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Abstract: Global optimization problems are very hard to solve, especially when the nonlinear constraints
are highly nonconvex, which can result in a large number of disconnected feasible regions. Complete methods
based on spatial branch and bound can find a global optimum point, but can also be slow. Multi-start
methods can be used instead when shorter solution times are important. These methods explore the variable
space to identify promising points from which to launch a local solver. We present the CCGO multi-start
heuristic which uses a combination of various types of initial point scatter, constraint consensus to move
points toward feasibility, clustering to identify disconnected feasible regions, and simple search to improve
point clusters, before selecting local solver launch points. It targets highly nonconvex models. This heuristic
performs very well in comparison to existing commercial complete and multi-start solvers.

Keywords: Global optimization, nonlinear optimization, multi-start methods
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1 Introduction

Global optimization (GO) involves finding a best feasible solution to a model that has at least one nonlinear
function among the constraints and/or objective function. In the most general case, the model has an
objective function, functional constraints, and variable bounds. All variables are continuous, and together
with simple upper and lower bounds on their values define an n-dimensional hyperbox called the wvariable
space. A generic GO model is described in Equation (1).

Min flx)
gi(x){ <,=}0 for i=1...m (1)
lj <z; <uy for j=1...n

Local optimization of a model of the type in Equation 1 requires only finding a solution that is feasible and
best in a local neighbourhood, such as a small ball surrounding the solution point. Global optimization
requires finding a best solution among all possible feasible solutions in the variable space. Without loss of
generality we will assume minimization throughout the paper.

Global optimization is much harder than local optimization since it must overcome difficulties such as
multiple local optima, disconnected feasible regions, etc. The nonconvexity of the feasible region, and pos-
sibly of the objective function, increases the challenge. Global optimization is NP-hard (Vavasis 1995), but
is frequently required in engineering, finance, biology, etc. (Floudas 1999), hence practical solution algo-
rithms and their software implementations are highly valued, especially as the scale and complexity of the
models grow.

There are three main categories of solution methods.

Complete solvers such as BARON (Ryoo and Sahinidis 1996), Couenne (Belotti et al. 2009), and SCIP
(Achterberg 2009) use spatial branching within a branch and bound framework to implicitly explore the
entire variable space. Each node in the search tree requires the estimation of a lower bound on the value of
the objective function in a sub region of the variable space. Considerable effort is often required to construct
suitable underestimators that are as accurate as possible in each sub region. Complete solvers are very
accurate, but are relatively slow, and do not scale well in general.

General metaheuristic methods such as simulated annealing (Kirkpatrick 1984) and tabu search (Glover
and Laguna 1998) can be applied, generally by first converting the problem to an unconstrained form through
the use of a penalty function for violating constraints. However the quality of the solutions returned by such
methods is not very high.

Multi-start heuristics are the best alternative to complete solvers when the user can accept a potential loss
in solution quality for a large gain in solution speed. In a naive multi-start method, a local solver is launched
from a large number of random points in the variable space. This can be done concurrently. In more advanced
solvers such as MSNLP (Ugray et al. 2009) and AIMMS Multi-start (Hunting 2017) the variable space is
searched in a more intelligent manner with the goal of launching a local solver from only a few well-chosen
points since the local solution is the most computationally expensive step.

The Constraint Consensus Global Optimizer (CCGO) developed here is a multi-start solver. The algo-
rithm is intended to produce good quality solutions (relatively close to the optimum objective function value)
in a relatively short amount of time for large and highly nonconvex models, especially those having multiple
disconnected feasible regions. This will be highly useful in practice when decisions must be made quickly.
A good early incumbent solution is especially valuable for this reason. The best possible outcome would be
to find optima as good as those found by complete solvers in times smaller than those required by existing
commercial multi-start solvers. Making use of concurrency will help with this goal.
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1.1 Multi-start solvers

An efficient multi-start solver launches the local solver from only a small number of points. The best possible
solver would launch from exactly one point somewhere in the basin of attraction for a global optimum point.
It is rarely possible to identify such an excellent launch point, so algorithms try to gain efficiency by not
launching from points unlikely to lead to good solutions, and try not to select more than one point in each
basin of attraction. Algorithms vary in how they address these issues.

The commercial solver Knitro (Byrd et al. 2006) launches its local solver from a large number of ini-
tial points within the variable bounds, or within a smaller user-specified hyperbox. It will launch from
min{200, 10n} points, where n is the number of variables, or a user-specified number.

