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Abstract : We propose a multi-precision extension of the Quadratic Regularization (R2) algorithm
that enables it to take advantage of low-precision computations, and by extension to decrease energy
consumption during the solve. The lower the precision in which computations occur, the larger the
errors induced in the objective value and gradient, as well as in all other computations that occur in
the course of the iterations. The Multi-Precision R2 (MPR2) algorithm monitors the accumulation
of rounding errors with two aims: to provide guarantees on the result of all computations, and to
permit evaluations of the objective and its gradient in the lowest precision possible while preserving
convergence properties. MPR2’s numerical results show that single precision offers enough accuracy
for more that halve of objective evaluations and most of gradient evaluations during the algorithm’s
execution. However, MPR2 fails to converge on several problems of the test set for which double
precision does not offer enough precision to ensure the convergence conditions before reaching a first
order critical point. That is why we propose a practical version of MPR2 with relaxed conditions
which converges for almost as many problems as R2 and potentially enables to save about 50 % time
and 60% energy for objective evaluation and 50 % time and 70% energy for gradient evaluation.

Keywords: Unconstrained optimization, quadratic regularization, multi precision, rounding error
analysis



Les Cahiers du GERAD G-2023-18 — Revised 1

1 Introduction

Over the recent years, the rise of Deep Neural Networks (DNN) and the continuous increase of the
size of the networks has motivated researches to reduce the training cost. This cost includes, for
instance, the training time and the energy dissipation. A natural way to do that is to perform the
computations in low precision [25, 26], since dividing by two the number of digits roughly divide by two
the computation time and by four the energy consumption [15]. Low-precision hardware architectures
have been developed to serve the purpose of DNN fast training at lower energy cost. In this context,
it becomes possible to use several precision levels, and to extend the DNN training methods to multi-
precision.

DNN training, i.e., minimizing the loss function, is a non-linear optimization problem. Using
low-precision computations come at the price of evaluating the objective function the gradient, and
possibly higher derivative orders, with errors. Convergence of non-linear algorithms under such eval-
uation errors has received attention in the recent years. For the Trust Region (TR) methods, the
state-of-the-art reference [14] already includes the convergence conditions to inexact objective and
gradient evaluations with deterministic error bounds. These results were recently extended to the
multi-precision case in [18], which proves the convergence of TR if infinite precision evaluations can
be performed. [24] consider TR methods with deterministic error bounds, and proposes to relax the
acceptance step condition by including the error bounds. This enables to keep the TR radius large,
but the convergence only guaranteed to the neighborhood of a critical point. TR convergence is also
analyzed with probabilistic error bounds. In this context, the convergence is provided in the sense of
a probability which increases with the number of iteration. TR methods are proved to converge with
a probability 1 with exact objective function evaluation and probabilistic fully-linear model (which
includes inexact order 1 and 2 derivative evaluations) in [4, 16]. More recent works study convergence
of TR by further including probabilistic error bounds on the objective function [9, 10].

In the multi-precision context, one can assume that infinite precision is not available. That is, it
is not possible to access the exact values of the objective and its derivatives. This raises the question
of, given an optimality criterion, what level of optimality can be reached with the available precision.
The question is studied in the TR context in [7], where errors are bounded by some absolute constant.

In the recent years, regularization methods have emerged as an alternative to TR. These meth-
ods are based on local Taylor expansion models, to which is added a regularization parameters that
controls the step size [11, 12], and have the same complexity as TR methods. This complexity is
O(e72) with € the tolerance on the first order condition. Recent work extends regularization methods’
proof of convergence to inexact evaluation of objective function and gradient with deterministic and
probabilistic error bounds [5], and deterministic bounds in the context of least-squares problems [6].
In particular, [5] can be viewed as the multi-precision regularization counterpart of [18]. In [17], a
composite problem incorporating a non-smooth term in the objective function is considered with de-
terministic error bounds on objective and gradient evaluations and shows that the complexity becomes
O(|log(e)|e~2) for this class of problems.

In the context of multiple precision computations, mentioned in the first paragraph, considering
only objective function and gradient (and possibly further derivative orders) is not enough to ensure
convergence. Indeed, running an algorithm with finite precision computations, and in particular with
(very) low-precision computations, implies that any computed value is inexact. The purpose of this
paper is to propose a comprehensive convergence analysis of a multi-precision algorithm based on
first order regularization methods, MPR2, by taking into account all the possible sources of error
due to finite precision computations. To the best of the author’s knowledge, such a study has not
been proposed for non-linear methods. Note that [7] and [18] studied multi-precision extension of TR
algorithm but only consider inexact evaluations of the objective function and its derivative. In the
present paper, we also consider the effect of finite-precision arithmetic on operations carried out at
each iteration of an algorithm, and that compound evaluation errors on the objective and its gradient.
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More generally, our aim is to point out certain pitfalls of low-precision computations, and provide a
method with guaranteed accuracy.

This paper is organized as follows. Section 2 introduces the problem we are aiming to solve, how
the inexact evaluations of the objective function and gradient are modelled and the R2 algorithm in
this context of inexact evaluations. Section 3 introduces Floating Points (FP) computations. It lists
the sources of errors induced by finite precision computations occurring in R2 and provides bounds
on these errors. Section 4.1 presents MPR2, the multi-precision variant of R2 that takes all the errors
listed in Section 3 into account. Section 5 shows the numerical results obtain with MPR2. Section 6
recaps the results presented in this paper and devises on future research directions. Finally, the proof
of convergence of MPR2 is given in Appendix A.

2 Problem statement and background

We consider the problem

min f(2), 1)

with f : R™ — R continuously differentiable. We assume that evaluations and computations are
performed in finite precision, and that a set of FP systems is available. For example, modern hardware
may offer access to half, single and double precision units. As a consequence, it is not possible to
evaluate f nor Vf exactly, but only finite precision approximations, denoted f and g. For more
generality, we assume that models w; and w, of the evaluation errors are provided as functions of x:

~

[f(z) = f(@)] Swjp(z), V() = g(@)]| < wg()lg(2)], (2)

for all x € R™. Note that wy and wy can account for any kind of evaluation errors such as, for example,
gradient approximation in a derivative-free context, and are not limited to finite precision computation
errors.

We make the following assumption.
Assumption 1. There exists L > 0 such that ||V f(z) — Vf(y)| < L||x — y|| for all z, y € R™.

The quadratic regularization method [3], called here R2, is based on the first-order model
T(x,s) = f(x) + Vf(z)Ts. (3)

Under Assumption 1 [§],
[f(z+5) = T(z,5)] < 5L]s|*. (4)

Since f and Vf(x) cannot be computed exactly, neither can 7. We must rely instead on the
approximate Taylor series

~

T(x,s) = f(z) + g(2)"s. (5)

The regularized approximate Taylor series,
m(z,s) =T(z,s) + 50| ], (6)

is used as local model in the algorithm, where ¢ > 0 is the regularization parameter that controls the
step size. At each iteration, the step is chosen as the minimizer of the local model:

s < org iy i) = { =300} ™)

Algorithm 1 is an adaptation of the standard R2 algorithm that takes objective and gradient errors
into account. It is proved to converge to a first order critical point [5] under the assumption that
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all other computations in the algorithm are performed in exact arithmetic. In the algorithm we use
wg (k) < Ky, to control the error on gradient evaluation instead of wq(zx) < 1/0%, which is employed
in [5]. Doing so avoids demanding excessive accuracy on the gradient when oy, is large.

The stopping condition in Step 1 of Algorithm 1 ensures that ||V f(zy)|| < € while taking the error
on the gradient evaluation into account. In Step 2, if the convergence condition wy(zx) < K, is not
satisfied, the evaluation precision on the gradient is increased and the gradient is recomputed with a
smaller wy(xy) in Step 1. In Step 3, a suitable evaluation precision for the objective function must be
chosen such that w¢(xy) and wy(cy) are lower than noAT to ensure convergence.

Algorithm 1 Quadratic regularization algorithm with inexact evaluations

Step 0: Initialization: Choose an initial point g € R™, initial o9 > 0, minimal value op,;, > 0 for o, final gradient
tolerance € > 0, and constants

0<m<m<l, 0<m<1<y2<7s m<in, no+sku<3(1—n2). (8)

Set k = 0, compute fo = f(xo). Select a precision level for gradient evaluation.
Step 1: Check for termination: If ¥ = 0 or pp_; > m (previous iteration successful), compute gr = g(xg).

