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Montréal, Canada.

Before citing this technical report, please visit our website (https:
//www.gerad.ca/en/papers/G-2019-21) to update your reference
data, if it has been published in a scientific journal.

La publication de ces rapports de recherche est rendue possible grâce
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recherche du Québec – Nature et technologies.
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Abstract: We study the time evolution of a vertically and horizontally differentiated oligopolistic
industry, where firms compete in quantity and are divided into groups producing one variety of a
substitutable product. We assume that firms can periodically revise their decision about which variety
to produce. For a general oligopoly with two varieties, we characterize the industry composition in
the steady state as a function of the parameter values. Our results are applied to the case of the
sustainable wine industry.

Keywords: Differentiated oligopoly, wine industry, sustainable production, dynamic market compo-
sition

Résumé : Nous étudions l’évolution dans le temps d’une industrie oligopolistique, différenciée verti-
calement et horizontalement, où les entreprises d’un même groupe produisent l’une des variétés d’un
produit substituable. Nous supposons que les entreprises peuvent réviser périodiquement leur décision
quant à la variété qu’elles produisent. Dans un cadre général à deux variétés, nous caractérisons la
composition de l’industrie à l’état stationnaire selon la valeur des paramètres. Nous proposons une
application au cas de l’industrie du vin durable.

Mots clés : Oligopole différencié, industrie vinicole, production durable, composition dynamique du
marché
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1 Introduction

The concept of “sustainability” (UN 2005) is gaining in popularity in many production processes (e.g.

coffee, seafood, and fashion) and it has recently reached the wine industry. Even though there is no

universal definition of sustainable wine, embracing a sustainability principle in the wine-making indus-

try generally involves environmentally friendly business practices, socially responsible use of human

and community resources, and long-term economic viability.1 In general, sustainable conduct applies

to every aspect of wine production, including the vineyard, winery, surrounding habitat and ecosystem,

employees, and community.

To illustrate the evolution of sustainable wine production around the world, Figure 1 shows a

steady increase in the number of vineyards, wineries, and farmed areas reported by three certification

programs in the U.S. and Australia.

Figure 1: Evolution of the membership of sustainable wine certification programs. Left panel: Certified California Sus-
tainable Winegrowing (CCSW) program. Center panel: Sustainable In Practice (SIP) certification program. Right panel:
Sustainable Australia Winegrowing (SAW) program.

The Certified California Sustainable Winegrowing (CCSW) program was launched in 2010; by

2018, 70% of wine produced and 25% of total farmed acreage in California was CCSW certified. The

Sustainable In Practice (SIP) certification program was initiated in 2008. At that time 3,700 acres

were certified; today the number of certified acres in California and Michigan is over 41,100 and the

program shows a retention rate of 90%. The Sustainable Australia Winegrowing program, open to

grape growers only, started in 2011; in 2018, it accounted for 5,239 hectares of farming area. The

Sustainable Winegrowing New Zealand (SWNZ) program reports that, in 2016, 98% of New Zealand’s

vineyard production area was SWNZ certified. ”Old Word” wine producing countries are also taking

steps in this innovative industry. For instance, in 2011, the Italian Ministry for the Environment, Land

and Sea launched a national program named VIVA. The VIVA label is released to wine-producing

companies that meet the required sustainability standards; to date, the VIVA certification has been

granted to 22 products commercialized by 11 firms.

The main characteristics of the sustainable wine industry can be summarized as follows:

i) Coexistence of sustainable and conventional wine production;

ii) Possibility for grape growers and wine producers to review their production practices;

iii) Presence of certification costs;

iv) Presence of knowledge spillovers among certified sustainable wine producers;

v) Premium associated with having a sustainability certification label.

The aim of this paper is to build and study a general differentiated oligopoly model able to in-

corporate these specific features. More specifically, our model extends the duopoly model proposed

1See, for instance, the Global Wine Sector Environmental Sustainability Principles described in the GWSESP
brochure, available at https://www.sustainablewinegrowing.org/docs/cswa gwsesp brochure.pdf
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in Singh & Vives (1984) in three different ways.2 Firstly, in our model, each variety of the product

is produced by a group of homogeneous firms that compete in quantity. This is different, and more

general, than having N firms producing one variety each like in Vives (1985), Häckner (2000), or

Amir & Jin (2001), as it accounts not only for interbrand competition, that is, competition between

differentiated products, but also for competition between homogeneous products. Furthermore, our

model differs from Singh & Vives (1984) in that each firm pays a fixed cost related to the product

variety supplied. Finally, for a given industry size, we allow firms to periodically review their decision

about the variety they are producing, which makes the composition of the oligopoly dynamic. This is

captured by allowing firms to decide on which production technology to adopt, based on the different

groups’s relative economic performance. This behavior can be represented, for instance, through stan-

dard replicator dynamics. We assume that industry members are myopic with respect to the evolution

of the industry composition over time, which is quite common in the literature pertaining to the ex-

ploitation of natural resources (see, e.g., Sethi & Somanathan 1996; Noailly, van den Bergh & Withagen

2003; Bischi, Lamantia & Sbragia 2004; Bischi, Lamantia & Radi 2015; and Petrohilos-Andrianos &

Xepapadeas 2017).3

In the first part of the paper, we solve the general differentiated oligopoly model for the static

Cournot solution corresponding to a given industry size and composition, in the case where there are

two product varieties (e.g. green and brown). The sensitivity analysis of the equilibrium solution to

the model parameters generalizes part of the investigation carried out in Theilen (2012), Kopel et al.

(2017), and Dou & Ye (2017). In this analysis, the impact of intensifying intra-group competition is

particularly interesting. The main result is that, when the total number of firms in the industry is

kept fixed and one group of firms becomes larger (stronger intra-brand competition), there is a positive

impact on the individual output of a member firm when the size of its group and/or the degree of

horizontal product differentiation are large enough. In such a case, the positive effect of inter-brand

competition overcomes the negative effect of a stronger intra-brand competition.

We then turn to the dynamic mixed differentiated oligopoly and look for its steady-state composi-

tion. The long-run composition of a differentiated oligopolistic industry under a replicator dynamics

assumption has been investigated in the literature, albeit in different settings. Examples include Bischi,

Lamantia & Radi (2013), where a differentiated oligopoly is used to describe a fishing industry where

fishers can periodically choose to harvest either one of two fish species differing in harvesting cost and

selling price; Kopel, Lamantia & Szidarovszky (2014), which proposes a differentiated oligopoly model

where profit-maximizing firms compete in quantities against socially concerned firms, and where firms

can periodically decide to change their utility function; Hu et al. (2014), which uses a horizontally

differentiated oligopoly to study competition when “green” firms penetrate a mature market populated

by “brown” firms. Our main results can be summarized as follows: in a differentiated oligopoly with

two varieties, a single steady state exists, and the long-term composition of the industry (only brown,

only green, or mixed firms) can be characterized according to the value of the model parameters.

In the second part of the paper, we apply our model to the specific case of the sustainable wine

industry.4 The coexistence of sustainable and conventional wine production is represented by the

differentiated oligopoly, and the dynamic composition of the oligopoly captures both the possibility

2This model launched an important stream of the literature that compares the competitiveness of Cournot and
Bertrand solutions when products are differentiated. This paper has been extended in many ways (see, e.g. Vives 1985,
Okuguchi 1987, Häckner 2000, and Amir & Jin 2001) with the objective of analyzing the same core fundamental question,
that is, which solution concept provides a more competitive outcome.

3Note that our model is different from the one in Tanaka (2001), where two groups of firms, characterized by different
production costs, produce N varieties, and where the model evolves under an imitative rule with mutations.

4The “greenification” of the wine industry has mainly been studied from an empirical perspective. In particular,
this literature examines how firms understand the concept of sustainability (Szolnoki 2013), what drives and prevents
them from adopting sustainable practices (Marshall, Cordano & Silverman 2005; Gabzdylova, Raffensperger & Castka
2009; Berghoef & Dodds 2013) and what are the specific features of firms that are keen to implement this new business
practice (Barisan et al. 2016).
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for a wine producer to periodically revise her production practice decision and the periodic auditing

in which sustainable wine producers must verify their compliance with program standards.5

The other features of the sustainable wine industry translate into specific assumptions about the

parameter values of the general model. As mentioned earlier, an important component of the sustain-

able wine industry is the presence of certification costs, which are a significant factor when deciding

whether to participate in the sustainable wine industry.6 In our model, firms that want to obtain a

label validating the sustainability of their product must pay an additional fixed cost over any fixed

cost incurred by conventional wine producers.

In general, the production methods implemented in the sustainable industry result in a higher

marginal production cost than in the conventional wine industry. However, for the members of a

certification program, there exists the possibility of sharing knowledge about sustainable production

practices, with the aim of improving the quality of sustainable wine and of reducing its production cost

(see, for example, the workshop calendar on the CSWA website). This aspect is modelled in a second

stage as an alternative cost structure for green producers, wherein their production cost is decreasing

in the number of participants in the sustainable program.

