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Abstract: The paper combines two major contemporary systems and control methodologies to obtain a
unique e-Nash equilibrium for optimal execution problems within the stock market, namely Mean Field
Game (MFG) theory and Hybrid Optimal Control (HOC) theory. Following standard financial models, the
stock market is studied in this paper as a large population non-cooperative game where each trader has
stochastic linear dynamics with quadratic costs. We consider the case where there exists one major trader
with significant influence on market movements together with a large number of minor traders (within two
subpopulations), each with individually asymptotically negligible effect on the market. The traders are
coupled in their dynamics and cost functions by the market’s average trading rate (a component of the
system mean field) and the hybrid feature enters via the indexing of the cessation of trading by one or both
subpopulations of minor traders by discrete states. Optimal stopping time strategies together with best
response trading policies for all traders are established with respect to their individual cost criteria by an
application of LQG HOC theory.

Keywords: Mean field game theory, hybrid optimal control theory, optimal execution problems

Résumé: Cet article combine deux méthodes contemporaines majeures de systéemes et de controle perme-
ttant d’obtenir un équilibre unique de e-Nash afin de résoudre les problemes d’exécution optimale au sein
du marché financier, a savoir la “théorie du jeux & champ moyen” (MFG) et la “théorie du controle optimal
hybride” (HOC). Suivant les modeles financiers classiques, le marché boursier est étudié dans cet article
comme un jeu non coopératif a forte population dans lequel chaque commercant a une dynamique linéaire
stochastique avec des cotits quadratiques. Nous considérons le cas ou il existe un commercant majeur ayant
une influence significative sur les mouvements du marché ainsi qu'un grand nombre de commergants mineurs
(au sein de deux sous-populations), chacun ayant un effet individuellement asymptotiquement négligeable
sur le marché. Les commercants sont couplés dans leur dynamique et leurs fonctions de cout au taux
moyen de commerce du marché (une composante du champ moyen du systéme) et la fonction hybride par
I’indexation de la cessation des transactions par une ou les deux sous-populations de commercants mineurs
par des états discrets. Les stratégies optimales de temps d’arrét, ainsi que les politiques de commerge avec la
meilleure réponse pour tous les commergants, sont établies en fonction de leurs criteres de cott individuels
par l'application de la théorie de LQG HOC.

Mots clés: Théorie du jeux a champ moyen, théorie du controle optimal hybride, problemes d’exécution
optimaux
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1 Introduction

Mean Field Game (MFG) systems theory establishes the existence of approximate Nash equilibria together
with the corresponding individual strategies for stochastic dynamical systems in games involving a large
number of agents. The equilibria are termed e-Nash equilibria and are generated by the local, limited
information feedback control actions of each agent in the population, where the feedback control actions
constitute the best response of each agent with respect to the precomputed behaviour of the mass of agents
and where the approximation error converges to zero as the population size goes to infinity.

The analysis of this set of problems originated in Huang et al. (2003, 2006, 2007) (see Caines et al. (2017);
Caines (2014)), and independently in Lasry, Lions (2006a,b). In Huang (2010) and Nguyen, Huang (2012)
the authors analyse and solve the linear quadratic systems case where there is a major agent (i.e. non-
asymptotically vanishing as the population size goes to infinity) together with a population of minor agents
(i.e. individually asymptotically negligible). The existence of e-Nash equilibria is established together with
the individual agents’ control laws that yield the equilibria Nguyen, Huang (2012). The partially observed
MFG theory for nonlinear and linear quadratic systems with major and minor agents has been developed in
Caines, Kizilkale (2013, 2014, 2017); Sen, Caines (2014, 2015, 2016); Firoozi, Caines (2015).

The notion of Hybrid Systems (HS) is used to describe control systems for which (i) the state has contin-
uous and discrete components and (ii) the continuous component of the state evolves in “continuous time”
and the discrete component evolves in “discrete time”. While the optimal control of deterministic hybrid
systems has been extensively studied in the literature (see e.g. Clarke, Vinter (1989); Bensoussan, Menaldi
(1997); Lygeros et al. (1997); Branicky et al. (1998); Sussmann (1999); Xu, Antsaklis (2004); Dharmatti, Ra-
maswamy (2005); Garavello, Piccoli (2005); Shaikh, Caines (2007); Taringoo, Caines (2013); Pakniyat, Caines
(2017¢,b)), the optimal control of stochastic hybrid systems, i.e. control systems that involve the interaction
of continuous dynamics, discrete dynamics and stochastic diffusions, has been the subject of a limited num-
ber of studies Bensoussan, Menaldi (2000); Aghayeva, Abushov (2011); Pakniyat, Caines (2016, 2017a). In
Pakniyat, Caines (2016), in particular, first order variational analysis is performed on the stochastic hybrid
optimal control problem via the needle variation methodology and the necessary optimality conditions are
established in the form of the Stochastic Hybrid Minimum Principle (SHMP). The results are specialized
in Pakniyat, Caines (2017a) to a class of Linear Quadratic Gaussian Hybrid Optimal Control Problems
(LQG-HOCP) for which the Hamiltonian boundary conditions are path-independent and therefore, the cor-
responding stochastic Riccati equations are independent from the realization of stochastic diffusion terms.