Terminate if .
)

< .
llgrll < T+ g (o)

Step 2: Step calculation: Compute sy = —gi /0.

If wy(xy) > Ky, increase gradient evaluation precision and go to Step 1.

Compute ¢ = x + Sk N

Compute predicted reduction ATy := T(xy,s) — f(ar) = ggsk.

Step 3: Evaluate the objective function: Choose the objective function evaluation precision such that wy(zy) <
noATy, and wy(ck) < Mo ATy

Compute f, = f(cr) and recompute fj, = f(mk) if evaluation precision different that f(ck,l).
Step 4: Acceptance of the trial point: Define the ratio

fo— fF
=5 10
Pk AT, (10)
If pr, > M1, set xp1 = ¢k, fot1 = f,:' Otherwise, set Tp+1 = Ty frt1 = fk-
Step 5: Regularization parameter update:
[max(omin, Y10%), 0% if pr > 02
Okt1 € 4 [on, 120%] if pi; € [11,72) (11)

[v20k, ¥30k] if pp < 1.

Increment k < k + 1, and go to Step 1.

3 Finite precision preliminaries

Finite precision computations induce not only inexact evaluations of the objective function and the
gradient, but also other errors that must be taken into account. In this section, the sources of errors
due to finite precision computations are analyzed. Mechanisms are added to Algorithm 1 to ensure
the convergence in spite of these errors. Algorithm 2, introduced later in Section 4.1, is the adapted
version of Algorithm 1 robust to finite precision errors.

3.1 IEEE 754 norm and dot product error

Let I denote a FP system in base 2 with mantissa of length p. The machine epsilon is ey := 2177, If
the rounding strategy is round-to-nearest, the unit round-off is u := 27P = %eM. Forz e R, fl(z) € F
is the representation of x in F. Provided no overflow occurs when representing x, fl(x) = z(1 + ¢)
where |0] < u. The IEEE standard [2] requires that arithmetic operations produce a result such that

ﬂ(:L‘ op y):(m op y)(1+6)7 |5| <u, OpE{—i—,—,X,/}, z,y €. (12)

We make the following assumption.
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Assumption 2. Finite precision computations comply with the IEEE 754 norm, underflow and overflow
do not occur during algorithm execution and the rounding mode is round to nearest (RN).

Successions of n arithmetic operations incur multiple errors of the form 1+ ¢; each, with |6;| < w.
The notation used to study rounding error propagation is that of [19]:

n

[[a+6)= =@+0,), 6n] <&, (13)

i
where several expressions for &,, summarized in Table 1, were given over time. Bounds such as (13)
can be overly pessimistic because they account for the worst-case propagation of errors.

Table 1: Formulas for &, from the literature.

¢ nu nu
nu
" 1—nu 1—nu/2

Reference [19] [13] [20]

One particular use of &, is to bound the error on the computation of the dot product of x and
y € R™ [19]:
[f(aTy) — 2Tyl < &l Ty, (14)

where |z| is the vector whose components are the absolute values of those of .

We make the following further assumption.

Assumption 3. The unit roundoff of the lowest precision FP format w4, is such that &,10 = (n +
2)Upmaz < 1.

Assumption 3 is necessary to ensure the convergence of the multi-precision extension of Algorithm 1,
and constrains the size of the problems that we consider in a given a FP format. For example,
u = O(1078) for single precision, which limits the size of the problem to n = O(10%) with the least
pessimistic bound &,, = nu of Table 1.

3.2 Notation and conventions

Throughout, we use the following notation. The reader can refer to [19] for the notions related to
rounding error accumulations.

1. We denote IT = {1,...,Tmax the set of indices of available FP formats. We assume that II is
ordered by decreasing unit round-off of the corresponding FP formats. For example, IT = {1, 2, 3}
corresponds to {Float16, Float32, Float64}.

2. ¢ denotes a rounding error. An index is added if there is a need to keep track of a particular
rounding error or to clarify the calculations. However, because we mostly focus on error bound

[0] < u, there is often no need to keep track of particular rounding error and we abusively drop
c c 146

= 6 1
(a+b)(1+5)) atb1+o "
employed to denotes two different rounding error bounded as |§| < u. Therefore,

c 146
a+bl+6

c 1+4
a+bl+06

(a+b)/c(1+ 03) with |f2] < 2u. There
is no need here to know which § corresponds to + or / operators to perform the rounding error
analysis.

3. FP numbers are denoted with a hat, 7 € IF.

4. The notation tilde is used to denote a quantity that includes a rounding error. For example
AZ+79) =@+ (1+6) =2+7y withz =Z(1+ ) and g = y(1 + ). Note that in general,

the index. For example, in the analysis fl(¢/fl(a + b)) = fI(

¢/(a + b) but we write, following (13),
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5. 6, models any rounding error propagation as in (13).

6. ¥, denotes a real number bounded as |¢,,| < &,. It is important to note that 1, is not the result
of accumulated rounding errors and is not expressed as 6,,. As a consequence, (1+6,)(1+4) =
(14 6,41) but (1 +9,)(1+9) # (L + Yng1)-

7. 7r£ ’ denotes the index of the FP format used to evaluate fat Ck, and 7'(']{ the one used to evaluate
[ at Tj. Similarly, 7} denotes the index of the FP format used to evaluate g.

8. ¢ denotes the index of the FP format of the current incumbent Zy, and 7f, the index of the FP
format of the candidate ¢y.

9. We use the notation fl(z) when the FP system in which we wish to represent x is obvious from
the context. Wherever it may be ambiguous, we write fl(z, ), where 7 € II.
10. u§ denotes the unit round-off related to the FP format corresponding to nf, and uj the unit
round-off related to the FP format corresponding to 7.

11. Upmae (respectively ;) denotes the largest (resp. the smallest) unit roundoff among the avail-
able FP formats, i.e., that associated with the lowest (resp. the highest) precision.

12. &, ay, and 3, (introduced later) are quantities that depend on the unit roundoff and accounts
for rounding error of dot product and norm computations with finite precision. Since several FP
formats are dealt with, the unit roundoff might be added as an argument to avoid confusion. For
example, we denote &, (u}) the quantity &, defined with the unit roundoff corresponding to the
FP format of 7.

13. Given a vector T € F™, we denote abusively,
T(1+0,) = @1(1+062), -, 2n(1+ 5T, 26, = (T16sy- -, Tndz)T, (15)

and vice-versa, where the same d,, is “broadcast” to every components of . This abusive notation
is also extended to 4, 0,, and ¥,,.

Multi-format operations: When performing computations with FP numbers in different formats, we
assume that the operands are implicitly cast into the highest precision format among theirs and then
the operation is performed. The resulting FP number is therefore represented in this last format and
the rounding errors are bounded by its unit round-off. For example, if Z, is a vector of Float32 elements
and 5 a vector of Float64 elements, the computation of ¢ := fl(Z) + S) first consists in casting each
element of Zj, to Float64 and then performing the addition, which results in (Zx + 5x)(1 + ), i.e., a
vector of Float64 elements where § is bounded by the unit round-off of Float64. The implicit casting
into another FP format of the arguments is done only in the context of the operation, Tj still has
Float32 format after computing ¢ in the above example.

Representation of 5;: We assume that 6 := fl(oy) is representable exactly in any of the available
FP formats. This can be achieved by setting o to a power of 2 and making sure that o) is multiplied
by a power of 2 (positive of negative) at Step 5 of Algorithm 2. In this way, we can safely ignore the
FP format of o, and we assume that the FP format of 5 is that of g, when computed at Step 2, as
indicated in Table 2.