Finally, on the consumer side of the market, we assume that consumers have a taste for variety

and buy both sustainable and conventional wines. Moreover, as shown in many studies,7 we assume

that consumers are willing to pay a premium price for wine that has been certified sustainable. We

investigate two different assumptions about the structure of this premium price, that is, a constant

premium or one that depends on the recognition attached to the ecolabel, as measured by the number

of participating firms.

The main findings of this second part are that the results of the general model can be directly

applied to a sustainable wine industry when the model parameters are constant, and that the general

model is able to replicate some real-life examples. Furthermore, when some parameter values depend

on the number of green firms, as, for instance, when the green premium price depends on the ecolabel

notoriety or when the production costs decrease with the number of firms participating in a certification

program, we find that multiple steady states may occur and that initial conditions become crucial in

determining the long-run composition of the industry.

We conclude the paper with a welfare analysis of the different possible steady-state industry com-

positions and where they stand as compared to the welfare-maximizing industry composition. After

identifying the conditions under which a green industry is socially preferred over a brown industry,
we observe that the long-run composition of the industry obtained when the model parameters are

not state-dependent is very close to the welfare-maximizing industry composition; however, when the

model parameters are state-dependent, the steady-state industry composition can be very far from the

welfare-maximizing one, opening up space for political intervention.

The paper is organized as follows. Section 2 presents the generic differentiated oligopoly model

with K varieties produced by N firms. Section 3 analyzes the special case of an oligopoly producing

two varieties (K = 2), discussing the impact of substitutability and of competitive pressures, and

the steady-state composition of such an industry. Section 4 specializes the results to the case of the

wine industry where vineyards and wineries produce conventional or sustainable wine, and where some

5The CSWA accepts applications for certification on a rolling basis, with three certification deadlines per year, while
SIP allows yearly applications.

In terms of auditing their members to allow them to keep the certifying label, both the SIP and CSWA programs
assess their winery and vineyard members annually; however, the SWNZ and Sustainable Wine South Africa (SWSA)
audit their members every three years, and the National Sustainability Code for Chilean wines reviews its members
every two years.

6See for instance CCSW (2018), p. 28: “We are very sensitive to the fact that the cost of certification is an important
deciding factor for potential participants...”

7Evidence from Spain is provided in Sellers (2016) and in Sellers-Rubio & Nicolau-Gonzalbez (2016); from New
Zealand in Forbes et al. (2009); from Italy in Vecchio (2013), in Pomarici & Vecchio (2014), and in Sogari, Mora &
Menozzi (2016a) and (2016b). See also Schäufele & Hamm (2017) for a review.
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parameter values may depend on the number of sustainable-certified producers. Section 5 discusses

welfare considerations, and Section 6 is a conclusion.

2 A general differentiated oligopoly model

Consider an industry populated by N firms. Producers are divided into K groups of similar types, and

members of the same group use the same technology to produce a homogeneous product. Denote by

Gk the set of producers of type k = 1, ...K and by nk = |Gk| the number of producers within group k.

Accordingly, the total production cost of a quantity qki of product k by producer i ∈ Gk, k = 1, ...K

is given by

Cki = fk +mkqki.

Since goods produced by firms of a given type are homogeneous, consumers are offered K product

varieties. We assume that the representative consumer has a taste for variety, and her quadratic

utility function is described by

U (q) =

K∑
k=1

AkQk −
1

2

K∑
k=1

K∑
j=1

DkjQkQj ,

where the Ak are positive constants and Qk ≡
∑

i∈Gk
qki is the total production of the firms of type k.

The matrix [Dkj ] is symmetric, with Dkk > 0, Dkj ≥ 0,8 and is assumed positive definite, while

the vector A = [Ak] is assumed to satisfy D−1A ≥ 0. Under these assumptions, the representative

consumer’s utility function is concave and its maximum value is attained for non-negative quantities.

In the same way as in Häckner (2000), the parameters Ak can be interpreted as the quality (vertical)

differentiation between the product varieties. For j 6= k, Dkj is the symmetric degree of substitutability

between any pair of varieties. When Dkj = 0, products k and j are completely independent; if [Dkj ]

is diagonal, each group of producers of a given type becomes an independent oligopoly selling a

homogeneous product.

The representative consumer’s utility-maximisation problem is then

max {U (q)} s.t.

K∑
k=1

PkQk ≤ I,

where Pk is the price of variety k, and I is the total budget. Consequently, the inverse demand function

faced by producers of type k is given by

Pk = Ak −
K∑
j=1

DkjQj . (1)

For i ∈ Gk, we denote by Ek the quantity Ak − mk, which is assumed to be strictly positive.

The parameter Ek depends on quality and cost parameters and can be interpreted as an indicator of

efficiency. For example, if Ek > Ej , k-type firms are more efficient than j-type firms; this greater

efficiency can result from a better quality and/or from a cost advantage. Producers compete in

quantities, both within each group, by selling a homogeneous product, and with producers of other

groups, by offering a different variety. The optimization problem of a single representative producer

i ∈ Gk is then given by

max
qki≥0

{πki = Pkqki − Cki} = max
qki≥0


Ek −

K∑
j=1

DkjQj

 qki − fk

 .

8Goods can be either substitutes or independent.



Les Cahiers du GERAD G–2019–21 5

This is a convex optimization problem and, assuming an interior solution, the optimal quantity for

Producer i is obtained from the first-order condition:

Ek −Dkkqki −
K∑
j=1

DkjQj = 0. (2)

Since producers in the same group have identical parameters, the equilibrium solution of the oligopoly

game is obtained by simultaneously solving the following linear system of equations, assuming equilib-

rium quantities are positive:

Ek −Dkkqk −
K∑
j=1

Dkjnjqj = 0, k = 1, ...,K. (3)

Using (1), the unit margin for a producer of type k is given by

Pk −mk = Ek −
K∑
j=1

Dkjnjqj

= Dkkqk

and the equilibrium profit for a producer of type k is then

π∗k = (Pk −mk) qk − fk
= Dkkq

2
k − fk. (4)

We retrieve the differentiated oligopoly model of Amir & Jin (2001) when nk = 1 and fk = 0 for

k = 1, ...,K and the differentiated oligopoly of model of Häckner (2000) by setting, for k = 1, ...,K,

nk = 1, Dkk = 1, Dkj = D for j 6= k and fk = 0. By setting K = 2, nk = 1 and fk = 0 for k = 1, 2,

we obtain the differentiated duopoly model of Singh and Vives (1984). In all three cases, the oligopoly

model is used to compare Bertrand and Cournot competition.

The market model proposed in Kopel et al. (2014), with two different groups of firms producing

two different types of products (K = 2), can be embedded in our general model with fk = 0; however

the equilibrium solution of the oligopoly game obtained by the authors differs from (3) because the

model assumes that producers in the “socially concerned” group pursue an objective that is not pure

profit but that also includes a consumer surplus term.

The market model described in Hu et al. (2014) also has two groups of firms producing either

ordinary or green products, but it does not assume symmetrical substitutability parameters.9 It can

be nested in our general model if Dkj = Djk and fk = 0.

In the following section, we solve this general oligopoly model for K = 2 and show that the

equilibrium solution of this general differentiated oligopoly model, where competition is present within

groups of firms selling a homogeneous product and across different substitutable varieties, presents

interesting characteristics that differ from the solution of the classical differentiated oligopoly model

with nk = 1 for k = 1, ...,K.

3 A general oligopoly with two varieties

We now compute the equilibrium solution of the oligopoly game for the specific case where players are

divided into two groups (K = 2), labeled “green” and “brown,” and k ∈ {G,B}.10 Let FG ≡ DGG > 0,

9Note that symmetry of the substitutability parameters obtains when demand functions are derived from a represen-
tative consumer’s utility function.

10Note that, in this section, no assumption is made about the relative size of the model parameters in the green and
brown industries, so that the green and brown labels are commutable.



6 G–2019–21 Les Cahiers du GERAD

FB ≡ DBB > 0 and S ≡ DGB = DBG. The assumptions of strict concavity of the representative

consumer’s utility function implies that S2 < FGFB and the assumption that the maximum utility is

achieved in the positive quadrant corresponds to S ≤ min
{
FG

AB

AG
, FB

AG

AB

}
.

The solution of the system (3) yields

qG =
FBEG (nB + 1)− SEBnB

Ω
(5)

qB =
FGEB (nG + 1)− SEGnG

Ω
(6)

Ω = FGFB (nG + 1) (nB + 1)− S2nGnB > 0. (7)

Further assume that S < min
{
EB

FG

EG
, EG

FB

EB

}
and that fk < Fkq

2
k for k ∈ {G,B} . This is sufficient

to ensure that both types of players participate in the market at equilibrium. This result generalizes

the Cournot solution found in Singh and Vives (1984) for the duopoly case (nB = nG = 1).

We first investigate how the individual equilibrium quantities respond to changes in the param-

eters related to both the market demand and composition. We then characterize the steady-state

composition of the industry when producers can move from one variety to the other.