Optimal execution problems have been addressed in the literature (see e.g. A. Carteaand S. J aimungal and
J. Penalva (2015); Jaimungal, Kinzebulatov (2014); Almgren, Chriss (2001); Alfonsi et al. (2010); Bayraktar,
Ludkovski (2011)) in which an agent must liquidate or acquire a certain amount of shares over a pre-specified
time horizon while it balances the price impact and the price uncertainty, and maximizes its final wealth. This
problem with the linear models in A. Cartea and S. Jaimungal and J. Penalva (2015) was formulated as for
the nonlinear major minor (MM) MFG model in Huang et al. (2015), and partially observed MM LQG MFG
theory was first applied in Firoozi, Caines (2016, 2017) for the case in which traders have partial observations
of the market states. In this paper, the stock market consists of an institutional investor, interpreted as the
major agent, aims to liquidate a specific amount of shares, and a large population high frequency traders
(HFTs), interpreted as minor agents, who wish to liquidate or acquire a certain amount of shares within a
specific time horizon. The traders are coupled in their dynamics and cost functions by the market’s average
trading rate (a component of the system mean field) and the hybrid feature enters via the indexing of the
cessation of trading by one or both subpopulations of minor traders by discrete states. This work combines
two major contemporary systems and control techniques: MFG theory and Hybrid Optimal Control (HOC)
theory to establish optimal stopping time strategies together with best response trading policies for all agents
with respect to their individual cost criteria which yield a unique e-Nash equilibria for the market.

We note major trader (respectively, minor trader), and institutional trader (respectively, HFT) are used
interchangeably in this paper.
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The rest of the paper is organized as follows. Section 2 presents the trading dynamics and performance
functions in the market. Optimal execution problems in the market are then formulated in the Hybrid MFG
framework in Section 3. Finally, concluding remarks are made in Section 4.

2 Trading dynamics of agents in market

As stated in the Introduction, the institutional investor is considered as a major agent in the mean field
model of the market which liquidates its shares and the HFTs are considered as minor agents, where two
types of them are considered: acquirers A, with the population of N, and liquidators A; with the population
of Ny, such that N, + N; = N. All agents trade over the interval [0, 7], and minor agents are allowed to stop
trading at an optimal time t{ < T. It will be shown in Section 3 that the optimal stopping time policy for
each agent is F;-independent, and depends only on its dynamical parameters. In this paper, for simplicity of
exposition the dynamical parameters for all minor traders in their respective type are the same, and hence
the stopping times are the same for all agents of each population. Employing the trading model in (?), the
trading dynamics of the major agent and any generic minor agent in the market are described by the linear
time evolution of the (i) inventories, (ii) trading rates and (iii) prices while the bilinear cash process appears
in the quadratic performance function for each agent.

2.1 Inventory dynamics

Tt is assumed that the institutional investor liquidates its inventory of shares, go(t), by trading at a rate vo(t)
during the trading period [0, 7T]. Hence the major agent’s inventory dynamics is given by

dqo(t) = vo(t)dt + oddwd, 0<t<T,

where w{ is a Wiener process modeling the noise in the inventory information that the institutional trader
collects from its branches in different locations; o is a positive scalar and we assume that go(0) > 1. The
same dynamical model is adopted for the trading dynamics of a generic HF T

dq;(t) = v;(t)dt + oldw],

where for a minor acquirer trader A; € A,, 0 <t <%, and correspondingly for a minor liquidator A; € A;,
0 <t < t\. The Wiener process w! models the HFT’s information noise, o} is a positive scalar, v;(t) is
the agent’s rate of trading which can be positive or negative depending on whether the agent is acquirer or
liquidator, respectively; g;(t) is the minor liquidator’s remaining shares at time ¢, or the shares the minor
acquirer has bought until time ¢t. However, the initial share stock of the HFTs, {¢;(0),1 <1i < N, + N;}, are
not considered to be large, furthermore they are not motivated to retain shares and are assumed to trade
them quickly.

We assume that the trading rate of the major agent is controlled via ug(t) as
dl/o (t) = Ug (t)dt, 0 <t< T7

where the trading strategy wuo(t) can be seen to be the trading acceleration of the major trader. Correspond-
ingly, u;(t) controls the trading rate of minor agent, A;, by

dv;(t) = u;(t)dt,

where again for a minor acquirer trader A; € A,, 0 < ¢ < t%, and correspondingly for a minor liquidator

Ai € Aj, 0 <t <t and u,(t) is the trading acceleration of the minor acquirer or liquidator.