Forbidden evaluations: Evaluating f at 7y is forbidden if #¥ > 77,]: , as that would imply casting
Tk to a lower precision format. A rounding error would hence occur, and f would be evaluated at
Zr(1+9) instead of Zx. In order to keep the proof of convergence theoretically sound, such evaluation
is forbidden. If 7 < 7r£ , casting induces no rounding error. As for multi-format operations, casting
is implicit and the FP format of the argument of fremains the same before and after the evaluation
of f. The index of the FP format of the returned value by the evaluation of f is 7T]J; . All the above
applies to g similarly. Since the format index of §j is 7, it follows that 7{ > #¥ for all k, and the
elements of Zj, + §j, are in a FP format with index 77, as indicated in Table 2.
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Defined values: We assume that some values in Algorithm 2 are defined, that is, “computed” in exact
arithmetic. These values are pg, ¢, &n, Bn, Hi, and uj, which is why those quantities are denoted
without a hat. Computing those values involve few operations, and therefore few rounding errors. In
practice, they can be computed in high precision cheaply, which may be assimilated to exact arithmetic
for the present purposes.

Table 2 summarizes what are the indices of the FP formats of the values returned by operations
and evaluations of f and g. Table 3 is limited to three FP formats but can be extended to any number
of formats. Table 4 summarizes the indices of the FP formats of the computed values.

Table 2: Indices of FP format of values returned by opera- Table 3: Indices of FP format of values returned by evalua-
tions. — denotes an operation not occurring in Algorithm 2. tion of f and g. A blank denotes a forbidden evaluation.

Fo = ~ +
+’/7fzg Tk 9k 71'}: /ﬂ'g

Sk T — 1 2 3
Ok — ™ 1 1 2 3
/2 2 3
T 3 3

Table 4: Indices of FP format of the computed values in Algorithm 2.
Tp 5k Gk fr A gr ATy A(@kl)  AUSED gkl ¢w

+ +

T A A G R B S . T

3.3 Inexact step and Backward-Error Taylor series

When computing the step 5 at iteration & in finite precision arithmetic (Step 1 of Algorithm 1),
rounding errors occur and $ is not in the direction g = g(Zx) but instead in a direction g that
includes those rounding errors. Indeed,

N 1 .. 1
Sk = A(—=gk) = —=gr, (16)
Ok Ok
with
Ge=0r®((1461),...,(04+3,)), (17)

where ©® is the element-wise multiplication operator.

Note that following the remarks of Section 3.2, the FP format index of gj is 7} since gj results
from the evaluation of g, and 7 is also the FP format of §j, since we assume that oy, is representable
in any FP format (see Table 4).

Lemma 1. For all k, ||, — il < uf |Gl and ] > gl (1 — u).

Proof. Denote g, = (4}, ...,9¢) and gk = (g3, -..,gy). We have from (17)
19 = gll® = D@ — k(1 +6))° < > (wf)*@)* = (u)*[ge]®,
i=1 i=1
which proves the first inequality. Similarly, because —u < § <u = (1—u)? < (1+4)? < (14u)?, (17)

implies
n

19l1* = D (@ (1 +6:))* = (1= u)?|[gull*. B

i=1

We define the Backward Error Taylor series (BET) as

~ —~

T (@, s) = f(@k) +9"s. (18)
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The terminology “backward error” [19] refers to the fact that g includes the backward error due to
the finite precision computation of 5. The BET series, being defined with g7 the direction of the
computed step 5, has to be considered in place of T to prove the convergence of MPR2.

Because ¢ is unknown, so is T. However, as Lemma 2 states, computing the decrease ﬁ“k in the
approximate Taylor series T' with finite precision arithmetic provides the decrease AT, in the unknown
BET series with a relative error.

Lemma 2. Let ATy, := i (T(%,0) — T(Z, %)) and ATy, := T(&y,0) — T(Zy, 35). Then,
g% 12

ATy = ATp(1+ Uny1) = —GL80(1 + 9pp1) = =

(1+¥Ypt1) (19)
with [U541] < &ng1(uf). Furthermore, ATk > 0.

Proof. Using (16), (17) and the fact that o is representable exactly, one has [19],

AT = (=55 = =8 @/ +00), . G /(1 +02))" (Gu/50))
@ @) @2 0+ 0
R ST A R (e R () (20)
:(§:2(1+9n+1) (f:2(1+9n+1) +(g2k)2( + 03).

According to (13), the absolute value of each perturbation term 6 in the sum above is bounded by
&nt1. Since o > 0 and we assume §,41 < 1, wehave 1 =&, 41 <140; <14+, forj=3,...,n+1.
It follows that, on the one hand,

7 @

o n\2
5z B0+ B0 - g 4o B

(1 = &nta(uf))

1 - 21
> =Gl (0= i (u) 1)
> GL5k(1 = &nga(ul)),
and on the other hand, -
ATy, < G181+ &npa (uf). (22)
Therefore, one has
Tl — € (u])) < ATy < GFSH(1+ Engr (u), (23)
which proves that there exists 0,41 such that [9,41| < &,41(u) satisfying
AT = =G5 (1 4 Uny1). (24)
Since S, = —gi, /0, one has —gi 5 = ||gx||?/5k and,
e AL
T = 351+ 0) = 2 h 40,00, (25)

which establishes the first statement of the lemma.

Assumption 3 ensures that 1 +9,41 > 1 — §n+1(ui) > 0. As a consequence,

<5 _ laxl? lgel? g
BT = M (1 900) 2 22 (1= () 2 0 0

Uk:
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Although 9,41 (u) is bounded by &,41, it is not, strictly speaking, the result of rounding error
propagation since it is not expressed as in (13). Rather, it represents the relative error between the
decrease of the BET series AT, and the computed value of the truncated Taylor series decrease AT'.

In order to streamline notation, we denote a,, an upper bound on 1/(1 + 9J,,41) defined as,

1 1
o (Ud) = > > 0. 26
1) =5 —&up1(uf) T 1+ n (26)

1
Note that Assumption 3 ensures that «,, is well-defined and that —— > 0.

14+ 9p41
3.4 Actual candidate and search direction
With finite precision computations, the computed candidate is
Cr = (T +5k) = @k + %) (L+67) = Zp + (6, T + (1 +6;7)3k), (27)

with |6, < uf (see Section 3.2 for details). As a consequence, the computed step 3, is not the actual
step. The actual step is Zy0; + S,(1 + J;), and therefore the actual search direction is not —gj, but
ox(Ck—7kK) = —gr(1 —|—(5,':) —|—3k§5k6,‘:. Figure 1 illustrates how rounding errors due to step and candidate
computation affect the computation of the candidate cj.

9

Figure 1: Difference between the exact candidate c;, and the computed candidate ¢j.

In (27), following the remarks of Section 3.2, the index of the FP format of ¢ is . We implement
a mechanism that casts ¢ into a FP format of index 7§, which can be chosen freely. This enables to
lower the precision of the FP format of ¢, and therefore those for fand g. Indeed, fand g cannot be
evaluated at Zj, or ¢ in a FP format index lower than 7§ or 7j, respectively (see forbidden evaluations
in Section 3.2), and Zyy1 = ¢ if iteration k is successful. This mechanism is necessary to allow the
precision for the evaluation of f and g to decrease over the iterations. The extra cast of ¢ is not
represented in Figure 1 for simplicity.

Casting ¢}, into 7, < 7{ induces the additional rounding error
A(Ch, ) = k(1 +05) = @k + k) (14 6;7) (1 + 65) = (Tk + 3) (1 + ), (28)

with |67 | < uf and,
=07 + 05 + 6. 0% (29)

In the following, we consider 0, as a single virtual rounding error that is bounded by,

wy, = uj + uj, + ujug. (30)
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Note that if 7§ > 77, no rounding error due to the casting of ¢, occurs and one simply has §;, = 6,;"

I .,9
and uy, = uy,.

From (28), we define the actual step as,
5y := 8k(1 4 03) + Tkdy, (31)
which satisfies (¢, 7f) = Zr + s{. The actual search direction is

G = G (32)

Since we have no relationship between gj and Zj, we do not have a relationship between 57 and
gr as we did in the previous section with g and gp. In order to deal with the inexact candidate
computation, we introduce ¢, as,

17|

el

< ¢r. (33)

Lemma 3 provides an upper bound on ||s¢|| in terms of ||s;|| by taking advantage of ¢, enabling us
to get rid of Zx in the expression that will prove useful later for the convergence analysis of MPR2.

Lemma 3. For all k£ > 0,

5% 0 < I13% (1 + Ax), (34)
with
A = u;((bk + 1)7 (35)

where uj, is defined in (30).