3.1 Impact of demand function parameters

It can easily be shown that there is a negative relationship between the equilibrium output of a firm and

the slope of its inverse demand function, while there is a positive relationship between the equilibrium

output of a firm and the slope of the inverse demand function for the other variety:

∂qk
∂Fk

= −Fjqk (nk + 1)
nj + 1

Ω
< 0

∂qk
∂Fj

= Snj
nj + 1

Ω
qj > 0, k, j ∈ {B,G} , k 6= j.

This result can be explained by examining what happens to the consumer demand: for a given set

of prices, an increase in the sensitivity of consumers to the price of product k contracts their demand

for that product

Qk =
Fj (Ak − Pk)− S (Aj − Pj)

FkFj − S2

∂Qk

∂Fk
= − QkFj

FkFj − S2
< 0, k, j ∈ {G,B} , j 6= k,

while an increase in consumer sensitivity to the price of the alternative variety j expands their demand

for product k
∂Qk

∂Fj
=

SQj

FjFk − S2
> 0, k, j ∈ {G,B} , j 6= k.

The relationship between the degree of substitutability S and the individual and total equilibrium

quantities is more complex and depends both on the market parameters and the industry composi-

tion (see Appendix 7.1). An increase in S can be interpreted as a more intense horizontal product

competition.

When S is small, that is, when the two markets are relatively independent, an increase in the

degree of substitutability decreases the equilibrium quantities of both varieties, as expected. However,

for a sufficiently large S (more interconnected markets), under mild conditions on the parameter values

(see 17), a further increase in the degree of substitutability has a positive impact on the equilibrium

quantity of the variety k satisfying

Fk

E2
k

nk + 1

nk
<
Fj

E2
j

nj + 1

nj
, j, k ∈ {G,B} , j 6= k (8)
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and a negative impact on the equilibrium quantity of the other variety.

Finally, we find that the total output is increasing in S for large enough S if both conditions (8)

and

Fk
nk + 1

nk
> Fj

nj + 1

nj
, j, k ∈ {G,B} , j 6= k

are satisfied for the variety with the highest efficiency (Ek > Ej).

The impact of changes in the degree of substitutability between the two product varieties has also

been investigated in other works but with simplifying assumptions. Our result generalizes that of

Dou & Ye (2017), which considers the special case where FG = FB and EG = EB , and shows that the

output of a firm belonging to the largest group increases with S when S is large enough.

It is interesting to contrast this finding with the corresponding result obtained in Kopel et al. (2017)

in a duopoly model (nG = nB = 1) under the simplifying assumption FG = FB = 1 and EG = EB = E.

In Kopel et al. (2017), the equilibrium output is decreasing for both varieties. However, when we move

to a context with inter- and intra-group competition, we find that, if nk > nj > 1, the equilibrium

output of Firm k is increasing in S for

S ∈

(
nj + 1

nj
−
√
nk (nj + 1) (nk − nj)

nknj
, 1

)
, j, k ∈ {G,B} , j 6= k.

On the other hand, when FG = FB = F , the total equilibrium output is always decreasing in S,

and the result obtained in Theilen (2012) for a duopoly model still holds.

Note that, for the specific application to the wine industry, the quality and production cost param-

eters (EG and EB), as well as the sensitivity of consumers to sustainable and conventional wine (FG

and FB) are expected to differ, as will be discussed in Section 4.

3.2 Impact of industry composition and size

We now assess how the individual equilibrium quantity responds to changes in the industry composition

and/or size. In particular, we focus on the degree of intra-brand competition under two different

scenarios. In the first case, we consider an increase in the number of firms in one group, which leaves

the number of firms in the other group unchanged, so that the total number of firms increases. This
scenario can be assimilated to long-term structural changes in industry size and composition. Under

the second scenario, we assume that the total number of firms in the industry is fixed, so that an

increase in the number of firms in one group is compensated by a decrease in the number of firms

in the other group. This scenario can be assimilated to short-term changes in industry composition.

Finally, we consider the possibility of an increase in the total number of firms, where the proportion

in each group remains constant.

In the first scenario, it is straightforward to check that a unilateral increase in the number of firms

in a given group has a negative impact on the individual output of all firms in the industry. This is due

to a general intensification of competition. However, the impact of a unilateral increase in the number

of firms in a given group on the total output of each group is different: the total equilibrium quantity

of the group that experiences growth increases (due to the greater size), but the total equilibrium

quantity of the competing group decreases. When we look at the total industry quantity Q, the

impact of increasing the size of group k when the size of group j does not change depends on the

degree of substitutability S. If the degree of substitutability is relatively low (S <
Fj(nj+1)

nj
), that is, if

the markets for the two varieties are relatively independent, the total industry quantity increases. The

reverse is true when the degree of substitutability is relatively high (S >
Fj(nj+1)

nj
), that is, when the

markets for the two varieties are more interconnected. Note that the threshold value of S, at which

the impact on the total output changes, is decreasing in nj (see Appendix 7.2.1).
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If, however, N is assumed constant, then the impact of an increase in the number of firms within

group k ∈ {G,B} is given by

dqk
dnk

=
∂qk
∂nk

− ∂qk
∂nj

with j ∈ {G,B} and j 6= k,

where ∂qk
∂nk

represents the marginal impact of intra-group competition and ∂qk
∂nj

represents the marginal

impact of inter-group competition. Note that, when N is constant, the impact of an increase in nk is

equal to the impact of a decrease in nj .

As a result, we find that an increase in the number of firms in a given group can have a positive

impact on the individual output of firms in that group if S and/or the size of the group are large enough

(see Appendix 7.2.2). The interpretation is that, when the degree of horizontal product differentiation

is small, so that products are perceived as similar and markets are tightly linked, a large group

can positively impact the inter-group competition to overcome the negative impact of intra-group

competition.

If we adopt the simplifying assumptions of the model of Dou & Ye (2017), i.e., FG = FB = F ,

EG = EB = E, we find that an increase in the number of firms in group k has a positive impact on qk
when nk >

1
4 (3N + 1) and S is large enough.

Finally, it is straightforward to show (see Appendix 7.2.3) that a proportional increase in the

number of firms in both groups decreases the output of all firms in the market.

3.3 Steady state market composition

Note that when the fixed cost of production does not differ across producer types, the highest profit

in Cournot competition is achieved by the players with the highest Fkq
2
k. This is no longer the case

when the production of different varieties generates different fixed production costs. Then, comparing

the profits of groups of players becomes a more complex problem. For the specific application we are

considering here, opting for a sustainable production technology involves an additional certification

cost that is independent of the quantity produced.

The equilibrium quantity, and therefore the profit of both kinds of producers, depends on the

composition of the industry, which, for a fixed N , can be characterized by the number of green

producers, denoted by n ≡ nG. We now consider the possibility that producers may decide to change

their production technology, so that n evolves over time according to evolutionary pressures in favor

of the relatively better-performing group. For instance, we can assume that the number of green firms

changes following the standard replicator dynamics

n(t+ 1) = N
n(t)π∗G (n(t))

n(t)π∗G (n(t)) + (N − n(t))π∗B (n(t))
,

or any evolution process such that the number of green producers increases (resp. decreases) when the

profit of green producers is higher (resp. lower) than that of brown producers. Assuming that N is

sufficiently large, we define the continuous extensions πk : [0, N ] → R, k ∈ {G,B} of the equilibrium

profit of both kinds of producers as a function of n. A steady state of this dynamic process is a

number n∗ such that

πG(n∗) = πB(n∗), (9)

that is,

FG (FBEG (N − n∗ + 1)− SEB (N − n∗))2 − FB (FGEB (n∗ + 1)− SEGn
∗)

2

− δ
(
FGFB (n∗ + 1) (N − n∗ + 1)− S2n∗ (N − n∗)

)2
= 0 (10)

where δ = fG−fB . Without loss of generality, we assume that δ ≥ 0, that is, green firms are identified

with the firms that have the highest fixed cost.
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We analytically derive conditions, on the fixed cost difference δ, under which different compositions

of the industry arise at the steady state, as stated in the following proposition.

Proposition 1 Define

λ1 ≡ FBFGE
2
G − (NSEG − FGEB (N + 1))

2

FBF 2
G (N + 1)

2

λ2 ≡ (NSEB − FBEG (N + 1))
2 − FBFGE

2
B

F 2
BFG (N + 1)

2 .

If 0 ≤ δ ≤ λ1 < λ2, then, at the steady state, the industry is populated by green firms only.

If λ1 < δ < λ2, then there exists a single steady state where green and brown firms coexist.

If λ2 ≤ δ, then, at the steady state, the industry is populated by brown firms only.

Proof. See Appendix 7.3.

Note that the equilibrium solution when the industry is populated by a single type of firm (brown

or green) is readily obtained by setting nG = N or nB = N in (5)–(7). This solution yields a positive

quantity and a positive profit for the firms that are not present in the market, which are interpreted

as the limit quantity and profit when the number of firms of one type vanishes.

It is easy to check that λ1 and λ2 are both increasing in FB and EG and decreasing in FG and EB ,

while λ1 (resp. λ2) is increasing (resp. decreasing) in S (see Appendix 7.4.1). From the results of

Proposition 1, comparative statics allows us to derive the following properties.