2.2 Price dynamics

The trading rate of the major agent and the average trading rate of the minor agents give rise to the
fundamental asset price which models the permanent effect of agents’ trading rates on the market price.
Further, each agent has a temporary effect on the asset price which only persists during the action of the
trade and which determines the execution price, that is to say the price at which each agent can trade.
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2.2.1 Fundamental asset price
We model the dynamics of the fundamental asset price, as seen from the major agent’s viewpoint, by
dFy(t) = (Novo(t) + ANt (t))dt + odwf (t), 0<t<T,

where N; is the number of minor agents trading at time ¢, vVt (t) = N% 25\21 v;(t) is the average trading rate
of the minor agents trading at time ¢. The Wiener process w{’(t) models the aggregate effect of all traders in
the market which - unlike the major and minor agents 4g, A;, - have no complete or partial observations on
any of the state variables appearing in the dynamical market model (these are termed uninformed traders).
Further, o denotes the intensity of the market volatility and Mg, A > 0 denote the strength of the linear
permanent impact of the major and minor agents’ trading on the fundamental asset price, respectively.

Similarly, we model the fundamental asset price dynamics, as seen by a minor agent A;, by
dF;(t) = (Movo(t) + AN (b)) dt + odw] (t),

where 0 < ¢t < t2 for A; € Ay, and 0 < t < tL, for A; € A;, vNe(t) = N% vaz’l v;(t) is again the average

trading rate of the N; minor agents trading at ¢, and the Wiener process, w! (t), represents the mass effect
of all uninformed traders in the market.

2.2.2 Execution price
The major agent’s execution price Sy(t) evolution is assumed to be given by
dSo(t) = dFo(t) + aodyo(t), 0<t<T, (1)

where ag > 0 is the temporary impact strength of the major agent on fundamental asset price. Likewise, a
minor agent’s execution price, S;(t), is assumed to evolve by

where 0 < ¢t < t9, for A; € A,, and 0 <t < ¢\, for A; € A;, and a models the temporary impact of a minor
agent’s trading on its execution price.

2.3 Cash process

The cash processes for the major agent and a generic minor agent, Zy(t), Z;(t), respectively, are given by

dZO(t) = —So(t)qu(t), 0 S t S T, (3)

4

le(t) = —Sl(t)dqz(t), for AZ S Al, 0 <t< tls, ( )
where Zy(t), and Z;(t) for A; € A; are the cash obtained through liquidation of shares, and Z;(t), for
A; € A, is the cash paid for acquisition of shares up to time ¢. We note that the value of dgo(t) in a
stock sale (respectively, buy) is negative (respectively, positive) and hence for positive Sy(t), Zo(t) increases
(respectively, decreases).

{dZi(t) = —S;(t)dqi(t), for A; € A, 0<t <2

2.4 Performance function
2.4.1 Major liquidator

The objective for the major trader is to liquidate Ny shares and maximize the cash it holds at the end of
the trading horizon, i.e. maximize Zy(7T), and if the remaining inventory at the final time T is qo(T), it can
liquidate it at a lower price than the market asset price reflected at cost function by qo(T)(Fo(T) — aqo(T)).
Further, the major trader’s utility in minimizing the inventory over the period [0, 7] is modeled by including
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the penalty ¢ fOT g3 (s)ds in its objective function, and the utility of avoiding very high execution prices,
large trading intensities and large trading accelerations by including the terms €S3(T), fOT §S2(s)ds, Bva(T),

fOT 013 (s)ds and fOT Roud(s)ds in the objective function. Therefore, its cost function to be minimized is
given by

Jo(uo, u—0) = E| = rZo(T) = pao(T) (Fo(T) = aqo(T)) + eS3(T) + B (T)
T
+ [ (0u(s) + 853(5) + 008(5) + Roud()ds]. (3

where r, p, a, €, 8, ¢, 0, 8, and Ry are positive scalars, and u_g := (uq, ug, ..., uy) are trading strategies of the
minor traders. Note that for larger values of ¢ the trader attempts to liquidate its inventory more quickly.

2.4.2 Minor liquidator

In a similar way, the objective function to be minimized for a liquidator HFT who wants to liquidate N
shares over the interval [0, 7] with the stopping time 0 <t/ < T is given by

Ji(ui,u_i) = E| = Zi(t)) — prgi(t,) (Fi(tls) - 1/fzqz'(tls)) +&S7(th) + v (th)
tS
+ / (lilq?(s) +vS2(s) + o2 (s) + Rlu?(s))ds}, for A; € A, (6)
0

where 7, pi, Ui, &, Wi, ki, i, o and Ry are positive scalars, and u_; := (ug, U1, ..., Uj—1, Ujt1, -.., Un ). Note
that N; < Np.