For unconstrained models, the Multi-Level Single-Linkage algorithm (Ugray et al. 2009) scatters random
points uniformly through the variable space, sorts them according to their objective function value, and
selects a subset of the best points, excluding points that are within a specified distance from another point
having a better objective function value. It may also eliminate points that are close to the variable space
boundary, or that are within a critical distance to a previously found local minimum. The critical distance
shrinks as points are added by further sampling, and various rules are used to gauge when to terminate
the algorithm.

Random Linkage multi-start (Ugray et al. 2007) generates new random points on the fly and does not
maintain a list of points. The local solver is launched from the new point with a probability based on
its distance from the closest previous sample point with a better objective function value (the probability
increases with distance).

MSNLP (Ugray et al. 2009) uses a similar approach for constrained problems, using a penalty function
to evaluate points. It models basins of attraction as spheres in n-space. A list of random potential launch
points is maintained. If a point is closer than a critical distance to a nearby point with a better penalty
function value, then the merit filter prevents it from being used as a launch point. The critical distance
is decreased as the algorithm proceeds, and a previously excluded potential launch point may be used in a
subsequent cycle, based on a probability derived from its distance to the nearest point with a better penalty
function value. The distance filter also skips potential launch points if they are within a critical distance of
a previously found local optimum point.

The related solver OQNLP (Ugray et al. 2007) includes the MSNLP algorithms as well as an additional
OptQuest driver to generate trial points. The OptQuest algorithm operates on an initial population of
solutions, generating new solutions as combinations of members of the population. Thereafter it operates as
in MSNLP.

The Aimms solver (Hunting 2017) has a multi-start option that maintains clusters of solutions. It starts
with a uniformly distributed set of points within the variable space, each evaluated via a penalty function.
Points may be passed to the local solver, and the output solutions are used to update the clusters and the
cluster radii. Potential launch points within the cluster radii are deleted. As for the previous algorithm,
the intent is to avoid launching the local solver multiple times within the same basin of attraction for the
local solver.

The algorithm developed in this paper extends previous work by Smith et al. (2013a) that is described
in Section 1.2.

1.2 Constraint Consensus in global optimization

Chinneck (2004) developed the Constraint Consensus (CC) algorithm as a way to quickly improve a user-
provided launch point prior to launching a local solver; improvements were later made by Ibrahim and
Chinneck (2008). Smith et al. (2013b) later developed the SUM variant which is used in this work. CC
very rapidly moves from a given start point (possibly very far from feasibility) to a point that is close to a
feasible region and greatly improves the success rate for local solvers in finding a feasible solution. It works
by finding a feasibility vector for each violated constraint that connects the current point to the closest point
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satisfying the violated constraint (exact for linear constraints, an approximation for nonlinear constraints),
and then combining these into a single update consensus vector in various ways. The current point is updated
by applying the consensus vector, and the process is repeated until a stopping condition such as acceptable
closeness to feasibility, maximum iterations etc. is reached. CC is a variant of the well-known projection
methods (Motzkin et al. 1954, Gubin et al. 1967, and Censor 1988) applied as a heuristic for sets of nonconvex
nonlinear constraints.

MacLeod (2006) extended this idea to use CC to explore the variable space prior to launching a local solver.
He divides each axis into zones and uses randomly launched CC solutions to reason about the likelihood of
finding a feasible point in each zone. The outcome is a set of probabilities of local solver success assigned to
each zone on each axis. Experimental results were promising.

The key theme in the multi-start methods described in Section 1.1 is an emphasis on where not to place
local solver launch points. There has been relatively less work emphasizing where launch points should be
placed. Early papers by Rinnooy Kan and Timmer (1987a, 1987b) showed that clustering methods, including
single-linkage clustering, are especially efficient and accurate for identifying different regions for sampling,
though their methods are not well-suited to identifying basins of attraction. It is useful to distinguish basins
of attraction so that efficiency can be increased by launching a local solver exactly once in each basin.

Smith et al (2013a) describe an algorithm that attempts to identify basins of attraction. This is efficient,
and is especially useful for complex models having multiple disconnected feasible regions. A key component
of the algorithm is the use of the Constraint Consensus method to rapidly explore the variable space. The
method by Smith et al. is specifically designed for large models having many variables and is designated
within the paper as MS+C (for multi-start plus concentration). The key steps are:

1. An initial sampling of the variable space using Latin Hypercube Sampling (McKay et al. 1979).
This ensures a good coverage of the variable space by a relatively small user-controlled number of
sample points.

