Les Cahiers du GERAD

ISSN: 0711-2440

GPMR: An iterative method for unsymmetric partitioned

linear systems

A. Montoison, D. Orban

G-2021-62
November 2021

La collection Les Cahiers du GERAD est constituée des travaux
de recherche menés par nos membres. La plupart de ces doc-
uments de travail a été soumis a des revues avec comité de
révision. Lorsqu'un document est accepté et publié, le pdf origi-
nal est retiré si c'est nécessaire et un lien vers |'article publié est ajouté.

Citation suggérée : A. Montoison, D. Orban (Novembre 2021).
GPMR: An iterative method for unsymmetric partitioned linear
systems, Rapport technique, Les Cahiers du GERAD G- 2021-62,
GERAD, HEC Montréal, Canada.

Avant de citer ce rapport technique, veuillez visiter notre site Web
(https://www.gerad.ca/fr/papers/G-2021-62) afin de mettre a
jour vos données de référence, s'il a été publié dans une revue scien-
tifique.

The series Les Cahiers du GERAD consists of working papers carried
out by our members. Most of these pre-prints have been submitted to
peer-reviewed journals. When accepted and published, if necessary,
the original pdf is removed and a link to the published article is added.

Suggested citation: A. Montoison, D. Orban (November 2021).
GPMR: An iterative method for unsymmetric partitioned linear
systems, Technical report, Les Cahiers du GERAD G-2021-62,
GERAD, HEC Montréal, Canada.

Before citing this technical report, please visit our website (https:
//www.gerad.ca/en/papers/G-2021-62) to update your reference
data, if it has been published in a scientific journal.

La publication de ces rapports de recherche est rendue possible grace au
soutien de HEC Montréal, Polytechnique Montréal, Université McGill,
Université du Québec a Montréal, ainsi que du Fonds de recherche du
Québec — Nature et technologies.

Dépét légal — Bibliotheque et Archives nationales du Québec, 2021
— Bibliotheque et Archives Canada, 2021

The publication of these research reports is made possible thanks to the
support of HEC Montréal, Polytechnique Montréal, McGill University,
Université du Québec a Montréal, as well as the Fonds de recherche
du Québec — Nature et technologies.

Legal deposit — Bibliotheque et Archives nationales du Québec, 2021
— Library and Archives Canada, 2021

GERAD HEC Montréal
3000, chemin de la Céte-Sainte-Catherine
Montréal (Québec) Canada H3T 2A7

Tél.: 514 340-6053
Téléc.: 514 340-5665
info@gerad.ca
www.gerad.ca



https://www.gerad.ca/fr/papers/G-2021-62
https://www.gerad.ca/en/papers/G-2021-62
https://www.gerad.ca/en/papers/G-2021-62

GPMR: An iterative method for unsymmetric partitioned

linear systems

Alexis Montoison
Dominic Orban

GERAD & Department of Mathematics and Indus-
trial Engineering, Polytechnique Montréal, Montréal
(Qc), Canada, H3C 3A7

alexis.montoison@polymtl.ca
dominique.orban@gerad.ca

November 2021

Les Cahiers du GERAD

G-2021-62

Copyright (© 2021 GERAD, Montoison, Orban

Les textes publiés dans la série des rapports de recherche Les Cahiers
du GERAD n’'engagent que la responsabilité de leurs auteurs. Les
auteurs conservent leur droit d'auteur et leurs droits moraux sur leurs
publications et les utilisateurs s'engagent a reconnaftre et respecter
les exigences légales associées a ces droits. Ainsi, les utilisateurs:
e Peuvent télécharger et imprimer une copie de toute publication
du portail public aux fins d'étude ou de recherche privée;
o Ne peuvent pas distribuer le matériel ou I'utiliser pour une
activité a but lucratif ou pour un gain commercial;
e Peuvent distribuer gratuitement I'URL identifiant la publica-
tion.
Si vous pensez que ce document enfreint le droit d'auteur, contactez-
nous en fournissant des détails. Nous supprimerons immédiatement
I'acceés au travail et enquéterons sur votre demande.

The authors are exclusively responsible for the content of their research
papers published in the series Les Cahiers du GERAD. Copyright and
moral rights for the publications are retained by the authors and
the users must commit themselves to recognize and abide the legal
requirements associated with these rights. Thus, users:
e May download and print one copy of any publication from the
public portal for the purpose of private study or research;
e May not further distribute the material or use it for any profit-
making activity or commercial gain;
e May freely distribute the URL identifying the publication.
If you believe that this document breaches copyright please contact us
providing details, and we will remove access to the work immediately
and investigate your claim.



