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Abstract : This paper presents PDENLPModels. j1 a new Julia package for modeling and discretizing
optimization problems with mixed algebraic and partial differential equations in the constraints.

Keywords: Julia, nonlinear optimization, nonlinear programming, PDE-constrained optimization,
optimal control

Résumé : Cet article présente le package Julia PDENLPModels.jl qui permet de modéliser et
discrétiser des problemes d’optimisation avec des contraintes algébriques et des contraintes sous forme
d’équations aux dérivées partielles.

Mots clés: Julia, optimization non-linéaire, programmation non-linéaire, optimisation avec con-
traintes d’EDP, controle optimal
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1 Summary

PDENLPModels. j1 is a Julia (Bezanson et al., 2017) package for modeling and discretizing optimization
problems with mixed algebraic and partial differential equations (PDE) in the constraints. The general
form of the problems over some domain Q C R? is

minir%ize Jo J(y,u,0)dQ2 subject to e(y,u,8) =0, (governing PDE on Q)
yu,

lyw < (y,u) <y, (functional bound constraints)
lg <0 < uy, (bound constraints)

where y : Q — ) is the state, u : Q — U is the control, and # € RF are algebraic variables.
J:YxUxRF - Rande:YxUxRF = C are smooth mappings. (I, |- |ly), U, |- |lu), and (C, || -|Ic)
are real Banach spaces, lg, us € R* are bounds on 6, and lyws Uyy : 8 = Y X U are functional bounds
on the controls and states.

After discretization of the domain €2, the integral, and the derivatives, the resulting problem is a
nonlinear optimization problem of the form

o . _ <<
merg}lvrﬁrjrvlﬁew f(z) subject to c(x)=0, <z <u,

where [,u € RNyTNutNo £ RNy 5 RNe x RM — R and ¢: RYy x RV« x RNe — RV,

The first difficulty in modeling such a challenging problem is to access a discretization of the domain
and have the possibility to evaluate derivatives of f and c. Fortunately, several packages allow the user
to define the domain, meshes, function spaces, and finite-element families to approximate unknowns
and model functionals and sets of PDEs in a weak form. The main ones are FEniCS. j1, a wrapper
for the FEniCS library (Logg et al., 2012), Ferrite.jl (Carlsson et al., 2021), FinEtools.jl (Krysl,
2021), JuliaFEM.jl (Aho et al., 2018, 2019), and Gridap.jl (Badia and Verdugo, 2020; Verdugo
and Badia, 2022). In PDENLPModels.jl, we focus on the latter as it is exclusively written in Julia
and supports a variety of discretizations and meshing possibilities. Additionally, Gridap.jl has an
expressive API allowing to model complex PDEs with few lines of code, and to write the underlying
weak form with a syntax almost one-to-one with mathematical notation.

PDENLPModels. j1 exports the GridapPDENLPModel type, which uses Gridap. j1 for the discretiza-
tion of the functional spaces by finite-elements. The resulting model is an instance of an
AbstractNLPModel, as defined in NLPModels.jl (Orban et al., 2020a), and provides access to ob-
jective and constraint function values, to their first and second derivatives, and to any information
that a solver might request from a model. As such, PDENLPModels.jl offers an interface between
generic PDE-constrained optimization problems and cutting-edge optimization solvers such as Artelys
Knitro (Byrd et al., 2006) via NLPModelsKnitro. j1 (Orban et al., 2020c), Ipopt (Wéchter and Biegler,
2006) via NLPModelsIpopt.jl (Orban et al., 2020b), DCISolver. j1 (Migot et al., 2022), Percival. jl
(dos Santos and Siqueira, 2020), and any solver accepting an AbstractNLPModel as input, see JuliaS-
moothOptimizers (JSO) (Migot et al., 2021).