2. Constraint consensus concentration of the points. Running CC on each initial point moves it close to
a feasible region (or more accurately, towards a point where the constraint violations are minimized).

3. Choosing the critical distance. The subsequent clustering step depends on the identification of a critical
distance for isolating the individual clusters. The critical distance is found by calculating the inter-
point distance for every pair of points returned in Step 2. A histogram of the inter-point distances
is constructed automatically based on the smallest and largest inter-point distances found. Reasoning
about peaks and valleys in the histogram yields a useful critical distance that usually corresponds to
the distance between feasible regions.

4. Clustering. Single-linkage clustering (Gower and Ross 1969) begins by assuming that each point is its
own cluster. The two clusters that are the closest are then merged if they are separated by less than
the critical distance. The process continues until no more clusters can be merged.

5. Choosing solver launch points. Cluster points are CC end points, and may or may not be feasible. A
single most promising point in each cluster is chosen and the local solver is launched from it. The most
promising point is identified by the following hierarchy: feasible points first, with ties broken by the
point having the better value of the objective function, followed by infeasible points having the smallest
maximum constraint violation. The total number of local solver launches is determined by the number
of clusters identified, which is not known in advance. However the promising points can themselves be
arranged in a similar hierarchy and launched in that order until a pre-specified maximum number of
local solver launches is reached.

Smith et al. (2013a) report a number of experiments that show that MS+C is very effective in identifying
disconnected feasible regions when there are several of them. However when feasible regions are very large
it may launch the local solver from multiple points in or near the same large feasible region. As for other
methods, it may also launch from points near places that are close to local but positive minima in the sum
of the constraint violations. Experimental results show that MS+C is quite successful in comparison to the
commercial solver Knitro 6.0 (Byrd et al. 2006). It is much faster than Knitro, and finds more feasible
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solutions, but finds fewer best solutions. A major goal of the extended algorithm described in this paper is
to improve performance in seeking optimum solutions.

2 The CCGO heuristic for global optimization

The CCGO algorithm developed here extends the work by Smith et al. (2013a). A main theme of the
extensions is improved sampling of the variable space, including the use of launch boxes, unequal Latin
Hypercube sampling, weighted sampling, heuristics for finding sufficient evaluable points, multiple rounds of
sampling, and techniques for selecting launch points from among the available candidate launch points to
insure both good quality points and good coverage of the potential different basins of attraction. A second
theme is better movement towards optima, which introduces the use of a penalty function and the simple
search heuristic. Concurrency is used as much as possible to speed the solution. At a high level, CCGO has
the steps shown above for the MS+C algorithm, with a number of important improvements in the details,
and some differences in the overall flow, described later.

2.1 |Initial sampling of the variable space

As in MS+C, the first step is to randomly sample within the variable space, selecting points from which to
initiate the Constraint Consensus method. CCGO uses Latin Hypercube Sampling for better coverage of the
complete range of points, but makes some improvements over MS+C.

First, the variable space may be very large, especially when no bounds (or very large bounds) are specified
for some variables. Previous work (Lasdon et al 2004, MacLeod 2006, Lasdon and Plummer 2008) has shown
that limiting the initial sampling to a much smaller space, typically +1x10? or +1x10* can improve local
solver success, because the variables frequently take values in this range in model solutions (MacLeod 2006).
CCGO uses this concept: its initial random sampling takes place within a launch box of size +2x10* (or
suitably smaller to respect the variable bounds). The CC solution is not restricted to the launch box, and
may move outside of it.

In Latin Hypercube sampling (LHS), each axis is typically subdivided into zones of equal width. If there
are p sample points, then each axis is divided into p zones of equal width. Sampling is random, but assures
that each zone on each axis is sampled exactly once (McKay et al. 1979). A particular advantage of LHS is
that the number of sample points does not depend on the number of variables in the model: it can be fixed
at any desired value.

CCGO uses both uniform and nonuniform subdivision of the axes for LHS. During nonuniform LHS,
CCGO subdivides the axes where possible into the ranges 0-0.1, 0.1-1, 1-10, 10-100, and uniformly thereafter
depending on the number of sample points. Adjustments are made if the variable spans zero (see Shafique
(2017) for details). Previous work (Ibrahim and Chinneck, 2008) has shown the value of starting points near
zero, so nonuniform sampling makes sure that area is well-sampled. This is an improvement over uniform
sampling, which may place no points near zero, especially if the variable bounds are large.