Les Cahiers du GERAD G-2021-62 ii

Abstract : We introduce an iterative method named GPMR for solving 2x2 block unsymmetric linear
systems. GPMR is based on a new process that reduces simultaneously two rectangular matrices to
upper Hessenberg form and that is closely related to the block-Arnoldi process. GPMR is tantamount
to BLOCK-GMRES with two right-hand sides in which the two approximate solutions are summed at
each iteration, but requires less storage and work per iteration. We compare the performance of GPMR
with GMRES and BLOCK-GMRES on linear systems from the SuiteSparse Matrix Collection. In our
experiments, GPMR terminates significantly earlier than GMRES on a residual-based stopping condition
with an improvement ranging from around 10% up to 50% in terms of number of iterations. We also
illustrate by experiment that GPMR appears more resilient to loss of orthogonality than BLOCK-GMRES.

Keywords: Sparse linear systems, iterative methods, orthogonal Hessenberg reduction, block-Arnoldi
process, Krylov subspaces, generalized saddle-point systems, unsymmetric partitioned matrices, regu-
larization, preconditioners
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1 Introduction

Consider the partitioned linear system

5 S B -k g
B‘k N y* C* ’

where M € R™*™, N e R™*", A, ¢ R™*" and B, € R™*™. We assume that A, and B, are nonzero,
and that b, € R™ and ¢, € R" are both nonzero. System (1) occurs, among others, in the discretization
of systems of partial-differential equations, including the Navier-Stokes equations by way of the finite
elements method [8]. A prime example is domain decomposition with no overlap, also known as iterative
substructuring [6], that consists in splitting a domain into k& non-overlapping subregions, and that leads
to structured matrices with arrowhead form [10]. Let Z be the set of all indices of the discretization
points that belong to the interior of the subdomains and I' the set of those corresponding to the

interfaces between the subdomains. Grouping the unknowns corresponding to Z by subdomain in uz
and those corresponding to I' in up, we obtain the arrowhead partitioning of the stiffness system

Aqy Aqp Uy fi

[AII AIF] [uz] _ {fz} —

Arz  Apr| |ur Ir

= @)
Ape  Agr U, Jr
Apy oo App Aprp ur fr

where u = (uz, ur) is the vector of nodal displacements and f the vector of nodal forces. For a tour of
applications leading to (1), we refer the reader to [2]. We assume that there exist nonsingular P, and
P, with inexpensive inverses such that

K:=p" B{ ?H Pl = B; 114[] . AMpeER, (3)

so that the equivalent preconditioned system

R A R A g

can be solved instead of (1). Note that A and/or g may vanish. For example, the ideal preconditioners
of Murphy et al. [19] and Ipsen [14] lead to (3). Although ideal preconditioners are typically impractical
because they require the solution of systems with the Schur complement S = N — B, M ~14,, viable
preconditioners such that P, P, = blkdiag(M, N) can be employed when M and N are both nonsingular.

Given an unstructured matrix C, a practical approach to recovering the matrix of (1) is to permute
its rows and columns with orderings determined by graph partitioning tools such as METIS [15]. This
reordering also provides a uniform partitioning to compute a parallel block-Jacobi preconditioner for (3).

When A # 0, (4) can be reduced to the Schur complement system
(Wl —XN'BAy=c—XN"'Bb, xz=X\"'(b— Ay).

Such eliminated system is attractive because of its smaller size, but may have worse conditioning
than (4), e.g., when B = AT, M = M" = 0and N = NT < 0, though not always, e.g, when (1) is
symmetric and positive definite. In this paper, we focus on applying an iterative method to (4) directly
while exploiting its block structure.

Contributions

Our main contributions are (i) a new orthogonal Hessenberg reduction process, (ii) an iterative method
based on said process named GPMR (General Partitioned Minimal Residual) specialized for (4), and

(iii) an efficient software implementation to solve (4) in arbitrary floating-point arithmetic on CPU
and GPU.
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Related research

Numerous Krylov methods have been developed for solving general unsymmetric linear systems,
including BILQ [16], GMRES [23], or QMR [12]. Few are tailored specifically to the block structure
of (1).

Specialized iterative methods have been developed for special cases of (1). Estrin and Greif [9)
developed SPMR; a family of methods for (1) that exploit its block structure when N =0 and b or ¢
is zero. Buttari et al. [4] developed USYMLQR, an interlacing of the methods UsyMLQ and USYMQR
of Saunders et al. [25], applicable when A = BT, M = M" « 0 and N = 0. Greif and Wathen [13]
formulate conditions under which CG may be used in the case where M > 0 is maximally rank deficient
and N = N7 <0. When N = N7 < 0 also holds, Orban and Arioli [20] propose a family of methods
inspired from regularized least norm and least squares that apply after a translation so that either
b or c¢ is zero, and Montoison and Orban [17] develop TRICG and TRIMR, two methods related to
BLocK-Cc and BLOCK-MINRES. When A = B”, and M and N are either zero or symmetric definite
matrices, our orthogonal Hessenberg reduction process coincides with that of Saunders et al. [25] and
GPMR coincides with TRIMR in exact arithmetic.