P1 Starting from an industry with only brown firms, green firms appear with increases in λ2
and decreases in δ, that is,

1. decreases in S (more horizontally differentiated products);

2. increases in FB (resp. decreases in FG) (lower (resp. higher) impact of price on demand

for brown (resp. green) products);

3. decreases in mG (resp. increases in mB) (more (resp. less) cost-efficient green (resp. brown)

production technology);

4. increases in AG −AB (higher choke price for green products; more vertically differentiated

products);

5. decreases in δ (smaller (resp. greater) fixed cost for green (resp. brown) producers).

Moreover, we derive the following property by studying the effects of parameter changes on the

functions on the stability condition (10) (see Appendix 7.4.2).

P2 Starting from a mixed industry, more green firms appear with

1. increases in EG (resp. decreases in EB) (changes in quality and/or cost efficiency),

or

2. decreases in δ,

while changes in other parameter values impact the number of green firms in an ambiguous way.
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4 The sustainable wine industry

We now investigate whether the results found for a general oligopoly with two varieties can be further

refined in the specific case of the sustainable wine industry. Considering the wine industry translates

into making specific assumptions about the parameter values.

In this section, green firms represent the sustainable wine producers, and brown firms represent

the conventional wine producers (vineyards and wineries). The adoption of sustainable practices is

captured by the marginal cost mG and the fixed cost fG.

The marginal costmG applies to sustainable production methods, such as choosing handpicking over

machine harvesting, installing owl boxes rather than using poison for rodent control, using biodiesel

in the tractors, powering the winery with solar energy, or using lighter-weight glass. We assume that

mG > mB ,

that is, that the technology implemented to produce sustainable wine is more expensive than the one

adopted to make conventional wine.11

Moreover, vine growers and wine makers who want an official seal of sustainability to affix to their

bottles must go through a certification process offered by a certification program. This certification

process generates a fixed cost that includes the auditor fees and any administration/membership fee

to the organization managing the certification program. A fixed fee is also paid by firms that have

already been approved for a sustainability label but need to be periodically audited to maintain their

status.12 These fixed costs add up to any other fixed costs borne by a conventional wine producer, so

we assume that

fG > fB .

On the demand side, we make no prior assumptions on the relative sensitivity of consumers to the

price of each wine variety, that is,

FG <=> FB .

As reported in the literature (see Schäufele & Hamm 2017 for a review), we assume that consumers

are willing to pay a premium price for a wine that has been certified sustainable. For instance, in the

exploratory study of consumer demand for sustainable wine in New Zealand, Forbes et al. (2009) report

that 73% of respondents were willing to pay a premium price for an environmentally sustainable wine

and that this premium would be up to 5% for one-third of the participants, and between 6% and 11%

for another third. We model this green premium by assuming that when a quantity Q+Q′ is produced,

where Q is the total quantity of variety k and Q′ is the total quantity of the other variety, the price of

the green variety is higher, for any feasible Q and Q′ :

AG − FGQ− SQ′ > AB − FBQ− SQ′,

which translates into a higher choke price, that is,

AG > AB ,

with the additional condition

AGFB > ABFG,

which is always satisfied if FB ≥ FG.

11See Castellini et al. (2017) for an estimate of the production costs of biodynamic grapes and wine.
12In the CCSW program, fixed costs include, for instance, an annual administration fee paid to the certifying program

and auditor fees paid to a third-party auditor; in the SIP program, applicants pay a one-time application fee, inspector
fees and a licensing fee per acre or gallon.
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4.1 Constant parameter values

In this section, we assume that all model parameter values are independent of the market composition n.

In particular, the difference between the choke prices for sustainable and conventional wines is a

constant positive premium price, denoted p, such that

AG = AB + p.

Given these assumptions on the parameters, the stability condition (21) and the comparative statics

results remain valid, and we can find numerical examples satisfying all three possibilities listed in

Proposition 1 for the steady-state industry composition.

We now provide some numerical illustrations that represent different industry compositions. For

comparison purposes and without loss of generality, we normalize the values of parameters AB , FB

and fB in all numerical experiments, so that AB = 200, FB = 1 and fB = 0.

Figure 2 is an example of an industry where sustainable wine practices have spread moderately,

as in, e.g., California, where 21% of the total farmed acreage was CCSW certified in 2017. In this

example, on the demand side of the market, consumers are less sensitive to the price of sustainable

wine than to that of regular wine (FG = 1.01FB), products are highly substitutable (large S), and the

green premium amounts to 1.1% of the choke price. On the supply side, the marginal production cost

of green wine is 33.3% higher, while the additional fixed costs borne by sustainable wine producers

(fG = 0.08) amount to 2.1% of the equilibrium profit. At equilibrium, 21 green firms produce 21%

of the total quantity, the price of sustainable wine is 26% higher than that of regular wine, and each

green firm produces 1.5% more in terms of quantity than a brown firm.

Figure 2: Steady state with a mixed industry. Parameter values are N = 100, S = 0.9985, FG = 1.01FB , AG = AB +2.29,
mG = 8, mB = 6, fG = 0.08.

Figure 3 illustrates the impact of greater horizontal product differentiation (smaller S). This could

be the result of some (exogenous) investment to make consumers more aware of the difference between

the two products, like a more distinctive label or an advertising campaign focused on sustainable

winegrowing practices.13 In this example, all parameter values are the same as in Figure 2, except

that S = 0.85 (note that this case falls within Statement 3 of Property P2 in Section 3.3). This results

in a higher number of green firms as well as a higher profit, selling price, and production quantity

for both kinds of producers. At equilibrium, 48 green firms produce 48.7% of the total quantity, the

price of sustainable wine is 26% higher than that of conventional wine, and each green firm produces

2.9% more in terms of quantity than a brown firm. Moreover, at equilibrium, the slopes of both profit

functions are steeper than in the preceding example, which results in an oscillating trajectory to the

steady state under the replicator dynamics.

13See, for instance, the Sonoma County Winegrowers’ national advertising campaign on vine balance, using content
taken directly from the California Code of Sustainable Winegrowing Workbook, which appeared in the November 2014
issues of Food & Wine, Wine Spectator, and Wine Enthusiast Magazine.
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Figure 3: Steady state with a mixed industry. Parameter values are N = 100, S = 0.85, FG = 1.01FB , AG = AB + 2.29,
mG = 8, mB = 6, fG = 0.08.

The transition from the example depicted in Figure 2 to the one depicted in Figure 3 can be

explained in light of the results obtained for the general model in Section 3.1. When we apply the

conditions stated in Appendix 7.1 to this specific case, we obtain that, at nG = 21,
FBE2

G

FGE2
B
< nB(nG+1)

nG(nB+1)

so that ∆G < 0 and ∆B > 0 and we can conclude that a decrease in S will increase the equilibrium

quantity qG. To understand what happens to qB , we verify that, at nG = 21,

FG
EB

EG

nG + 1

nG
−

√
∆B

2EGnGnB
< S < FG

EB

EG

nG + 1

nG
,

which implies that a marginal decrease in S reduces the equilibrium quantity of brown firms. As a

result, green firms experience an increase in their profits, while the profit of brown firms deteriorates.

According to the replicator dynamics, some brown firms will then switch to sustainable wine practices,

until a new steady-state industry composition is attained, with 48% of green wine producers.

Figure 4 exemplifies a wine industry with a very high penetration of sustainable production prac-

tices, akin to the situation in New Zealand, where, in 2016, 98% of New Zealand’s vineyard producing

area was SWNZ certified. The broad participation of sustainable wine producers is obtained for a

constellation of parameters that depicts a market where products are highly substitutable (large S),

the green premium amounts to 24% of the choke price, and the impact of price on demand is the same

for both varieties. The marginal production cost of sustainable wine is not as high as in the previous
examples (20% higher than the marginal production cost of conventional wine), while the additional

fixed cost is the same. At equilibrium, 98 green firms produce 98.4% of the total quantity, the price

of sustainable wine is 21% higher than that of regular wine, and each green firm produces 25% more

wine than a brown firm.

Figure 4: Steady state with a mixed industry. Parameter values are N = 100, S = 0.8, FG = FB , AG = AB + 48,
mG = 6, mB = 5, fG = 0.08.
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A wide diffusion of sustainable production practices can also be observed under a different market

demand configuration. In Figure 5, the number of green wine producers at the steady state is still 98

out of 100. While the cost parameters are the same as in the previous example, this wine industry shows

a lower substitutability between sustainable and conventional wines (smaller S); brown consumers who

are less sensitive to the price of conventional wine than green consumers to the price of sustainable

wine (FB = 1.5FG); and a very large green premium (90% of the choke price). At the steady state,

the 98 green firms produce 98.7% of the total quantity, the price of sustainable wine is 10.7% higher

than that of regular wine, and each green firm produces 52% more wine than a brown firm.

Figure 5: Steady state with a mixed industry. Parameter values are N = 100, S = 0.3333, FG = FB/1.5, AG = AB +180,
mG = 6, mB = 5, fG = 0.08.

