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themselves. Denote the two symmetric matrices M%¢ = (M )1<k <3 and M5 = (M}5)1<p 1<,
where the partitions satisfy M, M, € R™>*™ for all 1 < k < 2,1 <1 < 3, and Myy", Mj;° €
R™ "™ Denote up = (u17~-~ ,un). Let up_; be obtained from up by excluding u,;. Define u) =

(1/N) 3, i and u=) = (1/N) 3231 s e

The costs are given by

Jo(uo,ur) = |(ug,u™ 7T yd) T 0., (C.1)
Ji(ui, o, ur, z)=|@%,uo,u YD e 1<i<N, (C2)
where y; € R", 0 < j < N are constants. The parameters (yo,--- ,yn) have been included in the

quadratic forms for convenience of applying the obtained results to Section 5.

Below we consider M%¢ = (M,Sl’e) and MFe = (M, ’6) satisfying

O(1) O(e) O(1)
M% = |0(e) O(e) 0O(1)
O(1) 0@1) 0(1)
and
[O(1) O(1) O(e) 0O(1)
yFe - |0() 0(1) Oe)  O(1)
O(e) O(e) O(e) 0O(1)
O(1) o) o) o00)

Denote MY, = M |c—o and MJ; = M| o for all k and 1.

Assumption C.1. Both M%€ and M€ are Lipschitz continuous in € € [0, € for some € > 0; M}, and
M{] are positive definite.

Definition C.1. We call (u§,---,uly) a Stackelberg-Nash equilibrium if the two conditions hold: (i)
for each 4, J;(uj, ug, up ;) < Ji(vi, ug,up, ;) for all v; € R™ (i.e., given ug, uy is a Nash equilibrium
for the followers), (ii) Jo(ug, u) < Jo(vo, up(vg)) for all vy € R™, whenever u?(vg) is a Nash
equilibrium for the N followers with vy given.

In Lemma C.2 and its proof, all terms written as O(e) may be uniquely determined using

MO, MF< yo, -, yn. Their specific forms are immaterial for our purpose of application.
Lemma C.2. Under Assumption C.1, there exists ¢* € (0,€ such that for all 0 < e¢ < €*, the
Stackelberg—Nash game (C.1)-(C.2) has a unique equilibrium with u§ and u} = (uf, -+ ,u}y) tak-
ing the following form
uy =— (M{Jl)_l[M?S - Mﬁ(Mﬂ)_1M203]yO (C.3)
+0(e)yo + O(e)y™)
=(M{7) ™ M (M) ™ [MRs — My (Mi7) ™" Mo (C4)

= (M) M{iyi + O()yi + Oe)yo + O()y™, 1 <i <N.
Proof. Slnce M{] > 0 and MII;E = O(e), there exists ¢; > 0 such that M7 > 0, det(M7 + (1 —
1/N)M[5) > 0, and det(M[5¢ — M{3°/N) > 0 for all 0 < € < ¢; and N > 2.

Step 1. For ug fixed, we check the Nash equilibrium g = (41, -+ ,ty) of the N followers by the
first order condition

0= M + M50 + M{za") + My, 1<i<N, (C.5)
for all 0 < € < ¢ and for all N > 2. From (C.5) we obtain

AN = (MY + (1= 1/N)M{5 )~ My uo + Mgy ™). (C.6)
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We further uniquely determine ;. This gives the Nash equilibrium of the followers.

Step 2. When the followers take their Nash equilibrium strategies tip in response to ug, the
leader’s cost is Jo(uo, 0F) :A|(u0T,ﬁ(N)T,yg)T 2 0. Our next step is to rewrite Jo(uo, Up) in terms
of (uo, Yo, ,yn). Denote Miy¢ = M5+ (1 —1/N)MJ3* and

I 0 0
U¢ = _(MlFl',e)_lMlFée _(Mﬁ,&)_lMﬁe 0 , MO,e _ USTMO7EU€.
0 0 I

‘We have the relation

[Ug, ﬂ(N)Ta yg]T = UC[U(J;’ y(N)Tv yg]T

The submatrices of the symmetric matrix MO = (M;Sie)lgk,lg?) satisfy
2170.€
My = MY, + O(e),
3 70,€ —
Mgi® = Mgy — Mgy (M{}) ™" M5 + Oe),
3 70,€ —
Mas = — Mgy (M)~ M} + OCe),
Mgs® = Mgy + O(e),

and the three unspecified submatrices M| ,Sl"e are O(e).