Proof. We combine (31), the triangle inequality and (33), and obtain

1551 = 135 (1 + 85,) + Zd]
< I8kl (1 + 85) + (|27
< |18kl (L +u) + [Ty,
< |18kl (L +u) + oI5k llui
= [[Sk[I(L + Ax). O

If ¢y, is large, 70}, is not negligible compared to §j and the difference between —gj, and the actual
search direction can be large (see Figure 1). If ¢y is too large, convergence of the finite precision
quadratic regularization algorithm cannot be ensured because there is no guarantee that the actual
search direction —gj is a descent direction.

3.5 Inexact norm computation

In Algorithm 2, it is necessary to compute ||gk||, ||sk| and ||Zx]|. Due to rounding errors, norm
computations are inexact. Lemma 4 states an upper bound on the error on norm computation,
assuming that the computation of the norm is done in the same FP format as the argument.

Lemma 4. Let Assumption 3, be satisfied. The error on the computation of the norm of z € " in
finite precision is bounded as

[ = [1Z[ < A2 [1)Bn+2 (uF), (36)

where 3, 2(uf) := max (|y/1 — &upa(uf) — 1|, [\/1 + &upa(uf) — 1)), and Buia(uf) < 1.



Les Cahiers du GERAD G-2023-18 — Revised 10

Proof. The error on the dot product computation can be modeled as [19],

A@"2) =271+ 0" + ) _z7(1+06) (37)

=2

As a consequence, there exists 1,, such that
AZ)?) = 1Z]2(1 + 0n),  [On] < Enluf)- (38)

Since the square root computation is exactly rounded [2], V§ € F, fi(v/§) = V4(1 + §) and it follows
that
AGA([Z]12) = vadz]*) (1 + 6)
= VIZ|*(A +9n)(1 +6) (39)
= [1Z]Iv/ (1 +9n)(1 4 6)2.

Furthermore, because &, = nu,
(1 +95)(1+6)% < (1 +&(up)(1 + &(uf))
=1+ (n+2)uf + 2n(uf)?
= 1+ &nra(uf) + 2n(uf).

(40)

Since u < 1, 2nu? = o((n + 2)u) and we ignore this last term. As a consequence, there exists 9,12

such that,
A(VAIZ117) = IZllv1 4 Ona. (41)

Due to Assumption 3, f(y/f1(]|Z]|?)) > 0. Therefore,
A8z = 121 = Az [1 = 1+ Inyel (42)
and since |1 — /14 9y 42| < max (|1 — /1 = &uia(uf)], [1 — /1 + Eny2(uf)|), we finally have,

(I — ]| < A(13]) max <|1 1= a1 = /1 + nralud) ) . 0

4 Multi-precision algorithm

4.1 Algorithm description

Algorithm 2 is an adaptation of Algorithm 1 that implements strategies to deal with the errors due to
finite precision computations details in Section 3.

At the initialization step, there is no modification on how the parameters should be chosen. The
only change is that the initial FP format 7 of the candidate must be chosen.

At Step 1, the factor 1/(1 + Bn42(uj)) is added in Condition (44) to take into account the error
due to norm computation of the approximated gradient gj (see Lemma 4). The new condition ensures
IV f(xr)|| < e despite the gradient evaluation and norm computation errors,

V@Il < IVF(@k) — grll + 19kl
< 21 + ng@c)g (Hgxll = adlige DI + fllgxl))
< T

1+ wg(Z5)) (1 + Brr2(uf)) A(l[gx)-

Step 2 consists in evaluating the gradient and computing the step with appropriate accuracy, and
is given by Algorithm 3. The convergence condition wy(zr) < k, in Algorithm 1 becomes pp < K. i
accounts for the error on gradient evaluation, and the errors due to finite precision computations. The



Les Cahiers du GERAD G-2023-18 — Revised 11

Algorithm 2 MPR2 : Multi-precision quadratic regularization algorithm

Step 0: Initialization: Initial point Ty, initial value oy, minimal value i, for &, final gradient accuracy e, formula
for £&,. Constant values 1o, 71, 72, 71, 72, 73, £u such that,

1 Kp 1
0<m<m<1l 0<m<1<n<ys, m0<gm mo+— <5(1-mn2) (43)

Set k = 0, compute ﬁ) = f(z‘o), select ﬂg and 7§.
Step 1: Check for termination: If ¥ = 0 or pp_; > m1 (previous iteration successful), compute g = g(ZTk).

Compute [[Gx]| = f1(|Gk ). Terminate if

— 1 €

gkl < — (44
10kl < e T+ we@n) :
Step 2: Step calculation (Algorithm 3)
+
Step 3: Evaluate the objective function: Choose 7r£ > 7}, such that
wy (@) < noATy. (45)
Compute f,j = f(?k) Terminates if no such precision is available.
— + —~
If wg(Zy) > no ATy, choose ﬂ,’: > Tr{:_l as new format index for f such that
wy (@) < ATy (46)
Re-compute f, = f(fc\k) with 7r£ . Terminates if no such precision is available.
Step 4: Acceptance of the trial point: Define the ratio
Fe—F
pr = ="t (47)
ATy,
If pi; > m1, then Tp41 =y, fk+1 = f;r Otherwise, set T41 = Tk, fk+1 = ﬂ
Select wi+1 > mp, select 7.
Step 5: Regularization parameter update:
[max(Gmin, Y15k),0k]  if pr > 12
Or+1 € § [k, 720%] if pi, € [m1,72) (48)

[v20k, ¥30k] if p <m
k=k-+1, go to Step 1.

coefficient ¢y, takes into account the norm computation errors that occur when computing $k7 and is
a guaranteed upper bound on the ratio |Zx||/||Sk]|. Indeed, due to the norm computation error (see

Subsection Section 3.5),
[Zell _ AC1Zk[) L+ Brra(u)
I8kl = A0Skl 1 = Brsa(uf)

Since the format of fi(||Z,|) is 7 and the one of i(||S,||) is 77, and 7{ > 7 (see introductory remarks),
it follows that,

z ()| 1+ 8, z

5l g (MIED) 1 g L+ Bl

I3kl A()Isk ) 1 — Brya(uy) (51)

(50)

1+ 5n+2 (U’i)
1- ﬁn+2 (uZ)
The coefficient ), corresponds to the virtual rounding errors accounting for inexact computation of
¢, and the casting of ¢ into a lower FP format. By lowering the FP format precision, one enables to
evaluate the objective at iteration k or the gradient at iteration k + 1 (if k is successful: g1 = ¢)
with a lower FP format (see details in Subsection Section 3.4).

= b

The coefficient py in Algorithm 3 aggregates most of the errors due to finite precision computation
listed in Section 3, and is the counterpart of wy in Algorithm 1. The coefficient &,41 and ;41 account
for the inexact approximated model decrease (see Subsection 3.3). The coefficient Ag, given in (35),
includes ¢y, the upper bound on ||Zx||/||Sk|| and takes into account the inexact candidate computation
explained in Section 3.4. The denominator 1 —uj account for the difference in norm between g(z) and
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Algorithm 3 Step 2: Step calculation

Compute 5, = 1(gx /Tk).
Compute ¢y, = A(|[Zk ||/[I5k]))-
Define ¢, = (Ekw
1- 5n+2(ui)
Define uj, = uz +uf + uZuE

(1+u).

Define
. nt1(u)wg (T) (1 4+ Ar) + ant1 (W) M 4 uf + Ent1(u])ant1(uf) (52)
k 1-— u‘z '
If
b < Ky (53)

is not satisfied: increase Wg and go to Step 1 (at “compute gi” step) or increase 7§, and redefine v} and py.

Terminate if no available FP formats (¢, Tr]‘z) ensure the inequality.
Compute ¢ = fi(Zy, + 8) and cast ¢y into the format of index =,.