Finally, Figure 6 illustrates the case where no green firm enters the market. In this particular

example, products are highly substitutable, the marginal cost of production is 60% higher in the green

industry, and the premium price is only 0.5% of the choke price.

Figure 6: Brown industry. Parameter values are N = 100, S = 0.99, FG = FB , AG = AB + 1, mG = 8, mB = 5,
fG = 0.08.

Our numerical experiments show that, given the specific features of the sustainable wine industry,

the most important parameters affecting the participation of sustainable wine producers are the pa-

rameters of the demand function. When FG is close to FB , the most important factor is the premium

price. Substitutability between the two products can also play an important role, while the composi-

tion of the industry is less sensitive to cost parameters. Changes in the fixed certification costs result

in a vertical shift of the green firms’ profit function. As can be observed in Figures 2 to 6, within a

reasonable range, such a shift does not significantly impact on the penetration of green firms. On the

other hand, the impact of an increase in the production cost of green firms depends on the degree of

substitutability between products; it can be important when products are highly substitutable, but is

less significant for horizontally differentiated products.
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4.2 Impact of market composition

We now consider the possibility that some market parameter values depend on the market composition,

that is, on the relative number of green producers. Such a dependency could happen, for instance, when

the choke price, or the size of the market for the green product, increases with the number of green

producers. As suggested in Lozano, Blanco & Rey-Maquieira (2010), well-known labels generate greater

consumer trust in the product, so that consumers are willing to pay a higher premium price. This

“reputation effect” can be captured by linking the premium price to the number of sustainable wine

producers (a broader presence of certified sustainable wines helps consumers learn about the label).

On the other hand, one of the advantages put forward by certification agencies is the possibility

for members to share knowledge about sustainable production methods, with the aim of improving

sustainable wine quality and reducing its production cost. Green production costs could therefore

decrease with the number of green producers, due to knowledge spillovers.

More specifically, we consider the case where EG (that is, quality and/or cost efficiency) increases

linearly with n, and we study the effect of this assumption on the steady-state composition of the

industry.

Define

EG(n) = E0 + n
EN − E0

N
(11)

where EN > E0 > 0 and EN (resp. E0) represents the limit of the parameter EG(n) when the number

of brown (resp.green) producers vanishes.

Under Assumption (11), it is no longer possible to characterize the steady-state industry compo-

sition analytically. Numerical experiments show that all three single-steady-state cases identified in

Section 3.3 can happen (all-green, all-brown, or mixed). Moreover, when EG depends on n, multiple

steady states can coexist, so that different steady-state scenarios can emerge according to the initial

conditions. More particularly, it is possible to obtain examples where, depending on the initial condi-

tions, the industry can turn into either a brown industry or a mixed industry, or into either a brown

or a green industry (polarized market).

Figure 7 illustrates a case where the two coexisting steady states consist of only brown firms or of

mixed types. The basin boundary of the initial states generating trajectories converging to a mixed

industry is given by n = 45, meaning that if at least 45 wine producers adhere to the sustainabil-

ity concept, then others will join the program over time due to their relatively better performance

compared to conventional wine producers, so that, in the long run, there will be 81 sustainable wine

producers. In that example, decreasing FG so that consumers’ price sensitivity for the two kinds of

wine becomes more similar or reducing the difference in marginal production costs reduces the initial

number of firms required to attain a mixed industry and increases the number of green firms in the

mixed steady state, until the steady state is a market containing only green firms.

Figure 8 provides an example where the wine market can only be populated by either conventional or

sustainable wine producers. The threshold value that makes the difference in the long-run composition

of the industry is n = 25. In this example, the profit of firms in an all-green market is higher than the

profit of firms in an all-brown market.

From the numerical experiments, we observe that multiple steady states are more likely to appear

when the substitutability parameter S is high, indicating that consumers perceive the two types of

wine as similar products.

5 Welfare considerations

In the previous sections, we showed that, depending on the model parameters, various industry con-

figurations may arise at the steady state. We now investigate the relative desirability of long-run

outcomes in terms of global welfare.
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Figure 7: Efficiency EG increasing with the number of green producers, with two coexisting steady states, n∗ = 81 and
n∗ = 0, according to the initial conditions. Parameter values are N = 100, S = 0.98, FG = 1.03 FB , EB = 197,
EN = 206.95, E0 = 193, fG = 0.05. This could correspond, for instance, to an increase in AG from 210 to 210.1 and a
decrease in mG from 17 to 3.15 as n varies from 0 to 100.

Figure 8: Efficiency EG increasing with the number of green producers, with two coexisting steady states, n∗ = 100 and
n∗ = 0, according to the initial conditions. Parameter values are N = 100, S = 0.96, FG = FB , EB = 295, EN = 307.5,
E0 = 283, fG = 0.05. This could correspond, for instance, to an increase in AG from 301 to 312.5 and a decrease in mG

from 18 to 5, as n varies from 0 to 100.

For a given industry size and composition n, the producer surplus is defined as

PS (n) = PSG + PSB

= nFGq
2
G + (N − n)FBq

2
B

and the consumer surplus as

CS(n) = U (QG, QB)− PGQG − PBQB

=
1

2

(
FG (nqG)

2
+ 2Sn (N − n) qGqB + FB ((N − n) qB)

2
)

.

The total welfare is then given by

W (n) =PS (n) + CS(n)

=
1

2
FBq

2
B (N − n) (N − n+ 2) +

1

2
nFGq

2
G (n+ 2) + Sn (N − n) qGqB , n ∈ (0, N) (12)

W (0) =
N (N + 2)

2 (N + 1)
2

E2
B

FB
(13)

W (N) =
N (N + 2)

2 (N + 1)
2

E2
N

FG
(14)

where EN is the maximum value of EG.
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A first question to answer is whether, and under what conditions, a green industry is more socially

desirable than a brown one. By comparing the welfare in Equations (13)–(14), a green industry is

better than a brown industry when
E2

N

FG
>
E2

B.

FB
. (15)

For a green industry to be the most desirable outcome, the maximum efficiency of green firms, in terms

of quality or production cost, must be large enough, compared to the efficiency of brown firms with

respect to the respective slope of their inverse demand curve. This result can be directly applied to

the case illustrated in Figure 8, where the two coexisting steady states are given by either a brown

industry or a green industry. In this instance, condition (15) is satisfied, and a green industry is the

socially desirable outcome. However, to reach this optimal industry composition, an initial group of at

least 25 sustainable wine producers is needed. Condition (15) is also satisfied in the cases illustrated

in Figures 4 to 7, but is not satisfied in the cases illustrated in Figures 2 and 3.

A second interesting question is understanding whether the socially optimal industry composition

can be attained at the steady state. The welfare-maximizing industry composition is obtained by

differentiating (12) with respect to the number of green firms and equating the resulting expression

to zero. Even when the model parameters are assumed to be constant, the impact of a change in

the industry composition on the total welfare a complex expression, and its roots cannot be found

analytically (see Appendix 7.2). Insights can be obtained through numerical experiments.

Simulations show that, when the parameters are constant, the steady-state value of n, where the

profits of the two types of firms are equal, can be either the optimal industry composition or a compo-

sition very close to it, meaning that profit-based decisions about whether or not to change production

practices will lead to a close approximation of the total welfare-maximizing industry configuration.

This is what happens in Figure 2, where the steady-state brown industry is also the welfare-

maximizing one. For the two “California” cases illustrated in Figures 2 and 3, the steady-state compo-

sitions of the industry are respectively 21 and 48 green firms, while the corresponding optimal-welfare

compositions are 21 and 45 green firms respectively (see Figure 9). In the second case, the welfare loss

at the steady state is 0.0004%.

Figure 9: Total welfare as a function of the number of green firms in the industry. In the left panel, parameter values
correspond to those of Figure 2, where the steady state is 21. In the right panel, parameter values correspond to those
of Figure 3, where the steady state is 48.

For the two “New Zealand” illustrations (Figures 4 and 5), the steady-state composition of the

industry is 98 green firms. Figure 10 shows that the welfare function reaches its maximum value when

the number of green producers is 98 in the first case and 96 in the second (for a welfare loss of 0.0016%

in the second case).

When, however, EG is increasing with n, we find that the steady-state composition of the industry

can differ significantly from the socially optimal industry composition, depending on the characteristics

of the industry. When the free market reaches a steady-state configuration that is far from the socially
optimal one, this indicates that some potential gains from exchange are not materialized, leaving room
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Figure 10: Total welfare as a function of the number of green firms in the industry. In the left panel, parameter values
correspond to those of Figure 4. In the right panel, parameter values correspond to those of Figure 5. In both cases, the
steady state is 98.

for external intervention. We find that the maximum efficiency of the green industry (that is, the

parameter EG(N) = EN ) has a positive impact on the number of green firms, both at the steady state

and at the socially optimal composition; however, these two numbers are not impacted in the same way

as the maximum efficiency EN increases. This is illustrated in Figure 11, where market parameters

are as in Figures 2 and 3. In both cases, starting from the constant parameter case (EN = E0), we

observe that the distance between the number of green firms at the welfare-maximizing configuration

increases faster than the number of green firms at the steady-state composition, before stabilizing and

then decreasing for large values of EN . However, the largest difference between the number of firms

at the optimal welfare composition and at the steady-state composition does not necessarily imply the

largest welfare loss.