2.4.3 Minor acquirer

The objective for a minor acquirer is to buy N shares during the trading horizon [0,7]. Given that it stops
trading at t¢ < T, it also wishes to minimize the execution cost including the cash Z;(t%) paid up to time t2,
and the cash must be paid at time ¢2 to buy the remaining shares at once at a higher price than the market’s
asset price, i.e. (N —q;(t2)) (F;(t2) + tha(N — ¢;(t2)). It is also intended to avoid high execution prices, large
trading intensities and large trading accelerations modeled by including &,52(t%) + pav2 (t2) + fg : (vaS2(s) +
0aV2(s) + Rau?(s))ds in its objective function

Ji(ui,ui) =E [pa(N — i(t)) (Fi(t]) + vaWN = ai(t2))) + raZi(t) + €ST(t2) + pavi (t3)+

/0 (RN = ()% +7aS2(5) + 0ar2(5) + Rauf(s))ds}, A € Ao, (T)

where fgs ka(N — gi(s))?ds is to penalize the agent for the remaining shares to be bought up to t¢ and to
expedite the acquisition. The parameters p,, ¥a, 7o, €as tas Kas Vas Ca, and R, are positive scalars and
Ui 1= (U, Uy ey Ui 15 Uig 1, oy UN )

3 Hybrid Mean Field Game formulation of optimal execution problems
In this section we formulate optimal execution problems in the Hybrid MM LQG MFG framework.

3.1 Discrete state association

In order to present the trading dynamics of the stock market in the stochastic hybrid systems framework
of (Pakniyat, Caines, 2016, 2017a), the discrete states Q;, 7 = 0,1,2 are introduced, which correspond to

the evolution of the market in the intervals [t;,¢;41), where ty = 0 is the initial time, ¢; and t5 denote the
stopping times of the first population and the second population respectively, and t3 = T is the terminal time.



Les Cahiers du GERAD G-2018-95 5

We remark that the HS-MFG problems studied in this paper lie within the class of hybrid LQG problems in
(Pakniyat, Caines, 2017a) for which optimal switching strategies are F;-independent, and therefore, optimal
stopping strategies depend only on the dynamical parameters of each population.

We associate the discrete state Qg to the initial case where both the liquidator and acquirer populations
are trading together with the major agent over the interval [0, 7).

The discrete state ) corresponds to the interval [¢1,5) for which two situations can be considered: (i)
the liquidator population stops at ¢; while the acquirer population is still trading, in which case Q1 = qoq,
and (ii) the acquirer population stops at ¢; while the liquidator population is trading, which corresponds to

Q1 = qor.

The discrete state Q2 represents the system over the interval [to, T after the second population of HFTs
stops at to, and hence the major agent is trading in the absence of both populations.

The above discrete state association is summarized in the following table.

Table 1: Discrete State Association

] Discrete State \ Ao \ A \ A \

Qo v v |V

qoa V| V| x

@ qot v | x|V
Q2 v X X

3.2 Finite populations
3.2.1 Major agent

The dynamics of the major trader in the market can be modeled as

dVQ (t) = Up (t)dt,
dqo(t) = vo(t)dt + oddw,
dSo(t) = (Movo(t) + AN (t))dt + aguo(t)dt +odwi (t).

Let the major agent’s state be denoted by o = [v0, qo, So]”, then its dynamics can be expressed as
dzo = Agzodt + Bouodt + Eoz™Ntdt + Dodwg (8)
with the matrices
0 0 O 1 wd 0 0 0 0 0
Ao— 1 0 0 ,Bo— 0 ,wg[w%},Eo 0 0 O ,D(): O'g 0
)\0 0 0 aq 0 A0 O 0 g

Note that in (8), N; takes the following values.

Na+Nl for QO;

N, — Ng for Q1 = qoa, )
N for Q1 = qor,
0 for Q.

The major trader’s cost function (5) can also be described in terms of its states with replacing the final
cash process by E[Zy(T)] = fE[foT So(s)vo(s)ds], and the fundamental asset price Fo(T') using (1). The
Equation (8) together with the cost function (5) form the stochastic LQG problem for the major trader.
Note that the major trader is involved with the market’s average trading rate in its dynamics while involved
with the market’s average selling rate in its cost function.
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3.2.2 Minor liquidator

Similarly, the stochastic optimal control problem for a minor liquidator A; € A;, is given by the set of
dynamical equations

dl/i (t) = U; (t)dt,
dg;(t) = v;(t)dt + oldw],
dSi(t) = (Aovo(t) + WM (t))dt + au,(t)dt + odw; .