Compute approximated Taylor series decrease ﬁk = ﬂ(_?]\g?k)

gk (see Lemma 6). Note that if we assume that the computations are done with infinite precision, i.e.
uj, = uj = 0, one has y, = w(T)) and retrieve the condition in Algorithm 1. As such, all the errors due
to finite precision computations aggregated in uj can simply be interpreted as noise on the gradient
degrading the search direction. The condition p; < k, ensures the convergence of Algorithm 2. If
Wi > Ky, one can lower py by decreasing 7y, and by extension lower u), and therefore p5. The second
option is to lower 7y and to recompute the gradient at Step 1 with a higher precision in order to lower
wg (Tg)-

Step 3 remains similar in Algorithm 1. A stopping criterion is added if the needed objective
function evaluation accuracy cannot be achieved with the provided FP formats. This criterion is
needed to ensure the convergence.

At Step 4, the only modification is the selection of the FP format for the gradient evaluation at
the next step, and the FP format of the candidate. Step 5 remains the same, since we suppose that
no rounding errors occur when computing 1.

4.2 Note on p;

As indicated in Section 3.2, we assume that pj is defined in Algorithm 2, that is, pj is computed
with infinite precision. This assumption is reasonable if a FP format with a precision higher than the
formats used in Algorithm 2 is used to compute pi. However, if such precision is not available, it is
critical to take into account the rounding errors occurring when computing py. Indeed, if fk and f,j
are large and close to each other, a “catastrophic cancellation” might occur at the numerator, and the
value computed for py is not relevant.

The rounding error occurring is such that,
o <f+ - f:) 040 — Fr(1+0)?
k = =

ATy, ATy,

: (54)

with delta bounded as 6] < uf = min(ui,uiil,ui). The error between the exact value of f and

fr(1+6)% can be bounded as,

f@k) = i1+ 02)] < [F@r) = ful + 1 fr = Fo(1 + 62)] < wy (@) + Frba(uf), (55)
and similarly, R R
[F(@r) = fif 1+ 0)°] < wyp(@r) + |f 1€2(uf). (56)

Therefore, the inexact computation of p; can be taken into account by adapting the conditions at
Step 3 as, R - ~ -
wy(@k) + E2(up)lful <moATk,  wp(@r) + E(up)lfiT| < noATr. (57)
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4.3 Complexity analysis and level of optimality

In order to analyse the complexity, we assume that f is lower bounded.

Assumption 4. There exists f,,, such that,

Ve € R™, f(2) > fiow- (58)

We also assume that no underflow or overflow occur during the execution. Our implementation of
Algorithm 2, briefly detailed in Section 5, includes many safeguards to avoid underflow and overflow.

Assumption 5. There is no underflow or overflow occurring during the execution Algorithm 2.

The complexity of Algorithm 2 is given by Theorem 1, whose proof is in Appendix A. We obtain
the classical worst-case complexity of O(e~2). Note that the rounding errors due to finite precision are
taken into account in kg, and indirectly in x, as an upper bound on fi.

Theorem 1. Let Assumptions 1 to 5 be satisfied. If the stopping conditions at Steps 2 and 3 are not
met, Algorithm 2 needs at most

672l€s(f($0) - flow)7 (59)

successful iterations, with

s =

(1 + ﬁn+2(umaz) 1 + "iu )2 Omax (60)
1-—- ﬂn+2 (umam) 1-— Umaz (7]1 - 2770)(1 - gn-‘rl(umax)) ’

and at most

_2I€ z0) — | log(’}/l )| 1 o Omax
gt = o) (14 g + e (57 o

iterations to provide an iterate Ty, such that |V f(Zy)| < €, with opax given in Lemma 8.

Note that Theorem 1 is limited to the case where sufficient precision is available so that condi-
tions (45), (46) and (53) can always be satisfied until the given first order criterion is reached. Such
precision might not be available, which raises the question of what level of optimality can be achieved.
Doing so requires to make some assumptions on the absolute evaluation errors on objective and gra-
dient [7].

Assumption 6. There exist absolute bounds v¢ on objective and vy on gradient evaluation errors :
vk > 0,

~

[f @) = f@e)l S vp, [IVF(@R) = 9(@0) | < [[9(Z5) [lwg (Zk) < vg. (62)

Theorem 2 provides upper bound on the optimality criterion, based on the results provided by
Theorem 1.

Theorem 2. Let Assumptions 1 to 3, 5 and 6 be satisfied. If Algorithm 2 stops because (53) is not
satisfied, then

. (1+ g () (1 + Ar)
P\ @ = ) = s (W) A — 0+ G () v ()

) > V@I (63)

If Algorithm 2 stops because either (45) or (46) is not satisfied, then

L+ Ky V1o =
T et ety > 1V &)

Proof. Consider first the case where Algorithm 2 stops because (53) fails. In this case,

i1 ) — 2 () — ] G (v ()
ng1(ud) (14 Ag)

wg(f;c) >
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Multiplying by ||g(Zk)|| both sides, and using Assumption 6, we obtain

pue (1 — ) — o1 (W) A — uf + o1 (ug) an (ugy)

>
o o1 (u]) (1 + Ap)

19(@k)|l- (66)
Assumption 6 with triangle inequality further yields ||g(Zx)|| > ||V.f(Tk)|| — vg. Injecting this last
inequality into (66) yields the first statement of the theorem.

Consider now the where Algorithm 2 stops at iteration k because (46) fails. The same reasoning
applies if (45) fails, it suffices to replace xy by ¢k in the rest of the proof. If (46) fails, we have,

|f(zx) — Flar)| > noATy = vy > noATy,. (67)
Lemma 2 yields
~ 12
vy > UO%(I + 19H+1)ﬂ (68)

and with Lemma 8, which provides an upper bound on &y, and since 9,41 < €41,

Ak o _
v > np——(1—&pp1(vd)) = > . 69
Pt (= b)) = [ T > (69)
Lemma 1 yields
VfTo ~ g
> |9k || (1 — uy.), 70
Vamxu—gnmuz)) Gk = u) (70)

and with the error bound on gradient evaluation (2)

VfTo ~ (1 —uf)
> |V F(@)]|———k 71
Vo ey > V@ e ()
Noting that k,, is an upper bound on wgy(Zy), since in the present case (53) holds, and rearranging the
inequality, we obtain the second statement. O

5 Numerical tests

MPR2 is implemented in the Julia MultiPrecisionR2.jl package [21] as part of JuliaSmoothOptimizer
(JSO) organisation [22]. This implementation is robust to many pitfalls generated by the use of mul-
tiple FP formats and in particular low-precision, low-range FP formats (underflow, overflow, memory
allocation for z, ¢ and s, etc.). The detailed implementation of MPR2 is out of the scope of this paper,
and is not described here. The reader can refer to the MultiPrecisonR2.jl package for implementation
details.

The numerical results presented below can be reproduced from the dedicated file of the package.!
The results are obtained by running MPR2 on a standard laptop that does not support half precision
natively. Therefore, the computational effort savings presented in Section 5.3 are estimations. The
numerical results are obtained over a set of 164 unconstrained problems implemented in Optimization-
Problems.jl [22] package, with dimensions ranging from 1 to 100 variables. The FP formats employed
are half, single and double. Assumption 3 is satisfied for all the problems, with uy,.x = 1/2048 for
half precision. The tolerance on the first-order criterion is set to € = ej;(Float64)'/* ~ 1.2¢=*. The
maximum number of iteration of MPR2 is set to 20,000, and the maximum execution time is set to 15
min on a standard laptop. All the defined values are computed with quadruple precision.

Thttps://github.com/JuliaSmoothOptimizers/MultiPrecisionR2/blob/mpr2_paper/docs/src/mpr2_numerical test.md
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5.1 Precision selection strategy

The strategy implemented for selecting the evaluation FP formats and m. are the following.

At Step 2 of Algorithm 2, the index =} is selected as nj = 7§. If pr > Kk, one can update either
7§ to decrease uj, or Ty to decrease wy(Zx) on which py, depends. The update rule is

{Wz:ﬂg—i—l if ¢ <y, (72)

ny =n) +1 otherwise,
until pg < K.