It is not unusual for the evaluation of a nonlinear function to fail at a random point (e.g. due to overflow
or underflow), so this must be handled during sampling. Points that evaluate in all functions without error
are termed clean points (those that fail to evaluate in at least one constraint are unclean points). CCGO
must generate a specified minimum number of clean points before exiting the initial sampling phase. Every
potential point must be evaluated in every constraint; if it fails when evaluated in a particular constraint,
then the rest of the constraint evaluations can be skipped. It is thus efficient if the evaluation failure happens
early in the list of constraints. CCGO encourages early failure by evaluating the point in the nonlinear
constraints before the linear constraints, since the nonlinear constraints are more likely to cause evaluation
failure. Further, CCGO notes which constraints have caused a previous evaluation failure and tries these
first in subsequent point evaluations. It also makes note of the variables occurring in each constraint that
fails to evaluate correctly.

Insufficient clean points may be generated in a single scatter, so scattering is repeated as needed; each
subsequent scatter tries to generate the required number of remaining points. Two strategies speed the
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exit from this loop. First, if there are no clean points after a scatter, then the launch box is adjusted by
considering the variables in the failed constraints. The launch box for these variables is contracted towards
zero in a manner that removes a quarter of their initial launch box range. The smaller new box is resampled.
The contraction process continues until the needed points are generated, or a variable range is less than 10%
of its original launch box range, at which point the sampling restarts with the original launch box dimensions.

Second, if there are clean points in the current scatter, but fewer than the required number, then the
launch box is adjusted in a different way, taking advantage of the information gleaned from the locations of the
clean points in this scatter. If there are at least two clean points, then the smallest hyperbox containing these
points is constructed, and uniform Latin Hypercube sampling is applied in this hyperbox to generate more
points (the smaller of the number of clean points in this scatter, or the required number of remaining points).

2.2 Weighted resampling of the variable space

In the overall algorithm, described in Section 2.4, there are multiple rounds, each beginning with a random
sampling of the variable space. The subsequent resampling can take advantage of information generated
during earlier sampling phases to weight the sampling away from areas that were previously sampled, or
that are near previously discovered clusters, or that tended to cause constraint evaluation errors. For this
reason, earlier sampling rounds remember information about the location of certain types of points, so that
subsequent sampling has a lower probability of sampling near them. Point information is retained for all
CC launch points (clean as well as unclean), failed points, and simple search (see Section 2.3) end points.
The latter are included because it is likely that sampling near them will lead to more solutions in the
same general area.

This list of points to avoid is saved and subsequently used to construct a new launch box having weighted
sampling probabilities. The new launch box is equivalent to the original launch box or is suitably larger if
any of the points in the list is outside the original launch box (simple search end points may be outside the
launch box for example).

Uniform Latin Hypercube sampling is used during weighted resampling, but each zone in each dimension
is assigned a different probability of sampling, depending on the number of points on the avoid list that fall
into the zone. We denote the probability of sampling in a given zone k in a given dimension j as p;? and the
number of points on the avoid list that fall in zone k of dimension j as fJ’? . Where there are ngqy0;q points in
total on the avoid list, and n,,nes zones, the sampling probability of zone k£ in dimension j is:

B Navoid — f]k 9
p; = ] (2)
navozd(nzones - ]-)

Zones having fewer points from the avoid list will obviously have higher sampling probabilities.

2.3 Combined Objective Value and Simple Search

A deficiency of the Smith et al. (2013a) algorithm is that the most promising point in a cluster may not be
near a good feasible local optimum point, and hence the local solver may not find the best local optimum in
a given feasible region. This is especially true because it is unlikely that feasibility will be reached by a few
steps of Constraint Consensus, and hence the cluster best point is likely to be simply the point that has the
smallest maximum constraint violation, meaning that the objective value is not considered at all. Assuming
the cluster of points is associated with a feasible region, it is thus desirable to search further within the feasible
region to find a local solver launch point that is closer to the best local optimum in that feasible region.

It is also valuable to be able to compare points from different clusters. Thus if there is a limit on the
number of local solver launches that can be made, the better points can be chosen for launch.