Notation

All vectors are columns vectors. Vectors and matrices are denoted by lowercase Latin and capital Latin
letters, respectively. The only exceptions are 2x2 blocks, which are represented by capital Greek letters,
and the matrices denoted wy, below. For a vector v, ||v|| denotes the Euclidean norm of v, and for a
matrix M, ||M||p denotes the Frobenius norm of M. The shorthand y — M\y represents an operator
that returns the solution of Mx = y. e; is the i-th column of an identity matrix of size dictated by the
context. I represents the kxk identity operator. We omit the subscript £ when it is clear from the
context. We let

0 A

ko= [8 A wmaoran=[Y 8], =[] 0P T

For a matrix C' and a vector ¢, K,(C, t) is the Krylov subspace Span {t, Ct,..., Ck_lt}. For a matrix T’
with as many rows as C has columus, IC,(C, T is the block-Krylov subspace Span {T, CcT,..., C’kflT}.

We abusively write (b,¢) and | = (Iy,...,l,) to represent the column vectors [bT CT]T and [ =

[ll ln] T, respectively.

2 A Hessenberg reduction process

In this section, we state a new Hessenberg reduction process for general A and B, its relationship with
the block-Arnoldi process, and the modifications necessary for regularization.

Theorem 1. Let A € R™", B € R™™™, and p := min{m, n}. There exist V € R™*? and U € R"*?
with othonormal columns, and upper Hessenberg H € RP*? and F' € RP*? with nonnegative subdiagonal
coefficients such that

vTAU = H, (6a)
U'BV = F. (6b)

Proof. Choose arbitrary unit u; € R" and v; € R™. For k=1,...,p — 1, define

Bri1Virs = Aug — S5 (v] Ay v, (7a)
Vi+1Upr1 = Bog — Zf:l(uzTka)uia (7b)
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with positive 8,1 and 7,1 such that v, and ug; are unit vectors. In case of breakdown, which
happens if Au;, € Span{v;, ..., v;} or Bv, € Span{u,, ..., u}, we choose an arbitrary unit
Vg1 L Span{vy, ..., vi} or upyq L Span{uy, ..., u;} and set S,q = 0 or v, = 0, respectively.
We prove by induction that the following statement, denoted P(k), is verified:

vaka:O and u?ukH:O (j=1,...,k). (8)

In view of the above, v;‘-kaH = 0 clearly holds if 8y, ; = 0, while ujTu,H_l = 0 holds if ;11 = 0. Thus
we focus on the case where (7) applies. Because v; and u; are unit vectors,

Byvivy = vi Auy — (0] Auy)viv, = (1 — |Jvy||*)(v] Auy) =0,
WgulTuQ = ulTBvl — (u{Bwl)ulTul =(1- ||u1||2)(u1TBvl) =0,

so that the base case P(1) holds. Let P(1),...,P(k—1) hold. For j =1,...,k, (7) implies

T T k T T T T T
Br+1Vj V1 = vj Auy, — i (v Auy)vjv; = v Auy, — (vj Aug)vjv; =0,
0

T T k T T T T T
Vp1Uj g1 = uj By — >0 (u; Bug)uju,; = ujBuy — (uj Bug)uju; =

so that P(k) also holds. For j =1,...,k — 1, we have from (7) and P(k) that
vg—&-lAuj = U/{+1 (5j+1vj+1 =+ Zg=1(U?AUj)Ui) =0,

T T i T B
Up1BY; = uj g (’Yj+1uj+1 + > i (u BUj)“i) =0,

because K+ 1> j+ 1. Thus, V := [vl vp}, U:= [ul up],
vlTAul vlTAUQ e 'UlTAup ulTBvl uFvag e ulTva
H= Ba A h : and F' = V2
- vg_ Au, . . uZ_lep
T T
By  vpAu, Y upBu,
satisfy (6a)—(6b) and have the properties announced. O

Algorithm 1 formalizes a Hessenberg reduction process derived from Theorem 1.