Similar to the major trader, we define a generic minor trader’s state vector as x; = [v;,q;,Si]7, and its
dynamics can be written as
dr; = Azidt + Bugdt + EyzNtdt + Dyduy, (10)
with
0 0 O 0 0 0 1
AA=|100)|, EE=]10 00|, B=|0],
0 0 O A0 O a
0 0 O 0 O w?
Gl: 0 0 0 5 Dl: 0‘;—1 0 s w”|: U}IZ:‘ :|
A 0 0 0 o i

The quadratic cost function (6) can also be expressed in terms of the minor agent’s state when the final
1

cash process in (6) is replaced by E[Z;(t})] = —E[f(fs S;i(s)v;i(s)ds] using (4), and the fundamental asset price

F;(t,) is replaced using (2).

The Equations (10) and (6) form the stochastic LQG problem for a generic minor liquidator. Additionally,
they show that a minor liquidator is coupled with the major agent’s trading rate and the market’s average
trading rate in its dynamics while coupled with the market’s average selling rate in its cost function.

3.2.3 Minor acquirer agent

The stochastic optimal control problem for a minor acquirer A; € A,, is given by the set of dynamical
equations

dl/i (t) = Ui(t)dt,
dY;(t) = —v;(t)dt + oldw],
dS;(t) = (Aovo(t) + ANt (t))dt + au,(t)dt + odw]

where Y;(t) = N, — ¢;(t) is the remaining shares at ¢ to be acquired until the end of trading horizon. We
define a generic minor acquirer’s state vector as x; = [v;, Y;, S;i], hence its dynamics in compact form would be

dr; = Agzidt + Boudt + E,a™Ntdt + Dydw,,, (11)
where
0 0 0] 0 0 0 1
As=| -1 0 0|, E,=|0 0 0]|,B,=]0
0 0 0 | A0 0 a
0 0 0] 0 0 q
w:
Go=| 0 0 0|, Dys=|0cl 0 w{ ZF].
W
Xo 0 0 | 0 o i

Note that N; in (11) again takes values as in (9) over the trading horizon. Accordingly, the cost function for
acquisition is given by
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Ji(ui,u—q) = ]E{ oYi(t9) (Si(t7) — avi(t3) + ¥aYi(ts)) + €7 (82) + pav (t7)

+ /O (RaY2(5) +70S2(5) + 0av?(s) = aSi(s)vs(s) + Roud(s) ) ds . for A € A (12)

The set of Equations (11)—(12) constitute the standard stochastic LQG problem for a minor acquirer.
It can be seen that a generic minor acquirer interacts with the major agent’s trading rate as well as the
market’s average trading rate through it dynamics, and with the market’s average buying rate through its
cost function.

3.3 Mean field evolution

Following the LQG MFG methodology (Huang, 2010), the mean field, Z, is defined as the L? limit, when it
exists, of the average of minor agents’ states when population size goes to infinity

Ny
1
Z(t) NliLn :ENt(t):]\}iLn N, E x;(t), a.s.
e R g

Now, if the control strategy for each minor agent is considered to have the general feedback form

N
u; = Lix; + Loxg +Z L4a:j + L3, 1<i<Ng, (13)
J#i,j=1

then the mean field dynamics can be obtained by substituting (13) in the minor liquidator (respectively,
acquirer) agents’ dynamics (10) (respectively, (11)), and taking the average and then its L? limit as N — oc.

The set of mean field equations for the optimal execution problem can be written as

dz = Azdt + Grodt + mdt. (14)
For Qo, z = [27, a‘:lT]T consists of the mean field Z; of the liquidator population, and the mean field z, of the
acquirer population. The matrices in (14) are defined as

1 Aa Aal ~ Ga _ Mg
=la wloe-la] -m] &
which shall be determined from consistency equations discussed in Section 3.5.

For qou, T = Z,, and the matrices in (14) are given as

A=A, G=G, m=mg. (16)

For qo;, Z = Z;, and the matrices in (14) are given by

A=A, G=G, m=m. (17)
Finally, for Q2, T = 0.

The empirical distribution of the minor traders is denoted by 7V = (7, 7}N), =& = %, k% a,l. The
first assumption is as follows.

Assumption 1 There exists © such that limy_eom = (74,7 a.s.

3.4 Infinite populations

Following the mean field game methodology with a major agent (Huang, 2010; Nourian, Caines, 2013) the
hybrid optimal execution problem is first solved in the infinite population case where the average term in the
finite population dynamics and cost function of each agent is replaced by its infinite population limit, i.e. the
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mean field. Then specializing to linear systems (Huang, 2010), the major agent’s state is extended with the
mean field, while the minor agent’s state is extended with the mean field and the major agent’s state; this
yields LQG problems for each trader linked only through the mean field and the major agent’s state. Then
the main results of (Huang, 2010), (Nourian, Caines, 2013) are (i) the existence of infinite population best
response strategies which yield the Nash equilibria, and (ii) the infinite population best response strategies
applied to the finite population system yield an e-Nash equilibria (see Theorem 1).