Resolving these issues requires an appropriate measure of the goodness of a point that incorporates
both the objective function value and a measure of infeasibility. The CCGO algorithm uses a standard
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penalty measure for this purpose, denoted as the combined objective value (COV), and defined as follows
for minimization:

COV(z) = flz) + p(z)

Where f(x) is the objective function value, and p(x) is the penalty measure, defined as the square of the
maximum constraint violation at the point «.

Using COV as the measure of the value of a point, CCGO invokes Simple Search (SS) for each cluster of
points. This is a population-based improvement heuristic that generates new points both within the space
defined by the cluster of points, and exterior to it. If a newly generated point has a better COV value than
the point having the worst COV value in the cluster, then it replaces the worst point. Thus the cluster as
a whole may shrink around areas of good COV value, or may migrate towards areas having better values.
Algorithm 1 provides the pseudocode for Simple Search.

If there are insufficient points in the cluster input to SS, then additional points are generated in the
vicinity of the existing points (Step 1). Step 2.1 generates and evaluates a new random point that is interior
to the cluster, while Step 2.2 generates and evaluates a new random point that may be exterior to the cluster.
Note that there must be a difference between COV (x;,t) and COV (x3) in Step 2.2, otherwise the exterior
hyperbox cannot be constructed. If the two points have the same value of COV, then x5 is again chosen
randomly from X,s until we have two points with different values of COV.

INPUTS: (i) a set of points Xi,, (ii) minimum improvement §, (ii) maximum number of
successive failures fir, (iv) minimum points required #min, (v) critical distance d.

OUPUT: Xis, a possibly improved set of points.

1. Xe—Xn. If | Xss| < 1, then create a sampling hyperbox and sample it uniformly to add
sufficient additional points to Xss. The sampling hyperbox is defined as follows: find the
smallest hyperbox containing the points in X;,, expand it by d in every direction, and then
shrink it as necessary to respect the original variable bounds.

2. Do until there are fio; successive failures to find an improving point in either step:

2.1. Interior search: choose two different random points in Xss. Choose a random point Xin
in the tightest hyperbox containing these two points. Find Xwors, the point in X that
has the worst value of COV. If COV(Xin) + & < COV(Xworsr), then replace Xworst by Xine
and set the failure count to 0, else increment the failure count and set x;,, to a random
point in Xs.

2.2. Exterior search: Choose a random point X2 in X;s that is not the same as Xi,. Comparing
Xinr and X2, call the point having the better COV value Xperer and the other point Xpase.
Generate the point X, by projecting from Xpase through Xserrer as follows: Xpro; = Xberrer
+ (Xbeter — Xpase). Choose a random point Xe in the tightest hyperbox containing Xeerer
and Xpo;. Find X051, the point in Xis that has the worst value of COV. If COV(Xex/) + &
< COV(Xworst), then replace Xworst by Xexr and set the failure count to 0, else increment
the failure count if not already incremented in Step 2.1.

3. Return Xis.

Algorithm 1: Simple Search

2.4 Multiple sampling rounds and choosing local solver launch points

CCGO uses a number of rounds to generate potential local solver launch points, as shown in Algorithm 2,
which outlines the sequential version of the method. The best point from each cluster found in round r (as
determined by the COV value) is stored in X _,, where the number of points in each round list depends on
the number of clusters identified in that round. These lists of points are then processed to identify the set of
local solver launch points Xjqunch-

The best point found during the sampling rounds in Step 1 identifies the best round r*. The points
in Xg;,t then form the core of Xj4yunch, where the list is suitably shortened if there are too many points in it,
or added to if there are too few points (Step 3). Note that there could be fewer than ly., points in Xjgunch
if there are insufficient points in all other X, to make up the difference. Note also that if points must
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be added to Xjqunech, then we add the points that are farthest from those already in Xjqunen in an effort to
increase the diversity of the launch points.

INPUTS: (i) maximum number of sampling rounds 7#ax, (i) maximum number of local solver
launches Zax.

OUTPUT: a solution point x* or an error message.

1. Do 7 =1 t0 #max times:
1.1. Scatter CC initial points using LHS as described in Secs. 2.1 and 2.2.
1.2. Run CC on each point in the initial scatter.
1.3. Cluster the CC output points as in MS+C.
1.4. For each cluster of points:
1.4.1. Run simple search.
1.4.2. Note the point having the best COV value in the cluster, and add it to X},.