Algorithm 1 Orthogonal Hessenberg reduction

Require: A, B, b, ¢, all nonzero
1: By =b,yu; =c¢ (B, v) > 0 so that ||v|| = |lus]] =1

2: fork=1,2,...do
3: fori=1,...,kdo
4: hi g, = viTAuk
T
5. fir =u; By
6: end for .
7 hk+1’kvk+l = A’ll,k — Zi:l hi,k’”i h;‘:+|‘]‘, > (] SO le(lf Hl,‘]‘.,\ H = l
8 frt1 kU1 = Bug — > fikw; fea1k > 0 so that |Jupyq|| =1
9: end for
Define V}, := [vl .. vk] and Uy, = [ul e uk}. After k iterations of Algorithm 1, the situation
may be summarized as
T
AU, = Vi Hy, + hyyq V1€ = Ve Hyp (9a)
T
BV), = Up by, + frgrptesie = Uppr Frgn (9b)

Vi Vi = UL U, = I, (9c)
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where
hip his hy g fin S Jik
ha 1 : fan B . :
Hk = ’ ) Fk = ’ ’
’ hi—1 k R . Jr—1k
P -1 hig Jeo—1 Juk
and )
H | F N
k+LE = |p T, k+1,k = T -
k+1,k€k | fk+1,k€k

If B= AT, Algorithm 1 reduces to the orthogonal tridiagonalization process of Saunders et al. [25], H},
and Fj, are tridiagonal and H; = F ,;‘F . Algorithm 1 uses the Gram-Schmidt method for computing ¢5-
orthonormal bases V), and U}, for simplicity. In a practical implementation, the modified Gram-Schmidt
algorithm would be used instead. While (9a)—(9b) hold to within machine precision despite loss of
orthogonality, (9¢) holds only in exact arithmetic. In exact arithmetic, (9) yields

VAU, = H,, and U!BV, = F,,
which imply that the singular values of H;, and F}, are estimates of those of A and B, respectively.

That is in contrast with the process of Arnoldi [1], which can be used to approximate eigenvalues.

2.1 Relation with the block-Arnoldi process

For k > 1,
vy, € Span{b, ..., (AB)k_lb, Ac,. .., (AB)k_lAc}7 (10a)
Uops1 € Span{b, ..., (AB)*b , Ac,...,(AB)* ' Ac}, (10Db)
Usy € Span{c, ..., (BA) ¢, Bb, ..., (BA)" ' Bb}, (10c)
Uspy1 € Span{c, ..., (BA)c | Bb,...,(BA)" ' Bb}. (10d)

The subspaces generated by Algorithm 1 can be viewed as the union of two block-Krylov subspaces
generated by AB and BA with respective starting blocks [b Ac] and [c Bb}. Note the similarity
between (14) and a Krylov process in which basis vectors have been permuted. Let

Pk; = [61 ek:-‘rl v ei ek+i e ek er:I = [El e Ek] 5 Ek; = |:6k: ek:|

denote the permutation introduced by Paige [21] that restores the order in which Algorithm 1 generates
basis vectors, i.e.,

Vk 0 Vi 0 o °
Wy, = |:0 Uk:| P, = [wl wk] ) Wg = |:0 uk:| = [vk uk] ’ (11)
where we defined vy, := (v;,0) and uy := (0,u;), and we abusively write [wl wk] instead
of [v uj -+ vy ug]. The projection of K into the block-Krylov subspace Span{w,...,w;} =
Span{vy,u3,..., vy, us} is also shuffled to block-Hessenberg form with blocks of size 2. Indeed, if
we multiply (14) on the right with P, and use (11), we obtain
Vi 0 0 H
Fol¥ = [ k0+1 Uk+1:| PesrPen [Fk+1 k kSLk] B = Wi Gy 12)
where _ )
Win Uyp oo Wy
LZR 2P : -
Gk+17k = \Ilkfl,k ) \I]i,j = |:fi,j 83:| .
Wk
L Wi
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The two relations at line 1 of Algorithm 1 can be rearranged as

) R A B w

Identities (12) and (13) characterize the block-Arnoldi process applied to K, with initial block D. We
summarize the process as Algorithm 2 where all w;, € R™+Y™*2 and W, 1€ R**? are determined such
that both w,{wk = I, and the equations on lines 1, 4 and 6 are verified.

Algorithm 2 Block-Arnoldi Process

Require: Ky, D
1: wyI'=D
:fork=1,2,...do
fori=1,..., kdo
T
U = w; Koqwy,
end for X
W1 Whp1,n = Kowg, — Do wi Vs 4,
end for

IR

2.2 Regularization of the block-Arnoldi process

Merging (9a)—(9b) gives

0 AV 0]_[Vigx O 0 Hpk 14)
B ol|lo U, 0 Up| [Foprs 0 |7

which is reminiscent of the relation one would obtain from applying an orthogonalization process to K.
Because K = K + blkdiag(Al, uI), (14) yields

MCAT[Vie 0] _ ([0 4] [ 0]\ [V 0
B url|lo ul=\UB olTlo url)]|o w,
Vi 0| |Al Hy Vg1 0 0 hies1k€h
= + T ’ (15)
0 Uk Fk ;U'I 0 Uk+1 fk+1,kek 0

The same reasoning applied to (12) yields the following result, which parallels Montoison and Orban
[17, Theorem 2.1].
Theorem 2. Given the matrix K defined in (3) and the block right-hand side D defined in (5), the
Krylov basis W), = [wl wk] generated by Algorithm 2 with regularization has the form (11)
where the vectors u;, and vy are the same as those generated by Algorithm 1 with initial vectors b
and c. In addition,