3.4.1 Major liquidator agent

The extended dynamics of the major agent in the infinite population, i.e. the dynamic for the xgm’Qj is
given by
drg" % = (AP 2g" Y + MY + B ug?)dt + D dWo, (18)
0 <7 <2, and the cost function for the extended major agent’s system would be
Jo(ug,u—o) = [HCICSI’Q2 PQz + Z/ (™ QJ )”;Qj + ||u01(8)||;Qj)ds:|7 (19)
0 0

where tg = 0,t3 = T. Let matrix coefficients Py, Py, respectively, associated with the running and final costs
n (5) be given by

- 8 %pao 0 6 0 %r
PO = %pao yues _%p ) PO = 0 (b 0 )
0 —ip ¢ ir 06

then over the interval [tg,t1), and in the discrete state Qg, the dynamics of the continuous state a:ew Qo

[z, 2T 2] is determined from (18) with
Qo _ | Ao [Eo, Eo] Qo _ | Osx1 Q _ | Bo Qo _ | Do Osxe
AgT = { G A » Mt =1 Bt = O6x1 |’ Dy = Osxs Osxe |-
and ]P’((;?0 in (19) is given by
P§° = [I33, 03x3, 03x3] " Pol[I3x3, 033, 03x3]-

In case (i) where Q1 = qo, over the interval [t,%2), the dynamics for zg" % = [27,z1]T

from (18) with

Ay E 0 B D 0
q0a __ _0 _0 qoa — 3x1 qoa — 0 qdoa — 0 3x3
Ao = [ Go Aa ] » Mo [ Mg ] + By { 03x1 } + Do { O3x3 033 ] '

is determined

and P is given by
Pie = [I3x3,03x3]TP0[I3x3703X3]'

In this case, the values of the continuous state before and after ¢; are related by the jump map

2E500 (1) = W ,al™ ,Qo (t1—) (20)
where
_ | Isx3 0Osxs Osxs
Yoa = [ O3x3  I3x3 Osxs |- (21)
In case (ii) where Q1 = qo; holds, z°®9 = [zf", z]]T and
Ay E B 0 Dy 0
Ador — 10 ~0 Bt — 0 Mot — 3_><1 , Dot — 0 3x3 )
0 [ G A |0 0 O3x1 |’ 0 my 0 O3x3 0O3x3

P§ = [Isx3, 03x3]TP0[I3x3’ 033, O33]-
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In this case, the values of the continuous state of the major trader before and after ¢; are related by the
jump map

2EPO () = \I,O’lxgw,Qo (t1—) (22)
where
I3x3 Osxs O3xs
Yo, = . 23
0 O3x3 Osx3 Isx3 (23)
For the discrete state @2, the continuous state of the major trader is z5"%"* = z, and

AZ? = Ay, MG =031, B =B, DS =D,
P92 =P, PP =P,
The values continuous state of the major trader before and after ¢5 are related by the the jump map
w679 (t2) = Wo 06" Y (t2—) (24)
where U 5 = [ I3y Osxs ]

By the definition of the terms ]D(?j necessarily satisfy the condition Al in (Pakniyat, Caines, 2016), which
in the LQG takes the following form

DY = 0o, DE,  j=1,2. (25)

An application of the stochastic hybrid control theory of (Pakniyat, Caines, 2016), specialized to the LQG
case in (Pakniyat, Caines, 2017a), yield the infinite population best response hybrid control action as

ud’ (t) = —Rg & B o 115 (£) g™ (1), (26)

where Hf)?j (t) is the solution of

— 117 = U7 A + AT o T — 1157 B Ry BY o, 57 + P, (27)
subject to the terminal and boundary conditions
9% (T) = Py, (28)
Qj— Qj
1_[0 ' (tj) = \I/g:jHO (tj)‘l’om (29)

Qi Q; Qi_ Q;
Po 4 WM () W A0 + AOT,Q,-,I‘I’OT,J'HO 7(t5)%o,;
S [hing (tj)‘l’o,j]B(?j_lR&égj,l

Q; Qj Qj Qj Qj Qj p— Qj .
:\IIOTJ(]P’O + TG (1) A + AT o TG (t5) — TG (¢)BS7 Ry L BY o, 115 (tj))\l/w, for j =1,2. (30)

Qj
Bo.q, %o, 15" () %o,

3.4.2 Minor acquirer

A generic minor agent A;’s extended dynamics in the acquirer population with the extended state xfm’Q" is
dat 9 = (A28 1 M + B ud? + BEul )dt + DY dW;, (31)
where for Qo, xfm’QO = [z, 2l 2T, 2z, and
A, (Gas Ea, Ea)

Qo _
A Ogxs AJ° — B Ry 5, BY.