Figure 11: Impact of the maximum efficiency EN when the efficiency of green firms is given by EG(n) = E0 + EN−n
N

.
Parameters in Panel 1 and Panel 2 are the same as in Figure 2 and Figure 3, respectively, with E0 = 194.29.

6 Conclusion

In this paper, we propose a general oligopoly model where groups of firms are characterized by different

production methods, involving different fixed costs, to produce differentiated goods. This differentiated

oligopoly model is used to analyze the specific case with two groups (e.g. green or brown production

methods), where we assume that individual firms have the possibility of changing their production

technology from one period to another, according to the relative performance of the two groups.

After characterizing the equilibrium solution of the static model and analyzing its response to the

demand function parameters and to the relative weight of both groups in the industry, we identify

conditions on the fixed cost leading to different long-run industry compositions.
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We specialize this analysis for the wine industry, and show that our model can produce equilibrium

market compositions that are presently observed in various countries where green and brown wine

industries coexist. We then consider the possibility that some parameters are not constant, but depend

on the number of firms producing the green variety due to a reputation or efficiency spillover effect.

When this is the case, we find that multiple steady states may occur, depending on the initial size of

the green industry.

Finally, we assess the possible steady-state compositions against the welfare-maximizing one. Spe-

cial attention is given to the extreme cases of a completely green or completely brown industry. When

the market parameters are constant, we find that, in general, the industry composition tends to sta-

bilize near a value that optimizes the global welfare. However, when the efficiency of green firms

increases with the relative weight of the green industry, the steady state achieved without intervention

is no longer the first-best industry composition, so that policy intervention may be needed.

7 Appendix

7.1 Impact of the substitutability parameter

7.1.1 Impact on individual output

The impact of S on the equilibrium quantity of a firm in group k is

dqk
dS

= nj
−EjnknjS

2 + 2FjEknk (nj + 1)S − FkFjEj (nj + 1) (nk + 1)

Ω2

= nj
Snkqk − Fjqj (nj + 1)

Ω
, k, j ∈ {B,G} , k 6= j.

The numerator is a concave parabola in S with a negative intercept and discriminant

∆k = 4Fjnk (nj + 1)
(
FjE

2
knk (nj + 1)− FkE

2
jnj (nk + 1)

)
, k, j ∈ {B,G} , k 6= j.

When S vanishes (products are independent), both derivatives are negative. For S > 0, if
FB

E2
B

nB+1
nB

= FG

E2
G

nG+1
nG

, then ∆G = ∆B = 0, so that both derivatives are non-positive.

Otherwise, assume w.l.g. that FB

E2
B

nB+1
nB

> FG

E2
G

nG+1
nG

, so that ∆G > 0 and ∆B < 0. In that case,
dqB
dS < 0 and dqG

dS ≶ 0, depending on the value of S. The roots of the numerator of dqG
dS are

FB
EG

EB

nB + 1

nB
±

√
∆G

2EBnGnB
.

It is straightforward to check that

0 < FB
EG

EB

nB + 1

nB
−

√
∆G

2EBnGnB
<
FGEB

EG

nG + 1

nG
.

Note that the equilibrium solution is interior iff S < FGEB

EG

nG+1
nG

< FB
EG

EB

nB+1
nB

. Consequently,

both derivatives are non-positive if

S < FB
EG

EB

nB + 1

nB
−

√
∆G

2EBnGnB

and dqG
dS is positive if

FB
EG

EB

nB + 1

nB
−

√
∆G

2EBnGnB
< S < min

{
FGEB

EG

nG + 1

nG
,
√
FGFB

}
.
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This is feasible if

FB
EG

EB

nB + 1

nB
−

√
∆G

2EBnGnB
< min

{
FGEB

EG

nG + 1

nG
,
√
FGFB

}
. (16)

It can be checked that Condition 16 is satisfied when

FGE
2
B

FBE2
G

<
4n2G (nB + 1)

2

(N + 2nBnG + 1)
2 . (17)

When
FGE2

B

FBE2
G

= 1, this reduces to

nG > nB + 1.

7.1.2 Impact on the total output

The total output is

Q = nGqG + nBqB

and the impact of a change in S is given by

dQ

dS
= nB

nG
Ω2

(
−S2nBnG (EB + EG) + 2S (FGEBnB (nG + 1) + FBEGnG (nB + 1))

−FBFG (nG + 1) (nB + 1) (EB + EG))

The numerator is a concave parabola in S with a negative intercept and roots

FGEBnB (nG + 1) + FBEGnG (nB + 1)± nBnG
√

∆

nBnG (EB + EG)

∆ = EBEG

(
FB

nB + 1

nB
− FG

nG + 1

nG

)(
FB

EG

EB

nB + 1

nB
− FG

EB

EG

nG + 1

nG

)
.

If ∆ ≤ 0, then dQ
dS ≤ 0. Otherwise, assume w.l.g. that

FB
nB + 1

nB
> FG

nG + 1

nG
(18)

FB

E2
B

nB + 1

nB
>

FG

E2
G

nG + 1

nG
.

It is straightforward to check that

0 <
FGEBnB (nG + 1) + FBEGnG (nB + 1)− nBnG

√
∆

nBnG (EB + EG)
<
FGEB

EG

nG + 1

nG
if EB > EG

0 <
FGEB

EG

nG + 1

nG
≤ FGEBnB (nG + 1) + FBEGnG (nB + 1)− nBnG

√
∆

nBnG (EB + EG)
if EB ≤ EG.

Recall that the equilibrium solution is interior iff S < FG
EB

EG

nG+1
nG

< FB
EG

EB

nB+1
nB

. Consequently,

the derivative dQ
dS > 0 if

EB > EG

FGEBnB (nG + 1) + FBEGnG (nB + 1)− nBnG
√

∆

nBnG (EB + EG)
< S < min

{
FG

EB

EG

nG + 1

nG
,
√
FBFG

}
,

which is feasible if

FGEBnB (nG + 1) + FBEGnG (nB + 1)− nBnG
√

∆

nBnG (EB + EG)
< min

{
FG

EB

EG

nG + 1

nG
,
√
FBFG

}
. (19)
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It can be checked that condition 19 is satisfied when

FGE
2
B

FBE2
G

<
1

nB (nG + 1)

(
nG (nB + 1)− FG (EB + EG)

2
(N + 1)

2

4E2
G (FBnG (nB + 1)− FGnB (nG + 1))

)
. (20)

When FG = FB = F, Assumption (18) becomes nB < nG and (20) reduces to

1 <
E2

B

E2
G

<
nG (nB + 1)

nB (nG + 1)
− (EB + EG)

2
(N + 1)

2

4nB (nG + 1)E2
G (nG (nB + 1)− nB (nG + 1))

,

which is impossible for EB > EG:

nG (nB + 1)

nB (nG + 1)
− (EB + EG)

2
(N + 1)

2

4nB (nG + 1)E2
G (nG (nB + 1)− nB (nG + 1))

= 1− (N + 1) (EB + EG) + 2EG (nG − nB)

4E2
GnB (nG + 1) (nG − nB)

((N + 1) (EB + EG)− 2EG (nG − nB))

< 1− (N + 1) (EB + EG) + 2EG (nG − nB)

4E2
GnB (nG + 1) (nG − nB)

(2EG (2nB + 1)) < 1.

7.2 Impact of market composition and size

7.2.1 Variable N and variation in the number of firms in one group

It is straightforward to check that, for k, j ∈ {G,B} and k 6= j,

dqk
dnk

= −qk
(
FBFG − S2

)
nj + FjFk

Ω
≤ 0

dqj
dnk

= −SFk
qk
Ω
≤ 0,

so that an increase in the number of firms in a given group has a negative impact on the output of all

firms in the industry.

The impact of an increase in nk on the total output is given by

dQ

dnk
= Fkqk

Fj (nj + 1)− Snj
Ω

.

7.2.2 Constant N and variation in the number of firms in one group

For k, j ∈ {G,B} and k 6= j,

dqk
dnk

=
−S3Ejn

2
j + S2EkFj

(
nj − nk + n2j

)
+ SEjFjFk

(
N + n2j + 1

)
− EkF

2
j Fk (nj + 1)

2

Ω2

= − dqk
dnj

.

Recall that S ≤ min
{

FBEG

EB
, FGEB

EG
,
√
FGFB

}
. Assume that nj ≥ nk. This implies that

EkFj

(
nj − nk
n2j

+ 1

)
− SEj ≥ EkFj − SEj ≥ 0.
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We then have that, for S ≤
√
FGFB ,

dqk
dnk

=
S2
(
EkFj

(
nj − nk + n2j

)
− SEjn

2
j

)
+ SEjFjFk

(
N + n2j + 1

)
− EkF

2
j Fk (nj + 1)

2

Ω2

≤ FGFB (N + 1)

Ω2
(SEj − EkFj) ≤ 0 if S is feasible.