Then we have
(N)T T)T|2

Jo(uo, 0p) = |(ud,y Y0 )" 1370,

Since M{’l > 0, there exists e > 0 such that for all 0 < € < €3, we have Mﬂe > (0. For all
0 < ¢ < min(eyq, €2), the first order condition

0 =My uy + Myzy™ + Mysyo
determines the leader’s unique optimal action
. T70,ey—1 /770, 70,
ug = — (M) 1(]\/[1363/0 + Mlzey(N))y (C.7)
which can be written in the form (C.3).

Step 3. After setting ug = ug in (C.5), we obtain (uj,--- ,u}). Substituting uf in (C.7) for ug
in (C.6), we have that

w N = (M) T M (M) T M — Mgy (M)~ Mlyo
— (M) T My ™ + 0>y + O(e)yo- (C.8)

Substituting (C.7) and (C.8) into (C.5) after writing 4(~% = @™ — (1/N)i;, we have
0= (M — Mz /Ny + M{5us + Mz ™) + M5y,

which gives (C.4). O

Appendix D

This appendix provides the proofs of some lemmas used in Section 5.
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Proof of Lemma 5.7. By (67) and (96), we compute the conditional expectation in (101) to obtain
So HH(t €, Y0, 00 v ) = e (O o™T VI T R0 4 G5(1), (D.1)
where
G6(t) = e(Tr[B)(DoD§ + DEDGT /N)| + O(e)} + 4 + VTBY, Y.

The matrix M€ = (M£i€)1§k7l§3 is symmetric and satisfies

MY = Ry 4 O(e), MY = BIPY 4+ O(e),

Myi* = B{TPY + O(e),

My = BY Ay + ATE) + [(1, 10, 0, + O(e),
and the three unspecified submatrices M ]Sl are of the form O(e).

By (68), (97) and (102), we represent S in the form
St € Y/ 0" 0 v ) =l (T T oI YT TR 4 (1), (D.2)
where

((t) =e{Tx[P,(DD” + Dy DY + (N — 1)/N*)D*D*")| + O(e)}  (D.3)
+ e + VTP Y

The matrix M = (M )1<k,i<a is symmetric and satisfies

:R+O() M12 —R2+O(> M22 —R1+O()
ME;_B TP, + O(e), ML = BTP, + O(e),
M = BTP, + O(e),
ML =P A+ ATB, + [(I,— 11, —T5,0)]3 + O(e),

and the four unspecified submatrices M, ,5’6 are of the form O(e).

By the static nature of the game, the solution with costs J)' ™, 0 < k < N, in (103)-(104) is
equivalent to the solution with costs S,ivﬂ, 0 < k < N, where the actions (v°,- - ,UN> are optimized

with respect to each individual sample point w € (2.

By Lemma C.2, there exists ¢ > 0 such that for all 0 < € < €*, the Stackelberg—Nash game with
costs (D.1)-(D.2) admits a unique equilibrium (v°*, .- vN*). We further obtain (105)-(106) from
(C.3)—(C.4). O

Proof of Lemma 5.8. First of all, by Lemma 4.2 and (103) we have

T Y0, a0, a") = B(TRYY)) + 7, (D.4)
Jé\”“l(t, }/tO’ ,aO,e*, ﬁF>5*) _ ES(])V+1(t, € }/tO7 ’UO*, VF*). (D5)

Now by (D.1), we have
S(I)V+1(t,6,}/to,’l)0*,VF*) (D6)

=ev"* TRy + O(&)]v”* 4 2607 [ Mgy 0% + Moy v* V)]
+ YT PY Ag + ATPY + [(1, 1, 0)]3, + O(e)]Y
+ 260" T MYy 0" ) 4 e (DT pp0sey*(N)
+G(0)-
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By (59)-(60), we have
AoY? = AgY? + Boil? + Beal™ + Bk, (X, — X)), (D.7)
g R, = YT I(KT, 0, K3)IR, Y7, (D.8)
where B§ = [0,0, BT]T. Tt follows from (D.7) that
YT (P Ao + AJBD)YL =Y T (BYAg + AT Y)Y — 2v YT BY (D.9)
[Bod + Byl + BgE, (X, — X{V)).
Combining (D.6) and (D.9), and recalling the linear ODE (69), now we have
SNt e, Y2, 00, vI) (D.10)
=ev"*T Rov®* + 20T (Mg 0" + Mgy v* ™))
Fer?{ = LB (KD, 0, KT, +O(0) 1Y
— 2V TBY(Byi) + By + By, (X, — X))
T 2600 T MO0 () 4 (NI 0sc =(N)