Qo |»
0,Qo O;QOHO
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0351 B Da O3y
MQO: X1y , BQO— @ s ID)QO_ )
¢ [ M } “ Ogx1 ¢ Ogxs  DE°
and for goq, 277" = [T 2, 2117, and
Aqoa = Aa [Ga, E ]
@ Osxz AJ*—BJ™ R(IclmaBOquQHgoa ’
O3x1 B, D, Osxe
Mi%0a— , B90a — , DgOa = a .
¢ [ M ] ¢ [06><1 Osxz D

In case (i) where the acquirer population is trading over [¢1,t2), i.e. @1 = qoq, the total hybrid cost for a
minor acquirer is given by

T iy 1) = B i () e +Z / (hei™% (5)a, + [ (3)]12, )ds]. ()
with
Ploe = [I33,03x6]" PalI3x3, 03x6] (3)
P = [-[3><3;OBXG]TPa[I3><3703><6] (34
]P’aQO = [I3><37O3><9]TPa[I3><3’03><9]’ (38)

where P,, P, are, respectively, associated with the running and final costs in (7) are given by

B Ha _%paa 0 Qa 0 _%ra
P, = _%paa Pcﬂ/’a %pa ’ P, = 0 Raq 0 . (36)
0 %pa &a *%Ta 0 Ya

In this case, the extended state for a generic minor agent in the acquirer population at ¢; satisfies the jump

transition map
%900 (tl) = \Ifi@.fCez’QO (tlf)
with
Isx3z 03x3 0O3x3 Oszx3
W, o= 03x3 I3x3 03x3 03x3
O3x3 Osx3z [I3xz Osxs

In case (ii) where Q1 = qo; holds over the interval [t1,t3), the cost for the minor acquirer agent A; is
given by

T (i u_) = B[ [l2579 (1) 124, + / (2579 )Py + 62 (5)12,0,)ds]. (37)

to
with P90 = [I5,3, 03x9]T P[I3x3, 03x9].

The optimal stopping problem for a minor acquirer is equivalent to a hybrid optimal control problem in
which the dynamics and costs become zero after stopping. By the definition of the terms ]Dan necessarily
satisfy the condition Al in (Pakniyat, Caines, 2016). To be specific, for the case (i) the diffusion coefficients
in (31) satisfy

Dioe =, D0, (38)
]D)Sz = \Ili70-‘10a’qstongoa = 0, (39)

where 0@, q..., denotes the stopping event in the discrete state Q;. Both conditions in (39) are satisfied since
D2 = 0 due to the zero dynamics after stopping and ‘I’i,aq%,qsmp = 0 due to removal of the minor acquirer
trader’s state from the market dynamics. For the case (ii) we also have

DY = W, D% =0, (40)

1,0Qq . dstop @
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which holds due to the stopping decision at ¢;. The results of (Pakniyat, Caines, 2016, 2017a) yield
w? (1) = —Rg BY o, I (1) 2" (1), (41)

with
0. ) ) ) B -1 .
— I =TPAZ + AL o TP —TIPIBE Ra’QjIB%aT,QJ_HaQJ +P,, (42)
where for the case (i), in which Q1 = qoq, % (t) is the solution of (42) subject to the terminal conditions
I3 (t2) = pgw’
(]P:g(m + ]TDZO@AZOG. + Azqoa}?}gfm _ ]?)g(]aBgOa R;éoaﬁiqoa@;goa)t t =0,
=t2

and the boundary conditions
90 () = W7 1% (£1) W, ,, (43)

,aa

PLO + W] T80 (81) W, o AL + AL o WT I8 (1) W5 4
— W 1% (1) W5 (BZO R, 6 Be 0, U1 (11807 (1) W
=i, (PZO“ T (t1) Ados + AT I8 (fy) — T4 (8) B R, o B TI20 (t1))\I’i,a, (44)

@,90a a,90a"" @;40a
and in case (ii) where Q; = qo; holds, TI%°(#) is the solution of (42) subject to the terminal conditions
e () = B, (45)

(P9 + BAR + AT B — POBY R4 BT, %) =0, o

3.4.3 Minor liquidator

The hybrid dynamics, jump maps and performance measures for a minor liquidator are presented in a similar
form as the minor acquirer, and therefore, due to space limitations, are not presented here. The infinite
population best response hybrid control action as

K3

u? (t) = —Rg'BL o I () a{™ (1), (47)

with
— 1P =P AP + Al Y - TP B R B, % +p, (48)

where for the case (i), in which Q1 = qoq, Hle (t) is the solution of (48) subject to the terminal conditions
70 (1) = P,