We conclude that the impact of a marginal increase in the number of firms in the smallest group on

the quantity they produce is never positive.

Define

Yk (S) ≡ −S3Ej (N − nk)
2

+ S2EkFj

(
N − 2nk + (N − nk)

2
)

+SEjFjFk

(
N + 1 + (N − nk)

2
)
− EkF

2
j Fk (N − nk + 1)

2

= Ω2 dqk
dnk

.

Yk is increasing in nk and is a third-degree polynomial of S, negative, and increasing convex at S = 0.

Moreover, at S =
√
FGFB ,

Yk

(√
FGFB

)
= (N + 1)FGFB

(√
FGFBEj − EkFj

)
for k, j ∈ {G,B} and k 6= j,

the sign of which depends on the sign of
√
FGFBEj − EkFj .

i) Assume FBE
2
G = FGE

2
B , so that

√
FGFB = EGFB

EB
= EBFG

EG
. Compute

dYk
dS

= −3S2Ej (N − nk)
2

+ 2SEkFj

(
N − 2nk + (N − nk)

2
)

+ EjFjFk

(
N + 1 + (N − nk)

2
)
.

At S =
√
FGFB , Yk

(√
FGFB

)
= 0 and

dYk(
√
FGFB)

dS = EjFBFG (3N − 4nk + 1) . If nk <
3N+1

4 ,

Yk (S) < 0 for S ∈
[
0,
√
FGFB

)
. If, however, nk >

3N+1
4 , then Yk is decreasing in S at S =√

FGFB , so that dqk
dnk

> 0 when S is large enough. Note that this result applies to the case when

Fk = Fj = F and Ek = Ej = E, as in Dou & Ye (2017). In that specific case, dqk
dnk

> 0 for

nk >
3N + 1

4

nk > N +
F

F − S
−
√

FS

F + S
+

N

F − S
+

2F

(F − S)
2 .

ii) Assume w.l.g. that FBE
2
G < FGE

2
B , which implies that

√
FBFG < FGEB

EG
and FGEB

EG
> FBEG

EB
.

Assume further that FBEG

EB
<
√
FBFG < FGEB

EG
. At S = FBEG

EB
,

YG

(
FBEG

EB

)
= EGF

2
B

(
E2

BFG − E2
GFB

) nG − nB
E2

B

> 0 for nG > nB

YB

(
FBEG

EB

)
= −FB

(
E2

BFG − E2
GFB

) E2
BFG (nG + 1)

2 − E2
GFBn

2
G

E3
B

< −FBFG
E2

BFG − E2
GFB

EB

= −FBFG
E2

BFG − E2
GFB

EB
< 0.

We conclude that dqG
dnG

> 0 when nG > nB and S is large enough, while dqB
dnB

is always negative.
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iii) Assume that
√
FBFG < FBEG

EB
< FGEB

EG
. At S =

√
FBFG,

YG

(√
FBFG

)
= (N + 1)FGFB

(√
FGFBEB − EGFB

)
< 0

YB

(√
FBFG

)
= (N + 1)FGFB

(√
FGFBEG − EBFG

)
< 0.

Since YG

(
FBEG

EB

)
> 0 at S = FBEG

EB
>
√
FGFB , we conclude that dqG

dnG
< 0 for all feasible S while

dqB
dnB
≤ 0 for nG ≥ nB .

Finally,

YB(S) = −S3EG (N − n)
2

+ S2EBFG

(
N − 2n+ (N − n)

2
)

+SEGFGFB

(
N + 1 + (N − n)

2
)
− EBF

2
GFB (N − n+ 1)

2

< −NS2EBFG + SEGFGFB (N + 1)− EBF
2
GFB

< 0 if E2
GFB <

4N

(N + 1)
2E

2
BFG < E2

BFG.

We conclude that when nB is large enough and when E2
GFB → E2

BFG, dqB
dnB

can take positive values

for 0 < S <
√
FGFB .

7.2.3 Proportional increase in both groups

Assuming that the size in both groups is multiplied by (1 + θ) yields for j, k ∈ {G,B} and j 6= kj

qk =
FjEk ((1 + θ)nj + 1)− SEj (1 + θ)nj

FjFk ((θ + 1)N + 1) + njnk (θ + 1)
2
Y

dqk
dθ

= −FjFk (FjEknk + SEjnj) + Y njnk (1 + θ) (2FjEk +Xknj + θXknj)(
FjFk (N (θ + 1) + 1) + Y njnk (θ + 1)

2
)2 < 0.

A proportional increase in the number of firms decreases the output of firms in both groups. It has an

ambiguous impact on the total output.

7.3 Proof of proposition 1

Proof. We first show that λ2 > λ1.Assume w.l.g. that E2
BFG ≤ E2

GFB , so that S < EB
FG

EG
≤ EG

FB

EB
.

It comes

λ2 − λ1 =
(NSEB − FBEG (N + 1))

2 − FBFGE
2
B

F 2
BFG (N + 1)

2 −
FB

(
FBFGE

2
G − (NSEG − FGEB (N + 1))

2
)

F 2
BF

2
G (N + 1)

2

= N
S2N

(
E2

BFG + E2
GFB

)
− 4SEBEGFBFG (N + 1) + FBFG

(
E2

BFG + E2
GFB

)
(N + 2)

F 2
BF

2
G (N + 1)

2

= N
h(S)

F 2
BF

2
G (N + 1)

2

where h(S) is a quadratic convex function of S, minimized at

S∗ =
2FBFGEBEG

E2
BFG + E2

GFB

N + 1

N
>

2FBFGEBEG

E2
BFG + E2

GFB

≥ EBFG

EG
.
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As a consequence, for S < min
{√

FGFB , EB
FG

EG
, EG

FB

EB

}
,

h(S) >

(
EBFG

EG

)2

N
(
E2

BFG + E2
GFB

)
− 4

(
EBFG

EG

)
EBEGFBFG (N + 1)

+FBFG

(
E2

BFG + E2
GFB

)
(N + 2)

= FG

(
E2

GFB − E2
BFG

) 2E2
GFB +N

(
E2

GFB − E2
BFG

)
E2

G

≥ 0,

and λ2 > λ1.

The stability condition (9) can be rewritten as

L(n∗) = R(n∗) (21)

where

L(n) = FG (FBEG (N − n+ 1)− SEB (N − n))
2 − FB (FGEB (n+ 1)− SEGn)

2
(22)

R(n) = δ
(
FGFB (n+ 1) (N − n+ 1)− S2n (N − n)

)2
. (23)

The function R(n) is a concave, positive, fourth-degree polynomial, symmetric w.r.t. n, with

R(0) = R(N) = δF 2
BF

2
G (N + 1)

2 ≥ 0. The function L(n) is a quadratic function of n, with

L′(n) = 2n
(
E2

GFB − E2
BFG

) (
FBFG − S2

)
− 2FG

(
E2

GF
2
B (N + 1)− 2SEBEGFB (N + 1) + E2

B

(
NS2 + FBFG

))
.

Note that L′(n) is increasing in n if E2
GFB > E2

BFG and decreasing if E2
GFB < E2

BFG. We now show

that L is a strictly decreasing function of n.

1. First case: E2
GFB > E2

BFG, which implies that S < min
{√

FGFB , EB
FG

EG

}
. We then have

L′(n) ≤ L′(N)

= −2S2NE2
GFB + 4SEBEGFBFG (N + 1)− 2FBFG

(
E2

BFG (N + 1) + E2
GFB

)
.

This expression is concave in S and maximized at S∗ = EBFG

EG

N+1
N > EBFG

EG
.We then have

L′(n) < −2

(
EBFG

EG

)2

NE2
GFB + 4

(
EBFG

EG

)
EBEGFBFG (N + 1)

−2FBFG

(
E2

BFG (N + 1) + E2
GFB

)
= 2FBFG

(
E2

BFG − E2
GFB

)
< 0,

and L is a strictly decreasing convex function of n.

2. Second case: E2
GFB ≤ E2

BFG, which implies that S < min
{√

FGFB , EG
FB

EB

}
. We then have

L′(n) ≤ L′(0)

= −2NS2E2
BFG + 4SEBEGFBFG (N + 1)− 2FGFB

(
E2

BFG + E2
GFB (N + 1)

)
This expression is concave in S and maximized at S∗ = EGFB

EB

N+1
N > EGFB

EB
. We then have

L′(n) < −2N

(
EGFB

EB

)2

E2
BFG + 4

(
EGFB

EB

)
EBEGFBFG (N + 1)

−2FGFB

(
E2

BFG + E2
GFB (N + 1)

)
= −2FBFG

(
E2

BFG − E2
GFB

)
≤ 0

and L is a strictly decreasing concave function of n.
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We have shown that L is a strictly decreasing function of n, which implies that L(0) > L(N). The

steady state is defined by the intersection of a strictly decreasing (concave or convex) function and a

concave symmetric function. We distinguish three cases.

1. L(0) ≤ R(0), which corresponds to δ ≥ λ2.
Since L(n) < L(0) ≤ R(0) < R(n) for all n > 0, there are only brown firms in the industry

in the steady state.