-6171 \I/LQ \Illyk T
Uy1 Oz :
KWy, = Wi 1Sk41,ks Skt1,k = U 1xlo (16)
Ok
L Weg 1,k

where
A h 0 h,.
94»:[ “} and \Il:[ ”}, ji=1,...,k, i=1,...,5+1, 1#].
N VI o fiy 0

The scalars h; ;, f; ; are those generated by Algorithm 1 applied to A and B with initial vectors b
and c.
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Proof. Algorithm 2 applied to K|, generates sparse pairs wy, as in (11) because of the equivalence with
Algorithm 1. The term blkdiag(AI, uI) can be seen as a regularization term:

AL O . A0
{0 MI} wp, = wp A with A:= [0 } . (17)
The identities (12) and (17) allow us to write
\1’1’1 +A \111,2 \Ill,k
Woy ' :
KWy = Wiy v , (18)
k—1,k
Vo1 Yppt+A
Vi1 k
which amounts to (16) because Oy, = ¥y, , + A. O

Note that (16) is identical to (15) where the order of the w;, has been permuted according to P.

Because of Theorem 2, the Krylov basis W, generated by Algorithm 2 must have the sparsity
structure (11), so that only u; and v, need be generated, and they may be generated directly from
Algorithm 1. The key point is that generating orthonormal bases of K, (K,d) and K, (K, D) by
the Arnoldi process and Algorithm 1, respectively, require exactly the same amount of storage and
Ki(K,d) C Ki(K, D). Thus, residual norms produced by GMRES are certain to be at least as large as
those generated by a minimum-residual method that seeks an approximate solution z;, in Ky (K, D).
Such a method is the subject of the next section.

3 Derivation of Gpmr

In this section, we develop the method GPMR based upon Algorithm 1 with regularization to solve (4)
in which the k-th iterate has the form

B’Ij = Wz, (19)

where z, € R*". Thanks to (13) and (16), the residual can be written

e T B pl|
=w [ﬂ] — W45
= wy ~y k+1°k+1,k%k
= Wii1(Ber +vea — Syp1 12k)- (20)

Because W1 has orthonormal columns, ||7| can be minimized by defining z; as the solution of the
linear least-squares problem
miniinkzeHSk_i_l,kzk — (561 +'}/€2)” (21)

2, €R
3.1 Relation between Gpmr and Block-Gmres
The k-th BLOCK-GMRES iterate is defined by the matrix linear least-squares problem
[b 0} B PI A] = xk]
0 c B ul

minimize b e
Ye Yk

F
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where (2}, y) = Wyzh and (25, y5) = Wyzf. Accordingly, the k-th BLOCK-GMRES subproblem is

minimizeHSHLk [zz z,ﬁ} — [561 Vez]HF, (23)

zz,zz er*
so that zZ and zj, solve the subproblem associated with right-hand sides Se; and ye,. In exact arithmetic,
the solutions of (21) and (23) are connected via z, = zp + 2§, and the GPMR and BLOCK-GMRES

approximations are connected via x; = xz + xy, and y;, = yz + 1. We now outline the main stages for
solving (21).

3.2 A QR factorization

The solution of (21) can be determined via the QR factorization

Sk+1,k = Qk [}ék} ) (24)

which can be updated at each iteration, where @}, € RFFDx2RH2) 4g o product of Givens reflections,

and R, € R (2R *(k) g upper triangular. At each iteration, four new reflections are necessary to
update (24). We denote their product Qg5 2542 S0 that Qf = Qop—12k4+2-- Q4. Fori=1,... k,
the structure of Qg;_1 949 is

1 2i—2  2i—1 2 2i+1 242 243 ... 2k+2
1 [ 1 i
2i—2 1
2i—1 X X X X
2i X X X X
2i+1 X X X X
2i+2 X X X X
2i+3 1
2k+2 | 1]
where the diagonal block extracted from rows and columns 2i — 1,...,2¢ + 2 is the product of the
following four Givens reflections
1 1 Co; 82, C1,i 51,
Cyq.i S4,i C3.i S3,i | |S2,i —C2i4 1
8471‘ —6471‘ 1 1 1
1 83, —C3,i 1] 51, —C14

) ) s

The result (acf'Ut Las™ a™, ad™) of a matrix-vector product between the above 4x4 block and a vector
m mn mn

(al",ad, af', a) can be obtained via Algorithm 3.