The following example shows how to solve a Poisson control problem with Dirichlet boundary
conditions using DCISolver. jl:

mirbirglize f(_Ll)Q Llya — yl® + 4lul|?d?  subject to Ay—u—h=0, on
y =0, on 0,

for some given functions y4,h: (—1,1)2 — R, and a > 0.
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using DCISolver, Gridap, PDENLPModels

Q= (-1, 1, -1, 1) # Cartesian discretization of R=(-1,1)? in 100° squares.
model = CartesianDiscreteModel(Q, (100, 100))

fe_y = ReferenceFE(lagrangian, Float64, 2) # Finite-elements for the state
Xpde = TestFESpace(model, fe_y; dirichlet_tags = "boundary")

Ypde = TrialFESpace(Xpde, x -> 0.0) # y %s 0 over 0f

fe_u = ReferenceFE(lagrangian, Float64, 1) # Finite-elements for the control
Xcon = TestFESpace(model, fe_u)

Ycon = TrialFESpace(Xcon)

dQ = Measure(Triangulation(model), 1) # Gridap's integration machinery

# Define the objective function f

yd(x) = -x[1]172

f(y, w) = [(0.5 % (yd - y) * (yd - y) + 0.5 * le-2 * u * u) * dQ

# Define the constraint operator in weak form

h(x) = -sin(7n / 8 * x[1]) * sin(7n / 8 * x[2])

c(y, u, v) = [(V(v) ©® V(y) - v *u-v*h) *dQ

# Define an initial guess for the discretized problem

x0 = zeros(num_free_dofs(Ypde) + num_free_dofs(Ycon))

# Build a GridapPDENLPModel, which implements the NLPModel API.

name = "Control elastic membrane"

nlp = GridapPDENLPModel(x0, f, df, Ypde, Ycon, Xpde, Xcon, c, name = name)
dci(nlp, verbose = 1) # solve the problem with DCI

2 Statement of need

For PDEs, there are five main ways to discretize functions and their derivatives:

e Finite-difference methods: functions are represented on a grid, e.g., DiffEqOperators. j1 (Rack-
auckas and Nie, 2017) or Trixi.jl (Schlottke-Lakemper et al., 2020);

e Finite-volume methods: functions are represented by a discretization of their integral;

e Spectral methods: functions are expanded in a global basis, e.g., FFTW. j1 (Frigo and Johnson,
2005) and ApproxFun.jl (Olver and Townsend, 2014);

e Physics-informed neural networks: functions are represented by neural networks, e.g.,
NeuralPDE. j1 (Zubov et al., 2021);

e Finite-element methods: functions are expanded in a local basis.

With finite-elements discretization, it is easy to increase the order of the elements or locally refine
the mesh so that the physical fields can be approximated accurately. Another advantage is that you can
straightforwardly combine different kinds of approximation functions, leading to mixed formulations.
Finally, curved or irregular geometries of the domain are handled in a natural way.

Outside of Julia, there exist libraries handling finite-elements methods such as deal.II (Bangerth
et al., 2007), FEniCS (Logg et al., 2012), PETSc (Balay et al., 2021), and FreeFEM++ (Hecht, 2012).
There exists a Julia wrapper to FEniCS (Rackauckas and Nie, 2017) and PETSc (Crean et al., 2021).
However, interfaces to low-level libraries have limitations that pure Julia implementations do not have,
including the ability to generate models with various arithmetic types.

Julia’s JIT compiler is attractive for the design of efficient scientific computing software, and, in
particular, mathematical optimization (Lubin and Dunning, 2015), and has become a natural choice
for developing new modeling tools. There are other packages available in Julia for optimization prob-
lems with PDE in the constraints. jInv.jl (Ruthotto et al., 2017) and ADCME. j1 (Xu and Darve,
2020) focus on inverse problems. DifferentialEquations.jl (Rackauckas and Nie, 2017) is a suite
for numerically solving differential equations written in Julia, which includes features for parameter
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estimation and Bayesian analysis. InfiniteOpt.jl (Pulsipher et al., 2022) provides a general math-
ematical abstraction to express and solve infinite-dimensional optimization problems including with
PDEs in the constraints handled by finite-differences. TopOpt.jl (Huang and Tarek, 2021) is a pack-
age for topology optimization. However, to the best of our knowledge, there are no packages with the
generality of PDENLPModels. j1.

Optimization problems with PDEs in the constraints have been in the spotlight in recent years as
challenging and highly structured. The great divide between optimization libraries and PDE libraries
makes it difficult for optimization research to benefit from testing on a large base of PDE-constrained
problems and PDE libraries to benefit from the latest advances in optimization. PDENLPModels. j1
fills this gap by providing generic discretized models that can be solved by any solver from JuliaS-
moothOptimizers.
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