+ o~ .
At Step 3 of Algorithm 2, the index 7r,’€c for objective function evaluation at ¢ is chosen as the
index of the least accurate FP format whose unit roundoff u£ satisfies

@) - AT, uk —
wy (@) (’i)@) ’“ukil < ATy, (73)
k f

The left-hand side is a prediction of w¢(¢y) based on the assumptions that F@n) ~ f(@) — AT} and
that wy grows linearly with the unit roundoff and is proportional to f. These two assumptions are
consistent with our observations over the test set. If the convergence condition (45) is not satisfied

+
with the above selection strategy, ﬂ']]; is increased by 1 until (45) is ensured.
If it is necessary to re-evaluate f@k) to decrease wy(Zy) and enforce satisfy (46), the re-evaluation

index 7T£ is selected as the index of least accurate FP format whose unit roundoff u[ satisfies

=
u —
wy (@) —f— < ATy (74)
Ug—1

The left-hand side is a prediction of w(Zy) evaluated with u£ ~ based on the assumption that w (%)
is linearly dependent on the unit roundoff. This assumption is corroborated by our observations over
the test set of problems. If (46) is still not satisfied with the above selection strategy, 71']]: is increased
by 1 until (46) is satisfied.

4

At Step 4 of Algorithm 2, the index 7§ is chosen as ¢ = max(1, 7r}: —1). This enables to lower
the precision of the candidate and, by extension, to allow lower precision evaluation of the objective
function and the gradient (see details in Section 3.4).

5.2 Guaranteed implementation

One challenge with Algorithm 2 is that the error bounds wy and w, on objective and gradient must be
available. In the general case, obtaining analytical expression of these bounds might not be possible.
That is why the standard, or guaranteed, implementation of Algorithm 2 relies on interval arithmetic
provided by the Julialntervals.jl library [23] to compute the error bounds wy and w,. Interval arithmetic
enables to compute guaranteed bounds on the exact values (which cannot be computed in finite-
precision) of the objective and the gradient, by accounting for the worst possible case of rounding
errors accumulating during the evaluations. From these bounds, it is possible to derive w; and wy.
The results presented below are obtained with the guaranteed implementation of Algorithm 2, using
interval arithmetic.

Table 5 lists the values of the parameters of MPR2. Over the test problems, the number of
evaluations and successful evaluations are computed. An evaluation is successful if there is no need
to re-evaluate the objective or the gradient with a higher precision FP format, and gives a metric to
evaluate the precision selection strategy detailed above. Table 6 displays the number of problems for
which Algorithm 2 reaches a first order critical point (FO), reaches the maximum number of iteration
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Table 5: MPR2 parameters values

1 Y2 Y3 Mo moom2 Kp
1/2 1 2 0.05 0.1 0.7 0.2

or allowed time (MIT), and for which the convergence conditions at Step 2 and 3 are not ensured (F).
Note that 18 problems out of the 164 were ignored due to operators not supported by Julialnterval.jl
or other issues linked to this package. Table 6 also displays the percentage of evaluations performed
in a given FP format for the gradient and the objective, and the success rate for each of the FP.
The success rate is the ratio between the number of successful evaluations and the total number of
evaluations in a given format.

Table 6: Percentage of total evaluations of objective and gradient for the given FP formats

FO MIT F % of obj. eval. (success rate in %) % of grad. eval. (success rate in %)
16 bits 32 bits 64 bits 16 bits 32 bits 64 bits

137 20 7 02 (53.6) 33.8(93.4) 66 (100) 1.3(84.8) 78 (100) 20.7 (100)

The results in Table 6 show that Float64 does not offer sufficient precision for objective or gradient
evaluations to satisfy the convergence conditions at Step 2 and 3. Note that objective and gradient
evaluations reach 100 % success rate with 64 bits. Indeed, MPR2 stops when this format does not
offer enough precision (or the first order criterion is reached), and, as a consequence, every evaluations
with 64 bits is successful until MPR2 stops.

Table 6 also shows that the objective function is evaluated with more precision than the gradient.
The reason is that the error bounds provided by interval arithmetic are, to a certain extent, proportional
to the exact value. Since the gradient tends to zero over the iterations, w, decreases accordingly and
32 bits offers in most case sufficient precision. However, the value of the objective function at a critical
point is not 0 in the general case, and the convergence conditions at Step 3 requires the error on the
objective to be lower than Tloﬁk which is proportional to the square of the norm of the gradient.
As a consequence, the highest precision is employed to evaluate the objective, especially for the last
iterations where AT, is small.

16 bits evaluations are marginal. This is due to the fact that overflow often occurs, or the precision
is not sufficient for objective evaluation which can happens after only few iterations if the model
decrease gets too small (see conditions (45) and (46)). For gradient evaluation, the unit roundoff of 16
bits (1/2048) limits its use to value of ¢ lower than 2048 (see uj formula (52)). However, this value
of ¢ can be reached in few iterations, after which only small step sizes (compare to the incumbent
Zy) can ensure sufficient objective decrease.

5.3 Efficient implementation

In practice, interval evaluations are highly time consuming compared with classical evaluation, and
are prohibitive for many problems. Furthermore, it is unlikely that the error bounds computed with
interval evaluation, although guaranteed, are reliable estimates of the actual evaluation errors since
they account for the worst-case rounding error accumulation. That is why we propose r-MPR2 | a
relaxed and efficient version of Algorithm 2 that aims to increase the use of low-precision FP formats
and reach convergence to a first-order critical point based on simple evaluation error models. r-MPR2
has the following features:

e the objective and gradient errors are estimated as

~

wr(Ck) = [f(ck)2u,  wy(Th) = 2u, (75)

n
with u the corresponding unit roundoff associated to ﬂ',}: or 7y,
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e r-MPR2 does not stop if the conditions on py and wy(Zy), ws(¢x), are not met with the highest
precision FP format.

We also propose to decrease p by a factor a €]0,1] to relax the condition (53) into ap < Kk, to
assess whether even more computational effort can be saved. We compare r~MPR2 run with Float16,
Float32 and Float64 with R2, the generic single precision version of MPR2 that does not take any
finite-precision error into account, implemented in the JSOSolvers.jl package [1] run with Float64.
Both r-MPR2 and R2 use the parameters given in Table 5. For the sake of comparison, the stopping
criterion for r-MPR2 is set to ||gk|| < €, which is the one used in R2. Table 7 (resp. Table 8) displays
the number of problem solved by r—~MPR2 and R2 as well as the percentage of total objective function
(resp. gradient) evaluations over the whole set of problems in each FP format with the associated
success rate, and the estimated computational effort ratio between r-MPR2 and R2 for time and
energy. The lower the ratio, the higher the effort savings with r~MPR2 . The time and energy efforts
are estimated from the following observation: dividing the computation precision by two divides the
computation time by two and the energy consumption by four [15], e.g., evaluating the objective
function in Float16 is four times faster and requires sixteen times less energy than evaluating it in
Float64.

Table 7: Estimated computational effort saved by r~-MPR2 compared with R2 for objective evaluation.

Algo a % of obj. eval. (success rate in %) time ratio  energy ratio  pb solved(/164)
16 bits 32 bits 64 bits

R2 - - - 1.0(100) 1.0 1.0 154

r-MPR2 1.0 0.5(91.8) 45.8(>99.9) 53.6(100) 0.704 0.598 153

r-MPR2 0.1  0.8(92)  51.9(>99.9) 47.3(100) 0.636 0.523 143

r-MPR2 001 2.8(99)  58.2(>99.9) 38(100)  0.94 0.73 132

Table 8: Estimated computational effort saved by r~-MPR2 compared with R2 for gradient evaluation.

Algo a % of grad. eval. (success rate in %) time ratio  energy ratio  pb solved(/164)
16 bits 32 bits 64 bits

R2 - - - 1.0(100) 1.0 1.0 154

r-MPR2 1.0  1.1(89.7)  74.4(>99.9) 24.4(100) 0.598 0.417 153

r-MPR2 0.1 10.5(93.1)  71.9(>99.9) 17.6(100) 0.513 0.331 143

r-MPR2  0.01 14(92.8)  70.3(>99.9) 15(100)  0.65 0.405 132

From Table 7 and Table 8, it appears that r—-MPR2 enables significant time and energy savings, but
lacks robustness for a = 0.1 and a = 0.01 as fewer problems are solved. Furthermore, the proportion
of evaluations in lower FP format increases as a decreases. However, the worst (higher) time and
energy ratios are obtained with a = 0.01. This is due to the fact that r-MPR2 performs many more
objective and gradient evaluations with a = 0.01, due to overly optimistic evaluation bounds, leading
to numerical instability. The results also show that the proposed strategy for r~MPR2 has a high
success rate, therefore avoiding unnecessary re-evaluation with a higher precision FP format.