Algorithm 3 Procedure ref

R e . . in in in in
equire: ¢, aj , as, az, aq

1: t= cl,ialln + sl,ialn , azut = slyiailn — clyiaif , afl)u': =1 first reflection
2t = CQ,ia({ut + 82,iai2n , a;"“ = 821ia<1>ut - cz’iaign , a(l)ut = second reflection
3 t= c37ia‘2’“t —+ 53,ia2ut, aZUt = 53,iagm — C3yiaZUt, a;"“ = third reflection
4: t = c4,ia(2)ut + 34,iai3n , agut = s4ﬂiagut — c4’iagn cadt =+ fourth reflection
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At iteration k, Algorithm 1 generates two new columns, and to update the QR decomposition we
need first to apply all previous reflections as follows

T2k—1 T1,2k T1,2k—1 1,2k
‘1’1,k T22k—1 722k : :
: 7:3,21%1 7:3,2k For S
Qi1 U 1| = Qor—s2k—2-- W36 r472’“:111 Tazk | = Fz:_iz:_i Fz:_ii: )
Ok Bk Tok 2k—1 Tok 2k
Uitk Pig1 i
Uitk Tetik i

and then compute and apply the four reflections that constitute Qg5_1 2,12 such that coefficients under
the diagonal are zeroed out

T1,2k—1 71,2k T1,2k—1 71,2k
Tokg—22k—1 T2k—22k Tok—2,2k—1 T2k—2,2k
Qok—1,2k+2 Tok—12k—1 Tok—12k|  |T2k—1,2k—1 T2k—1,2k
Tok,2k—1 Tok,2k 0 Tok,2k
Pey1,k 0 0
Jrt1k i L 0 0 |

A procedure to compute the Givens sines and cosines, and finalize the QR factorization of Sy j is
described as Algorithm 4. Note that the first parameter of Algorithm 3 and Algorithm 4 is used to
define which Givens sines and cosines are read from or written to memory.

Algorithm 4 Procedure givens

Require: k, Top_1 op—15 Tok—1,2k> T2k,2k—1> T2k,2k> Pk+1,k> fot1,k

= 2 2 1 - .
P Top—12k—1 = (Pak—1,28—1 + fht1,6) 2 ~ annihilate fiyq
Clk = Pok—1.2k—1/T2k—1,26—1> S1,k = frtr1,k/Tak—1,26—1
P T2k—1,2k = C1,kT2k—1,2k

Tok+2,2k = S1,kT2k—1,2k
1

T2k—1,2k—1 = (?gk—l,Qk—l + ng,?k—l)i
Cok = Tok—1,2k—1/T2k—1,2k—1> 52,k = T2k,2k—1/T2k—1,2k—1
P Togp—1,2k = C2,kT2k—1,2k 1 S2,kT2k,2k

D Togok = S2,kT2k—1,2k — C2,kT2k, 2k

annihilate Top, o1

PSS

. _2 2 1 o
9: Tok 2k = (P2k,2k + T2k42,2k) 2 annihilate T o o

10: ¢35 = Tok 2/ T2k, 2k 53,k = Tok+2,2k/ T2k, 2k
.2 2 1
11 7op o = (Fog,2k + Phy1,k) 2

annthilate hy 1
12 ¢y = Tog,2k/T2k,2k> S4,k = Phg1,6/T2k,2k

3.3 Gpmr iterate and residual norm computation

We have from (20) and (24):

Il = @i 0] 2= (8er 4 9¢2 , (25)

| [3] -
where &, := Qf (Be; +7es) = (ty, Toka1s Tok42), tk := (71, ..., Toy) represents the first 2k components of
iy, and the recurrence starts with ¢, := (7, 7,) = (8,7). t; can be easily determined from ¢;_; because

ty = Qag—1.2k4+2(tx—_1,0,0). The solution of (21) is thus zj := ({1, ..., (a) found by solving Rz, = t;
with backward substitution.

The definitions of #;, and z;, together with (25) yield

[ _2 _2
75!l = \/ Takt1 + Tokto-

(26)
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As in GMRES, we only compute z;, when ||r;|| is smaller than a user-provided threshold. Thanks
o (19), the solution may be computed efficiently as

T = Zf::l C2i—1Vs; (27a)
Y = Zf:l Coilhy- (27b)

We summarize the complete procedure as Algorithm 5.