+Go(1)-
By (D.10) we calculate

A = oS e YO0 V) — (YOTRRYD 4 79) (D.11)
:{UO*TROUO* . Y{:OT[[(K?» 0, KS)H%OY}O}
+ 2V 07 (MY 4+ Mo ™) — BY(Boal + Bga™M))]
+ YtOT{ - %@g + (B, —BY)/e+ O(e)}YtO
+ 200 M0 o T ) — 2 TR B (R, - %)
+ Te{[B)(Dy DT + DEDT /N)]| + O(e)} + %@ﬁ 0
5

k

*,€
AOk’
1

where each term A;;: stands for one line. Now we have

1
liirg [N YR a0, el — N, YR a0 uher)] (D.12)
€ €

=limEAJ*.
el0

Comparing (59)—(60) and (105)—(106), we have
W — 4 =R5'BIPY[0, (X, — XN, 0T + O(e)YY, (D.13)
and
vi* — 4 =RT'BTB,0,0, (X, — X™)T, 07 (D.14)
— R'RyR;'BIBO(0, (X, — X7, 0)7
+RNB - B) B,Y/} + 0(e)YY,
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where B = [BT,0,,, x3,]7. By elementary SDE estimates for (62), we find a constant Cj independent
of (N,t) such that

B[V + [0*]* + [v* 7] < Co. (D.15)

There exists ¢ > 0 such that for all € € (0, ¢g], we have
|A5] < Ca + G| VP, (D.16)

for two constants C, and C,. Moreover, A;“ converges almost surely as € | 0. By (D.12), (D.15),
(D.16), and dominated convergence, the limit in (107) exists.

By Lemma 4.1 and (D.13)—(D.15), we further obtain
Ev® — 422 < CEIXSY) — m |2 + C(e2 + 1/N), (D.17)
Ejv*™ — @M 2 < CEIX{Y) — md |2 + C(& + 1/N), (D.18)
where C' does not depend on (¢, N). Subsequently, in view of (D.8), we obtain

E|AL] < CEIXY) = mE2)Y2 + C/VN + Ce. (D.19)

By the representation of M%€ and (D.17), (D.18), and Lemma 4.1, we have
E(| 4551+ 14511 < CEIXGY —mif P]'/2 + C/VN + Ce. (D-20)

Next, by use of the ODEs of P? and #°, we have

E|Ags |+ |As| < Ce. (D.21)

Finally, (107) follows from (D.12), (D.19), (D.20) and (D.21). O
Proof of Lemma 5.9. Denote

SNt e V) (D-22)

t+e
—E { | B s T+ e Y
t

Xg] :
Then we have

IV, YR abe al alh ) = BISN Tt e, Vi, v, (D.23)
and by Lemma 4.2,

JNFL Y At al, al Tt = B(YTR YY) + 7. (D.24)

Let &(-,) be the fundamental solution matrix of the differential equation 2 = A;(t)z. Then for
s € [t,t + €], we have

Y =®(s,t)Y} +/ &(s,7)BYvidr (D.25)
t
+ / &(s,7)[DAW? + DndW? + D*dW V).
t
By (D.25), we calculate

S

t+e
E [ [ e X0 0 aas
t

X;} (D.26)
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= eV T{I(1, =11, = T2, 0)]4 + [0, K7, 0, K5)[, + O(e)}Y
+ 2ev" T {Ry[0, KY,0, K9] + O(e)} Yy
+ ' T[R4+ O(e)|V' 4 O(€).
By Lemma 4.2, R 4 o 4
V(t Tt Y;SZJre) = Y;fszﬂeIPt*FEYth«Fe + f‘tJrE'
We use (109) to calculate
E [thﬁwﬁﬁe Xf} (D.27)

=Y TBY, + VTP A (1) + AT (0P, + O(e)] Y
+ 2V TP, B + O(e)lV! + ' TO(E2)

+ ¢Te{B,[DD” + Dy DY + ((N — 1)/N*)D* D" + O(e)]}.

Now by (D.26)—(D.27), we obtain

SYH e Y ) = (T YT TR + G,

where the symmetric matrix M¢ = (]/W\}gl)lgk,l§2 satisfies
M, =R+ O(e),
M, =B, + Ry[0, K0,0, K9] + O(e),
Mg, =(Mf,)",
Mg, =P, A, + ATP; + (0, K?,0, K9)]2,
+[(I, =Ty, —I32,0)]3 + Ofe).