The performance profiles comparing R2 and r-MPR2 with respect to time and energy effort for
the objective and the gradient are displayed in Figure 2. The performance profiles show that r-MPR2
outperforms R2, in accordance to the results displayed in Table 7 and Table 8.

The limitation of r—=MPR2 is that it does not solve as many problems as R2 for the lowest values
of a. This is not necessarily intuitive: since r—-MPR2 can perform evaluations with Float64 just as R2
and uses the same parameters (given in Table 5), one could expect r~-MPR2 to be able to solve all the
problems that R2 solves. From what we observed on the few problems that R2 solves and r-MPR2
does not, our interpretation is that the objective function error model is too optimistic, that is, the

~

evaluation error is greater than what the model (75) estimates. This leads to computing f(Z)) and

~

f(€x) in FP formats that does not offer enough precision. As a consequence, p is not a reliable indicator
for iteration success and can falsely be estimated lower than 7; over several iterations, causing o to
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Figure 2: Performance profiles comparing R2 and Algorithm 2 with respect to time and energy effort for objective and
gradient.

~ ~
o~

increase. This is typically the case if f(Zr) > f(¢x) but f(Tr) < f(¢k), which case should be avoided
thanks to conditions (46) and (45) and reliable bounds w(Zy), wy(¢k). In certain cases, Zy, is a local
minimum for the noisy function f The iterates become “trapped” in this neighbourhood since p can
only be negative and o increases, until ¢, = Zj because of candidate computation underflow. Note
that such behaviour does happen with R2 and r-MPR2 with ¢ = 1, but not on as many problems

since employing only double precision helps avoid unreliable values of p.

One strategy to avoid this shortcoming would be to detect when the candidate is “trapped”, and
switching to a simple gradient descent, i.e., accepting all the steps and not relying on the unreliable
value of p. This however raises the question of the relevance of trying to reach a first-order point,
based on a noisy measure of the gradient, with an accuracy such that the noise level on the objective
evaluation makes it impossible to compare two close solutions.
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6 Conclusion

In this paper, we proposedMPR2 (Algorithm 2), a multi-precision adaptation of R2 algorithm. We
performed a comprehensive convergence analysis of Algorithm 2 that takes not only the objective
function and gradient evaluation errors due to FP computations, but all the rounding errors (step and
candidate computations, etc) expect for few defined variables that involve few operators. This conver-
gence analysis provided convergence conditions that takes the rounding error into account, aggregated
by the uy value.

We implemented rigorously Algorithm 2, using interval analysis to guarantee the evaluation errors
of the objective function and the gradient. The numerical tests showed that the majority of the
evaluations can be performed in Float32 on a bank of problems ranging between 1 and 100 variables,
while Floatl6 is scarcely used. It also appeared that Float64 does not offer sufficient accuracy to
guarantee the convergence of Algorithm 2 to a first order critical point.

We also proposed r-MPR2 algorithm, a version of Algorithm 2 based on relative error model for
the objective and gradient evaluation, avoiding the time-consuming use of interval evaluation. The
numerical results show that r-MPR2 enables significant computational savings compared with the
original R2 algorithm, at the cost of lower robustness.

Future work could include extending the proposed analysis to second order methods. Such an
analysis is challenging since the step is not simply computed from the gradient but from a process
minimizing a quadratic subproblem. Such process (e.g. conjugate gradient) accumulates rounding
errors that have to be taken into account.

Data availability

The results presented in this paper were obtained from the implementation of Algorithm 2 in Multi-
PrecisionR2.jl package available at https://github.com/JuliaSmoothOptimizers/MultiPrecision
R2/tree/mpr2_paper, tested over the set of unconstrained problems implemented in Optimization-
Problems.jl [22]. The results can be generated from https://github.com/JuliaSmoothOptimizers/
MultiPrecisionR2/blob/mpr2_paper/docs/src/mpr2_numerical_test.md.

A Convergence analysis: Proof

Lemma 5. For all k£ > 0,

~

|f(@x) — (@) — ATw| < 200ATy + SLISE + Ml V@) |3

TS A D) — VI @) 7
Proof. With the triangular inequality, one has,
|F@) = F@) = ATl < 1F (@) = f@0)| + |7 @) = F@0)| + @) — £@) = ATyl (77)
The termination condition at Step 3 and (2) enables to bound, we derive
f(@) = F@) = ATk| < 200ATx +|f(@) - f(@) — ATyl. (78)

By Lemma 2, the second term of the right-hand side of (78) can be bounded as,

(@) — f(er) — ATy
|f(@r) — f(@) + 51+ D) (79)
|f(@r) = f(@) + V@) 50| + 3561+ Ony1) — V()58

IA I


https://github.com/JuliaSmoothOptimizers/MultiPrecision
R2/tree/mpr2_paper
https://github.com/JuliaSmoothOptimizers/MultiPrecisionR2/blob/mpr2_paper/docs/src/mpr2_numerical_test.md
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By triangular inequality and with (27), the first term of the right-hand side of (79) can be bounded

as

)

[f(@k) = f(@) + V@) Skl < |f(@k) = f(C) + V(@) 5
+HIV (@) T8 — V f(@k) T8
With (4) one further has
[f(@k) = f(@) + VI@)TSE =TGR - F@)]
IT(3%) — f(Zk + 57|

IA
I=
=
AT
o

By triangular inequality and with (33) and (35),
IVF(@k)T8k = V(@) (@0}, + 5k(1+6;))]

16,V f (Zr)” (Zk + 52)|
< up |V f(Zr)" (T + 5)]
S u V@)l |75 + Sk

< )i
< u;\lvf@)ll (||33\ku+ Hgkﬂ)
< U%HVf(fk)H (kaSkH + |5kl
< XelIVF@e) 5%l

Injecting Inequalities (81) and (82) into (80) yields,
[f(@x) = F@) = V(@) Sk] < LIS + MV @) 155

Putting together Inequalities (78), (79) and (83) yields (76).

Lemma 6. For all £ > 0,

QJ]];:G\]C(]. + ?977,+1) — Vf(fl'\k)T/S\k

< “i + §n+1(uz)0‘n+l(UZ) + O‘n-&-l(ui)“-’g(a«"\k)
AT},

= g
1—uy

Proof. With Lemma 2 and triangular inequality,

G5k (1+ Ony1) — Vf(TR) Sk
ATy

_ LSk + Ong1) — V(@) Sk
o MgklP/aR( 4 D)
96 (1 + Ony1) = V(@) |I5k]

19k112/% (1 + Fnt1)

Note that in (85), we implicitly use the equality

T+ V1) = G © (L+ Pty Pngn))” B
and with the abusive notation gr ® (1 +Jp41,...,9n1)7 rewrites g (1 + 9pi1).

Recalling that ||Sk|| = ||gk||/k, we further derive from (85),
G 51+ 0ni1) = V@) S| _ 1961+ Pni1) = V(@]
ATk B " ||§k||(1 + ﬁn/—\i—l) =N =N
19k (L + Fns1) =Gl | lge — V@)l
9[I(1 + Vny1) 19.[1(1 + Pny1)

(80)

(82)

(87)

With the triangular inequality, Lemma 1 and the bound (26), the first term of the right-hand side

of (87) can be bounded as,

Hﬁk(l + 19n+1) - /g\kH _ ||§k(1 + 19n+1) 9 — gr(1 + 19n+1) +gr(1+ 19n+1)||
9% [1(1 + Fpy1) N Igrll(1 + Fpi1) R
Ing(1+19n+1) (L + Do)l | Nge(1+ Fnt1) — Gl
l|gx (1 + n+1)|| 195 [1(1 4 Fpy1)
_ 119k — Gkl Gk [9n+1]
igwll 9% [1(1 + Fpy1)

||9k - gk”

< — + £n+1(uz)an+1( ) Hgkll
gl

(83)
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By Lemma 1, we further derive from (88),

19 (1 + Dry1) — Gill <9 (Al n 1 (uf)nra (ug)
19kl (1 + Fnt1) A 1 —uj (89)
uj + g (uf)§nra (uy)
- 1-— ui '

Using (26) to bound 1/(1 + ¥5,41), and with Lemma 1, the second term in the right-hand side of (87)

can be bounded as,
gk — V£ (@)l < anﬂ(uz)wg(mk)ﬂgkﬂ

[ACE=y o1 0
< i (ud) 228)
> &p+1 k 1_ Ui .