Algorithm 5 GPMR
Require: A, B, b, ¢, A\, pt, € >0, ke >0

1: ﬂvl =b, yu; =c (B,7) > 0 so that ||vi|| = [|u]| = 1
20T =8,Ta =" Initialize t,
3: H’I‘OH = (7} +7'2)% compute ||7o||
4: k=
5: while |ry|| > e and k < k,,,, do
6: k< k+1
7. q= Auy Orthogonal Hessenberg reduction
8 p= By,
9: fori=1,...,kdo
10: hi g = viTq
T
11 fix=uwp
122 g=q— hyv;
13: p=p—firw
14:  end for
15: hk+1,kvk+1 =q hk‘«&»l.k‘ >0s lH =1
16:  frg1,kUkr1 =P fea1k > 0 so that |Jupyq|| =1
170 7o =hy g, Ta o1 = f1,k
18: if k# 1 then (7; op_1,72,21) = (0,0) else (T 21,72 2x) = (A, 1)
19: fori=1,...,k—1do Apply Qop_5.01_2;---, Q1.4
20: if i # k — 1 then (p,d) = (0,0) else (p,d) = (A, p)
21: o1 9k—15T2i2k— 1, T2it1,2k— 15 T2it2,26—1 = Tef(4, Tos 1 2k 15 T2i 2615 05 it 1 ,k)
22: T2i—1,2ks T2i,2k> T2i4+1,2k> T2i 42,2k = = ref(i, 7g; 1 12k 24,2k h7,+1 )
23: end for
241 Top_1 2k—15T2k—1,2k> T2k, 2k = Compute and apply Qa1 2x12
givens(k, Top_1 9k—15Tok—1,2k> T2k,2k—1> T2k, 2k Pkt 1,k flt1,k)
251 Top_1,Tok, Tokt1, Tokt2 = ref(k, Tog 1, Tk, 0,0) update ty
1
26:  ||rpll = (f22k+1 + f22k+2)§ compute ||} |]
27: end while
28: Cop = Tok/Tok,2k compute z
29: for i =2k —1,...,1do
30: ¢ = (Ti - Z]Qk it+1 l,jCj)/
31: end for
32: = 25:1 Coi—1Y; compute xy,
33: yp = Zf:1 oy compute Y

3.4 Memory requirements

Table 1 summarizes the storage costs of k iterations of GPMR, GMRES and BLOCK-GMRES.

Table 1: Memory requirements for k iterations of Gpmr, Gmres and Block-Gmres.

(T Yr) (a,p) Vi, Up) b 2z Qg Ry,
GPMR m+n m+n k(m+n) 2k 2k 8k k(2k+1)
GMRES m+n m+n k(m+n) k k2t k(k+1)/2

BLOCK-GMRES  2(m+n) 2(m+n) 2k(m+n) 4k 4k 8k k(2k+1)

Some GPMR variables are paired in Table 1 to easily identify their GMRES and BLOCK-GMRES
counterparts. Note that ¢, and z;, can share the same storage because Rjt, = z; can be solved in-place.
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4 Implementation and numerical experiments

We implemented Algorithm 5 in Julia [3], version 1.6, as part of our Krylov. jl collection of Krylov
methods [18]. Our implementation of GPMR is applicable in any floating-point system supported by
Julia, and runs on CPU and GPU. The GPU support can be particularly relevant for (2) because,
as a Krylov method, GPMR only requires linear operators that model Azpru, Brzv, u— Mzz\u and
v — Npp\v. For instance, v — Npp\v can be the forward and backward substitutions with the factors
of an LU decomposition of Npp. The use of abstract linear operators allows us to store Azp and
Bt as well as decompositions of the diagonal blocks of (2) on distinct compute nodes and leverage
parallel architectures, such as GPUs. When the matrices are unstructured, Duff and Scott [7] propose
a robust arrowhead reordering such that each diagonal block is nonsingular and recovers a system of
the form (2).

We evaluate the performance of GPMR on systems generated from unsymmetric matrices in the
SuiteSparse Matrix Collection [5]. We use METIS to form a 2x2 block matrix and use the two diagonal
blocks to build a right block-Jacobi preconditioner P, with A = = 1. We set P, = I so the residual
norm of (1) is identical to that of (4). The right-hand side (b,,c,) is generated so the exact solution
of (1) is the vector of ones. We compare GPMR to our implementation of GMRES without restart in
terms of number of iterations. Each algorithm stops as soon as ||ry| < &, + ||(b, ¢)||e, with absolute
tolerance €, = 10" and relative tolerance €, = 10", Table 2 summarizes our results, which show an
improvement in terms of number of iterations ranging from about 10% up to 50% in favor of GPMR.
Figure 1 reports residual histories of GPMR, GMRES and BLOCK-GMRES where the two approximate
solutions are summed on problems scircuit, sme3Dc, PRO2R and shermand.