and

(5 (t) =eTe{P,[DDT + Dy D% + (N — 1)/N?)D*D*T + O(e)]}

+ e + VTP Y

Since R > 0, there exists € > 0 such that for all 0 < € <& R+ O(e) > 0 holds and the optimal v**

is uniquely determined by the first order condition
0= Mfl”“ + -]\/4\1623/?7
which implies (110).
Proof of Lemma 5.11. By (D.23)—(D.24), we have
INFLE Y A, a0 el Tty — JNHU(, Y al af, el
= ESN (e, Vi, v™) — B(YTR,Y] + 7).
For the v™* dependent terms in 5{\["’1, by Lemma 5.9 we obtain
[ |R + 20T (Ro[0, KT, 0, K3) + BYB)Y] = ~€r + YT O(e)YY,

where

fR = ‘(R2[0a K% 07 Kg] + B?VTI@)t)Y;iﬁ%*l'

(D.28)

(D.29)

(D.30)
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We use (D.29) to calculate

1 s o e
AT =[S (L € Y ™) = (VTR 4 7))

:%Y;fiT([@)H-E —P)Y; + %(fwe — 7t)
+Tr{P,[DD” + Dy DY, + (N — 1)/N*)D*D*" + O(e)]}
+ VI, ~ 1y, =1, 0)[3 + [(1, K7, K3, 0)]%, Y
+ VTP A (t) + AT (5P, + O(e)]Yy
— &R

Our method below is to rewrite B;’VTHA% within £r so that it can be related to the ODE of P. Let
B be specified as in (D.14). We have

BY'P, Y} = BTR,Y; + (1/N)[0,0, BT, 0|P, Y. (D.31)

. N T
Denote Y = [ X7, X7 X, ]T. By (36) and Lemma 4.3, we have
BTP,Y] =BTIJP,(J5Y + Yy — J5YY) (D.32)
=R(—[Ky, K2, K3] — R™'Ry[0, K7, K9])Y,?
o N T
+B I B, [0,0, XM — X, 0"

= — (R[K1, K>,0, K3] + Ro[0, KY, 0, K9))Y{
LT

+BTITP,[0,0, XM X, 0.
Therefore, it follows that

B8P, =(—R[K1, K»,0, K3] — Ra[0, K?,0, K3))Y;
~ ~ ~ T
+BTJIP,[0,0, XM X, 0T
+ (1/N)[0,0, BT, 0], Y}
We further use (D.31) to obtain

~ T

& =Y1Ky Ko, 0, KoY + (0,0, X" =X, 0]0(1)YY (D.33)
+(1/N)YTo)yy.
For A in (61), we rewrite
A+ BK, G+ B1K} + BK, F B, K9 + BK;
1 0 Ag + ByK? Fy ByKY
- 0 G+ B1KY + BKy A+F+BK; B1KY + BK3
0 G + B1KY + BK, 0 A+F+B1K3+B(K; + K3)
By the form of A, we have
VTP AL ()Y, =Y/ TRA()Y] — YiTP,BIKy, K,0, K3]Y} (D.34)

+ Y TO(1/N)Y;.
By (D.32), we have

~Y/TP,B[K, K>,0, K3)Y; (D.35)
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=Y/ (R[K1, K>,0,K3] + Ra[0, K9, 0, K3])T [ K1, K>, 0, K3]Y}

. =T .
+[0.0. X" X, 0oy
Now by (D.33)—(D.34) and (D.35), we have

A= %(’ﬁt-‘re — 7t)
+ Te{P,[DD” + Dy D% + (N —1)/N?)D*DT + O(e)]}
+ }/;T{%(HS)H-E —By) + PA(t) + AT (1)P,
+ [K1, K»,0, K3)T(R[K1, K»,0, K3] + R[0, KY,0, KJ])
+ (R[K1, K2,0, K3] + Ro[0, KV, 0, K§))T[K1, K3,0, K3)
+ [, =1, =1, 00 + [(1, K7, K3, 0)] %,

- [[(K17 K27 07 K3)]]2R}1/;z
~ T .
+10,0, XM _X,  0j0(1)Y;

+ (I/N)Y oY,

We check A€ and use bounded convergence as in the proof of Lemma 5.8 to show the existence of the
limit of the lemma. By the ODEs of P and 7, we obtain for a fixed constant C' such that

E|A¢| < C(e +1/N)(1 +E|Y/?) (D.36)
+ CEIXN - X2 EY )Y
From (D.28), (D.36) and Lemma 4.1, we conclude

1 S . . .
161}})1 g[Jil\/—l-l(t, Y*tz’ ﬁl, fLO, ﬁF,fz) . JiN+1(t, Y;zv ﬂz,e*, ,[LO’ ﬁF,fz)]

= O((EIXS™ — md )2 + 1/VN).

This completes the proof. O
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