2. L(0) > R(0), which corresponds to δ < λ2, and L(N) < R(N), which corresponds to δ > λ1.

Since L(N) < R(N) ≤ R(n) for all n ∈ [0, N ] and L(0) > R(0), there exists at least one n∗ where

L(n∗) = R(n∗). On the other hand, since L is convex, linear, or concave, while R is concave,

there exist at most two intersection points between the two curves. Since L(N) < R(N), a

second intersection point cannot be in (n∗, N ], and there exists a single steady state where

green and brown firms coexist.

3. Otherwise, L(N) ≥ R(N), which corresponds to δ ≤ λ1. For this third case to happen, we need

λ1 ≥ 0:

FBFGE
2
G − (NSEG − FGEB (N + 1))

2

= −N2S2E2
G + 2NFGEBEG (N + 1)S + FBFGE

2
G − F 2

GE
2
B (N + 1)

2 ≥ 0,

or, equivalently,

S ∈
[
EBFG

EG

N + 1

N
−
√
FBFG

N
,min

{√
FGFB , EG

FB

EB
, EB

FG

EG

})
,

which requires

E2
BFG < E2

GFB .

Notice that λ1 is increasing in S over the interval of feasible values for S.

Define β(n) ≡ L(n)−R(n).We will show that β(n) > 0 for all n ∈ [0, N ] .

Compute β′′(n) :

β′′(n) = 2
(
FBFG − S2

) (
E2

GFB − E2
BFG + δ

(
N2S2 − FBFG (N (N − 2)− 2)

)
+ 6δn

(
FBFG − S2

)
(N − n)

)
≥ 2

(
FBFG − S2

) (
E2

GFB − E2
BFG + δ

(
S2N2 − FBFG (N (N − 2)− 2)

))
.

If S2N2 − FBFG (N (N − 2)− 2) ≥ 0, then β′′(n) > 0. Otherwise, using δ ≤ λ1,

δ
(
S2N2 − FBFG (N (N − 2)− 2)

)
≥ FBFGE

2
G − (NSEG − FGEB (N + 1))

2

FBF 2
G (N + 1)

2

(
N2S2 − FBFG (N (N − 2)− 2)

)
.

Note that since λ1 is increasing with S, λ1
(
N2S2 − FBFG (N (N − 2)− 2)

)
is decreasing with S.

Using S < EB
FG

EG
we get

δ
(
S2N2 − FBFG (N (N − 2)− 2)

)
>
(
NE2

BFG − E2
GFB (N (N − 2)− 2)

) E2
GFB − E2

BFG

FBE2
G (N + 1)

2

and finally

β′′(n) ≥ 2
(
FBFG − S2

) (
E2

GFB − E2
BFG

+
(
NE2

BFG − E2
GFB (N (N − 2)− 2)

) E2
GFB − E2

BFG

FBE2
G (N + 1)

2

)

= 2
(
FBFG − S2

) (
E2

GFB − E2
BFG

) E2
GFB (4N + 3) +NE2

BFG

E2
GFB (N + 1)

2 > 0.



Les Cahiers du GERAD G–2019–21 25

We have shown that β is convex over [0, N ], so that β′(n) ≤ β′(N) for all n.

Now compute β′(N) :

β′(N) = 2δNFBFG

(
FBFG − S2

)
(N + 1)

+
(
4SEBEGFBFG (N + 1)− 2NS2E2

GFB − 2FBFG

(
FG (N + 1)E2

B + FBE
2
G

))
< 2

FBFGE
2
G − (NSEG − FGEB (N + 1))

2

FBF 2
G (N + 1)

2 NFBFG

(
FBFG − S2

)
(N + 1)

+
(
4SEBEGFBFG (N + 1)− 2NS2E2

GFB − 2FBFG

(
FG (N + 1)E2

B + FBE
2
G

))
= −N3 (EBFG − SEG)

2 (
FBFG − S2

)
−N2FG (EBFG − SEG)

(
2EB

(
FBFG − S2

)
+ FB (EBFG − SEG)

)
−NFG

(
S2
(
E2

GFB − E2
BFG

)
+ FB (EBFG − SEG) (3EBFG − SEG)

)
−FBF

2
G (EB (EBFG − SEG) + EG (EGFB − SEB))

< 0.

We have shown that β′(n) ≤ β′(N) < 0 for n ∈ [0, N ], which means that β is strictly decreasing.

We then have L(n) > R(n) for all n ∈ [0, N), and there are only green firms in the industry

in the steady state.

7.4 Comparative statics

7.4.1 Sensitivity of λ1 and λ2 to the model’s parameters

Compute

dλ1
dFB

=

(
FGEB (N + 1)−NSEG

FBFG (N + 1)

)2

> 0;

dλ1
dFG

= EG
2NS (NSEG − FGEB (N + 1))− FBFGEG

FBF 3
G (N + 1)

2

< −EG

F 2
G

FBEG + 2NSEB

FB (N + 1)
2 < 0;

dλ1
dEB

= −2 (FGEB (N + 1)−NSEG)

FBFG (N + 1)

< −2
EB

FB (N + 1)
< 0;

dλ1
dEG

=
2NS (FGEB (N + 1)−NSEG) + 2FBFGEG

FBF 2
G (N + 1)

2

>
2

FG

FBEG +NSEB

FB (N + 1)
2 > 0;

dλ1
dS

= 2
N

FBF 2
G

EG (FGEB (N + 1)−NSEG)

(N + 1)
2

> 2N
EG

FG

EB

FB (N + 1)
2 > 0.

Similarly for λ2 we get

dλ2
dFB

= EB
2NS (FBEG (N + 1)−NSEB) + FBFGEB

F 3
BFG (N + 1)

2

> EB
FGEB + 2NSEG

F 2
BFG (N + 1)

2 > 0;
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dλ2
dFG

= −
(
FBEG −NSEB +NFBEG

FBFG (N + 1)

)2

< 0;

dλ2
dEB

= −2NS (FBEG (N + 1)−NSEB) + 2FBFGEB

F 2
BFG (N + 1)

2

< − 2

FB

FGEB +NSEG

FG (N + 1)
2 < 0;

dλ2
dEG

=
2 (FBEG (N + 1)−NSEB)

FBFG (N + 1)

> 2
EG

FG (N + 1)
> 0;

dλ2
dS

= −2
N

F 2
BFG

EB (FBEG (N + 1)−NSEB)

(N + 1)
2

< −2N
EB

FB

EG

FG (N + 1)
2 < 0.

7.4.2 Effect of changes in parameters on a mixed industry

Recall the functions

L(n) = FG (FBEG (N − n+ 1)− SEB (N − n))
2 − FB (FGEB (n+ 1)− SEGn)

2

R(n) = δ
(
FGFB (n+ 1) (N − n+ 1)− S2n (N − n)

)2
used to characterize a steady state where profits are equal for both types of producers.

Note that a change in Ek = Ak −mk has no impact on the function R, while

dL

dEB
= 2S2FGEB (N − n)

2 − 2SFGFBEG (N + 1) (N − 2n)− 2F 2
GFBEB (n+ 1)

2

< 2SFB
EG

EB
FGEB (N − n)

2 − 2SFGFBEG (N + 1) (N − 2n)− 2F 2
GFBEB (n+ 1)

2

= −2SFBFGEG (N − n) + 2nSFBFGEG (n+ 1)− 2F 2
GFBEB (n+ 1)

2

< −2SFBFGEG (N − n) + 2nFG
EB

EG
FBFGEG (n+ 1)− 2F 2

GFBEB (n+ 1)
2

= −2SFBFGEG (N − n)− 2FBF
2
GEB (n+ 1) < 0.

This means that a reduction in EB (that is, either an decrease in AB or an increase in mB) shifts

the L(n) function upward for all n and has no effect on R (n); as a result, the intersection of the two

functions happens at a greater value of n.

In the same way, dL
dEG

> 0, so that an increase in the value of EG (that is, either an increase in AG

or a decrease in mG) results in a lower value of n at the steady state.

On the other hand, a change in the value of δ has no impact on function L, while

dR

dδ
=
(
S2n (N − n)− FBFG (n+ 1) (N − n+ 1)

)2
> 0.

This means that a reduction in δ shifts the R(n) function downward for all n and has no effect

on L (n); as a result, the intersection of the two functions happens at a greater value of n.
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7.5 Impact on welfare

dW (n)

dn
= FGqG

(
(n+ 1) qG + n

(
(n+ 2)

dqG
dn

+
S (N − n)

FG

dqB
dn

))
+FBqB

(
− (N − n+ 1) qB + (N − n)

(
(N − n+ 2)

dqB
dn

+
Sn

FB

dqG
dn

))
−nSqBqG,

where

dqB
dn

= −−Y XB (N − n)
2 − FGFBXB (N + 1)− Y FGEB (N − 2n)

(Y n (N − n) + FGFB (N + 1))
2

dqG
dn

=
−Y XG (N − n)

2 − FBFGXG (N + 1)− Y FBEG (N − 2n)

(Y n (N − n) + FGFB (N + 1))
2 .
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