Table 2: Number of iterations of Gpmr and Gmres on systems from the SuiteSparse Matrix Collection.

name size nnz GMRES GPMR gain
sherman5b 3312 20793 25 20 20%
powersim 15838 67562 141 101 28%
I1l_Stokes 20896 191368 59 54 9%
sme3Dc 42930 3148656 127 78 39%
rmal0 46835 2374001 48 41 15%
ecl32 51993 380415 58 42 28%
venkat50 62424 1717792 48 35 2%
poisson3Db 85623 2374949 56 50 11%
ifiss_mat 96307 3599932 42 33 21%
hcircuit 105676 513072 47 37 21%
PRO2R 161070 8185136 97 68  30%
scircuit 170998 958936 48 24 50%
transient 178866 961790 567 470 17%
ohne2 181343 11063545 50 39 22%
thermomech_dK 204316 2846228 128 84  34%
marinel 400320 6226538 84 60 29%
Freescalel 3428755 18920347 456 344 25%

The GPMR and BLOCK-GMRES residuals are nearly superposed except for scircuit, on which BLOCK-
GMRES stagnates. The same phenomenon occurs on a generalized saddle point build using matrices
well1038 as A and illc1033 as B, M =1, N =0, A =1 and p = 0. Figure 2 reports residual histories
of GPMR, GMRES and BLOCK-GMRES on the generalized saddle point system in double and quadruple
precision. Although theoretically equivalent, GPMR appears to be less sensitive to arithmetic errors
due to loss of orthogonality than its counterpart implementation based on BLOCK-GMRES. Indeed, the
number of GPMR and GMRES iterations is the same in double and quadruple precision.

When K, defined in (3), is symmetric, Algorithm 1 coincides with the orthogonal tridiagonalization
process of Saunders et al. [25] because A" = B and GPMR is theoretically equivalent to TRIMR. We
verify numerically the equivalence between the two methods on symmetric quasi-definite systems,
with matrices A from the SuiteSparse Matrix Collection, M = N = I, A =1 and y4 = —1. Each
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algorithm stops with the same tolerance as above. Because GPMR can be viewed as TRIMR with full
reorthogonalization, we use different floating-point systems to observe any loss of orthogonality in the
Krylov basis. Figure 3 reports residual histories of GPMR in double precision and TRIMR in double,

quadruple and octuple precision. The plots suggest that reorthogonalization is a more powerful device
than extended precision.

scircuit

sme3Dc
\ GMRES \ GMRES
\‘. ..... BLOCK-GMRES '. ----- BLOCK-GMRES
100F . GPMR A GPMR
H 103 L \\‘\
= = oL N T
= = 10
0770
: 1073}
0 10 20 30 40 50 0 20 40 60 80 100 120
k k
PRO2R shermanb
sMRES \ GMRES
+++ BLOCK-GMRES N e BLOCK-GMRES
100 i GPMR GPMR
100 L
= =
10°F
.......... 1075}
0 20 40 60 80 0 5 10 15 20 25
k k
Figure 1: Residual history of Gpmr, Gmres and Block-Gmres.
GMRES GMRES
- BLOCK-GMRES - BLOCK-GMRES
GPMR 10°F GPMR
E -------- ; -------
1075 L
10-1F 10710 H
0 100 200 300 0 100 200 300

k

Figure 2: Residual history of Gpmr, Gmres and Block-Gmres on the generalized saddle

point system in double (left) and
quadruple precision (right).



Les Cahiers du GERAD G-2021-62 12

Ip_osa_ 07 Ipi_klein3
=== TRIMR- double \ --- TRIMR- double
==+ TRIMR~ quadruple \, === TRIMR~ quadruple
----- TRIMR- octuple i = TRIMR- octuple
GPMR i GPMR
10°F
£ E
107°F
1070
0 50 100 150 0 100 200 300 400 500 600
k k

Figure 3: Residual history of Gpmr and TriMR.

5 Discussion and extensions

Based upon Algorithm 1, it is possible to develop another method, Gpca, in the spirit of Fom [22].
The k-th GPCG iterate is defined by the Galerkin condition WkT r, = 0. Its associated subproblem
selects zj, in (19) as the solution of the square system

Spzp = Bey + e, (28)

where S). denotes the leading (2k)x (2k) submatrix of Sy ;1 in (16). However, GPCG may break down
if S}, is singular, and in that respect shares the disadvantages of FOM, whereas the GPMR iterates are
always well defined. GPCG could still be relevant for unsymmetric structured and positive-definite linear
systems, such as those arising from the finite-element discretization of advection-diffusion equations [26],
where S}, is guaranteed to be nonsingular. Indeed, if K is positive definite, its projection .S;, = WkT KW,
into the k-th Krylov subspace is also positive definite, which ensures that (28) has a unique solution.
The same observation holds for Fom and B1CG [11], which should be restricted to certain classes of
linear systems to avoid breakdowns.

Although the focus of GPMR is on unsymmetric linear systems, Figure 3 shows that it is also relevant
for ill-conditioned symmetric linear systems. Moreover, GPMR allows to solve symmetric partitioned
systems with symmetric indefinite blocks M and NN, whereas TRIMR requires them to be zero or
definite matrices.

A variant with restart in the spirit of GMRES(k) is easily implemented on top of GPMR. A
limited-memory variant of GPMR can be also developed and compared to DQGMRES [24]. We leave the
investigation of such extension to future work.
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