(PR + PRoaR + AT, PP - PRB Rf,éoﬁf@o]ﬁ’z@o)t:tf 0,

and in case (ii) where Q1 = go; holds, HlQ0 (t) is the solution of (42) subject to the terminal conditions
H;}ot (t2) — P?Ol,
(HD;IOL + P?OZA?OL + Aljqu P;}oz _ P?OZB?OZRl_,tllnglj:qolP?0l>t:t2 = ()7
and the boundary conditions

HzQO (t1) = ‘I’ZzH?Ol (t1) W5,

PRO + T T (1) W AP + Al g OT I (1) 5y — UT I (1) 03 BE° Ry S B o, UE T (81) W5

l,q01 1,qo1 " L,q01

= T (P T (41) A + AT, T (0) — T (0B Ry ) B, T (1)) Wi, (49)

The infinite population equilibria is linked to the finite population equilibria by the following theorem.
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Theorem 1 (e-Nash equilibria for hybrid MM LQG MFG systems) Subject to reasonable technical condi-
tions (see (Huang, 2010)), the system equations (8), (10), (11) together with the mean field equations (51)
generate the set of control laws U . = {u?j;() <i< N}, 1 <Ny <N < oo, given by (26), (41), and (47)
such that

(i) All agent systems A;, 0 <1i < N, are second order stable.
(i) {UY ;1 < N < o} yields an e-Nash equilibrium for all €, i.e. for all € > 0, there exists N (¢) such that
for all N > N(e);
JEN e u ) —e < inf IV (ug,u ) < TN (g, u,). 0
u; EUZNy

Proof. Applying the approach of (Huang, 2010) backwards from T along the optimal realization of the
sequence Qo, @1, @2, establishes the existence and uniqueness of the Nash equilibrium and e-Nash equilibrium
for the infinite population system and finite population system, respectively. O

3.5 Mean field consistency equations

The closed loop trading dynamics of a minor acquirer A; € A, applying (41), or correspondingly a minor
liquidator A; € A; applying (47) is consequently

Ra/lBa/lHa/l (iE;T,.’EO , L ) dt — Ra/l]Ba/lsa/l( )dt

then the average of the closed loop trading dynamics over the acquirer or liquidator population is obtained as

Naji Nasi Na i
T _
N Z dv; = wBeplap (ol a5, 2") dt — ; > R BLsap(t)dt, (50)
where z = [#], ] ]7. Then taking the L? limit of (50) as the population size N,;; goes to infinity yields the

trading rate mean field dynamics

dv, = lim dvMNer = —R7 1IB%a/lHa/l>< lim  ((aN)T, 2, 2L, fl) dt — R~

Ngj1—00 a/l Ngjp—o0 a/l

Ba/lsa/ldt

and hence the consistency equations are given by

N

—Rgl(Ha,n +1Ig17) — aRgl(Ha,m +11437),

a,11
Agrz = =R, (M09 + 1y 1s) — aR, (11, 32 + 11, 38),
Agis = —Ry (a3 + My 9) — aRy (I, 35 + 1 39),

N

al,11 = —Rgl(Ha,no + all, 310),

Ag12 = —R; (111 + all, 311)

Ag1z = —R; (T, 110 + all, 312)

Apn = =R (a1 + p110) — aRy (a1 + I s10),
A2 = —Rl_l(ﬂz,m + 10111 — aRl_l(Hl,BQ +11; 311)
Az = =Ry (a3 + T 112) — aR; (T 33 + 10 312)
Ajgn = =R 'y 17 — aRy ' 57

Ay 1o = —R; ' 18 — aRy ' 3

Ajanz = =Ry 19 — aRy M 39

Gajia1 = _R;/ll(Ha/l,14 +ally ) 34),

Gajinz = _R;/ll(na/l,ls +allai35),

Gajias = —R;/ll(ﬂa/z,w +all,; 36),

Mas1 =0, (51)
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where I,/ ;- = I1,/(4,4) for i ={1,3}, j ={1,2,3,...,12}. Hence the matrices in (15) are given as
/1;ij /

B A1 Aaiiz Aajias B Aar11 Az Aais
Aujt = 1 0 0 R 0 0 0,
(TapiA+aday11) aAajiz adajiis mA+aAq 11 aAaie aAas
Ma/i1 ~ /La,n Ala,12 /La,13
m=| 0 |, An= 0 00 |,

Mg 11 TaA+ Ag11 aAig12 aAig 13

B Ga/l,12 Ga/l,22 Ga/l,23

Ga/l = 0 0 0

()\0 =+ aéa/hgl) aéa/l722 aéa/l,23

4 Conclusions

Hybrid MFG theory was utilized in a non-cooperative game formulation of the financial market where HFT's
(minor agents) may leave the market before the final time. The best response trading and stopping policies
for the agents are further shown to yield an e-Nash equilibrium for the the market.
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