Putting Inequalities (89) and (90) in Inequality (87), one obtains (84). O

Lemma 7. For all k£ > 0,

1 < [1 nu} 1 N o (91)
ak - 72 Mo 2 Oln—‘rl(uZ)L(l 4 )\k)Q Pk = 12-
Proof. With Lemma 5,
| F@w) — f@) - ATy,
o — 1] = e
1 Ag;kz ~ -~ ~ T (92)
< oo + SLISN? + Xl VF@) Skl + G Sk (L + Dns1) — VI (Zk) T Sk
- AT, ’
and with Lemma Lemma 6 we further derive
lpr — 1]
1 s > iy o~
< oo+ iL/H\SzH2 " )\kHVfB)H [kl n uj + §n+1(UZ)an+1(ui)g+ an+1(uZ)wg(xk). (93)
ATy, AT}, 1—uf

With Lemma 2, Lemma 3 and (26), and recalling that ||Sg|| = ||gk||/T%, the second term of the right-
hand side of (93) can be bounded as,

s LIS _ s LIISEI1
AT}, ||£~7k\|2/5k(11 + ﬂn—iz-l) )
2 LIIsk]* (1 + Ax)
S Qp41 ug 2 P — (94)
o Tl
L1+
—Oén+1(UZ)72 (A ) :
O

with A\ as in (35).
Similarly, with Lemma 2 and (26) the third term of the right-hand side of (93) can be bounded as
MlVF@IBE] Aell V@)l 1155kl

Qn+1

— < ap — 5~ 95
ATy [Gel2/5 )
and by Lemma 1 and triangular inequality,
Me|IVS(Z g Vf(zg) — g ]
VIG5, (IFEDBL, 1)
ATk A”ng Hng (96)

. Wyl Tk
1—wu]  1—uf

< apyi (Ui))\



Les Cahiers du GERAD G-2023-18 — Revised 22

Putting Inequalities (93), (94) and (96) together,

sL(1+ )2
o =11 < 20 e (uf) 22
an-i-l(usli)wg(‘%k)(l + )‘k) + an-&-l(ui))‘k + Ui + £n+1(uZ)an+l(uZ)

— .9
1 —uy

~

(97)

Step 2 of Algorithm 2 ensures that the last term of the right-hand side of (97) is bounded as

[, = a1 (U )wy (Tr) (1 + Ak) + anl-‘rl(u%))‘k + g, + & (ug) oy (u) < (98)
—ul

and it follows that,
LL(1+ A\g)?
‘pk - 1‘ < 2ng + Ky + Oén+1(UZ)2(,\7)- (99)
1
ng1(u)L(1 4 Ag)?

Therefore, with 1/, < [1—1n2 — 219 — K] enforces by (91), the inequality

rewrites K
=1 <z(l=m)+m+ = (100)

(1 —12), it follows that [p—1| < 1—1ny. O

K
and since the parameters are chosen such that 7y + ?“ < %

Lemma 8. For all k£ > 0,
_ 73L(1 + /\maX)20‘n+1(Um(m)

8k < Omax = I3 ) (101)
L—m2—mno— ?H
with .
Amax = ——————(1 — Unin)- 102
B an+1(umin) ( ) ( )

Proof. The termination condition at Step 2 ensures that u < x,, which implies that,

Qg1 (U) Ak

< K. (103)
1—uf "
It follows that . .
A < H 1—ud) < —F (1 — Upmin) = Amax- 104
b= an+1(uk)( k) o an+1(umin)( ) ( )

With Lemma 7,

G > nt1(ud)L(1 4 Apax)? - nt1(ud)L(1 4+ A\g)?

= I > = = pr = NM2. 105
T—m2—mo— 5 L—me—mo— 3 ? (105)

With (48), and since y; < 1, we further have,
5 > ot )L+ Ama)” G, < 6. (106)

L—m2—no— 3

As a consequence, the largest value that can be reached by o, is obtained for the case where pr_1 < n1
anJrl(ui)L(l + )\max)2 . . . . .
1 %, — € with ¢ > 0 infinitesimally small. In this case,
M2 —TNo— 5

and op_1 =

an+1(ui)L(1 )\max)2 < Oén+1(umaz)L(1 + Amax)zfyg) =0 (107)
max
1—m—mo— 3 L= =m0 =%

O = 0p—173 <

O
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Lemma 9. Let S, = {0 < j < k|p; > m} be the set of successful iterations up to iteration k. For all

k>0,

| log(71)] ) 1 <amax)

E<|Su {1+ 1 log [ 2max ) 108
| kl( log(72) log(y2) (108)

Proof. Let Uy = {0 < j < k|p; < m} be the set of unsuccessful iterations. From the update formula
of 7% (48), one has for each k > 0,

V] S Sk, ’}/1/0'\j < max [’)/1(/)'\]‘, Umin] < aj-i—l and Vi € Ug, ’)/2(/7\1' < ai+1~ (109)

It follows that,
G < By (110)

With Lemma 8 one obtains,

O.m X
|Sk|logy1 + |Uk|log 2 < log (8;) : (111)
Since o > 1, it follows that,
log('yl) 1 ( Omax )
Ul < —|S + lo — . 112
U= =15 i0g30) * Loy 1\ B (12)
Since k = |Sk| + |Uk|, the statement of Lemma 9 holds true. O

Proof of Theorem 1.

For all j € Sk,

by — f(fvj)z%kf(cj) _ f(fﬂj)i%’@ﬁl) >m

iy -~ — J
= f(@j) — f(Tj+1) > mAT}.

(113)

The condition at Step 3 ensures that wy(z;) < noﬁj and wy(Zj41) < noﬁj. As a consequence,

o~

1@)) = @) = (@) = F(@j1) — 200AT . (114)

Putting (113) and (114) together,
f@j) — f(@j41) > (m — QUO)ﬁj- (115)

As a consequence, with Lemma 2,

f(xo0) = flow > (m1 — 2m0) Z ﬁ“j

JESk _ _
> (= 200)(1 = &1 (uf)) > T(x4,0) — T(x;,5;) (116)
JESk
> (m —2n0)(1 = &nv1(ug)) Z 195117 /75
JESk

From the termination condition at Step 1, before termination ||g;|| can be bounded below as,

AR S — ‘ (117)
I T B ) T+ wg (@) ~ T+ Brge(u) 1+
With Lemma 1 and 4, (117) yields,
lg;ll = llg; /(1 = w)
> [|g;ll (1 = Brya(ul)) (1 — U?) (118)

1 €
L+ Bupo(uf) 1+ 5y

> (1= Bz (ug)) (1 — uy)
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With Lemma 8, putting (116) and (118) together yields,

F@o) = frow > (m = 200)(1 = &ura(uf)) > 115,11°/5;
JESk
> (m = 2n0) (1 = &1 (uf)) D 1155117/ omax

JESK

1= Bupa(uf) 1 —uf\* €
= 20)(1 = &npa (uf ( g k)
> (m —2mo)(1 =& +1(uk))j625k 1+ Buyo(u)) 1+ K4 ) Omax (119)

1= Bra2(ui) 1 —u €
> (m = 2n0) (1 — g1 (u]))|S, k k
ST TE] el e R
1_6n+2(umam)1 umaw)2 62
1+ 6n+2 (umax) 1+ am

> (771 - 2770>(1 - €n+1(umaz))‘sk| (
= i|Sk|62.
Rs

Umax

As a consequence,

|Sk| < (f(f,Co) - flow)ﬁse_27 (120)

which proves (59). With Lemma 9, (59) yields,

|10g(’Yl)|> 1 <Umax>
il (14 B + o (%2 o
—2 _ I log(’yl)| 1 Omax

<e€ (f(l‘o) flow)"{s 1 + log(’yQ) + log('yg) 10g 6'\0 N

which proves (61) O
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