2. Identify the point having the best COV value among all points in all X},. This identifies
the best round, 7.

3. Xiaunch—X g;st . If | Xiquncn| > lmax then remove points from X;,,pncn having the worst
values of COV until #ax points remain, else if | X;yncn| < Lnax then add points to X;qunch
by choosing sufficient points from any round other than 7" that are farthest from the best
point in Xiaunch.

4. Sort the points in Xiaunch by ascending value of COV. Set the incumbent objective function
value z* to infinity.

5. For each point in Xiauncn, in order:

5.1. Launch the local solver from the point.
5.2. If the local solver solution is feasible and has a lower objective function value than the
incumbent solution, then update the incumbent point x* and z*.
6. Return the incumbent point x* and z*, or an error message if no solution found.

Algorithm 2: Sequential CCGO.

Algorithm 2 does not specify what sort of sampling is done in Step 1. A possible arrangement might
have 3 rounds of sampling, performing nonuniform LHS in round 1, uniform LHS in round 2, and weighted
LHS in round 3. The relevant points from rounds 1 and rounds 2 would be saved to calculate the weighted
probabilities for round 3

2.5 Concurrency

Concurrency incurs overheads in managing the simultaneous execution flows, so the benefits must outweigh
the costs. For example, if a task has a small serial runtime, then running multiple such tasks concurrently
may require more time and resources for handling the multiple flows than simply running all of the tasks
serially. The main issues are what to run concurrently, and what degree of concurrency to use (i.e. the
number of simultaneous operations). If there are u simultaneous execution units, then there should not be
requests for more than « simultaneous operation flows, otherwise the timesharing among the flows will incur
overheads due to context switching, cache contention, etc. Execution units are carefully managed throughout
so that the number of execution flows in operation never exceeds the maximum number of execution units.

Concurrent CCGO uses the same general execution flow as in Algorithm 2. Concurrency is added where
it has proved valuable:

e The CC runs in Step 1.2 are concurrent, with one execution flow for each CC start point.
e The simple searches in Step 1.4 are concurrent, with one execution flow for each cluster of points.

e The local solver launches in Step 5 are concurrent, with one execution flow for each local solver launch
point. The list of launch points is constructed a little differently, as described below.

The Latin Hypercube Sampling in Step 1.1 is very fast and so is carried out sequentially, and the clustering
in Step 1.3 is inherently sequential. All other steps not listed above are sequential.
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The list of local solver launch points is constructed in a slightly different manner than for the sequential
version of the algorithm. Possible launch points are collected in three different lists: a primary list X, a
secondary list X, and a tertiary list X;. The primary list X, collects the best point in each cluster in each
round, with all other cluster points added to X;. If there are too many points in X, (i.e. |X,| > lnas) then
the excess points with the worst COV values are moved into X;. The points in all three lists are ordered
from best to worst COV value. Local solver launches take points in order from X,,, X, and then X; as needed
to provide lyq. launch points. The goal of this scheme is to provide good quality start points (low COV)
that are spatially diverse (hence one from each cluster in X, and X). It also provides a long list of potential
launch points in case l,q. is large and a time limit is instead used to halt execution.

There is one additional concurrent element that occurs in a step that is not shown in Algorithm 2. In
each round, at the conclusion of Step 1.2, the best CC output point is identified. If no incumbent solution
has yet been found (and no local solver is currently running), then the local solver is launched from this
point if an execution unit is available. It has been observed that this often yields an early high quality first
incumbent solution.

Theoretically the largest number of execution units that can be usefully employed at any point in the
algorithm is limited by the maximum of the number of CC, SS, and local solver runs. The number of CC
runs is determined by the number of sample points, which is an input parameter; the number of clusters
found will also be no larger than this. The number of local solver runs is another input parameter, but it is
generally very small since local solver solutions are the most compute-intensive part of the algorithm. The
most compute-intensive parts of the variable space exploration are the CC and SS runs (both very small
compared to a local solver launch), which is where concurrent operation has the most impact.

3 The CCGO software

3.1 Software

The final version of CCGO is written in C++ and compiled using GCC 4.7.2 under Ubuntu Linux 11.10.
The local solver is IPOPT 3.11.1 (Waechter and Biegler 2006), chosen because (i) it has relatively good
performance compared to other local solvers, and (ii) its open source license allows running multiple copies
concurrently as required by the CCGO algorithm. IPOPT was compiled with the linear solver MA86 (2016)
for its effectiveness on large-scale linear systems. Concurrent execution is via pthreads of the POSIX Stan-
dard (POSIX 2016).

Major user-controlled parameters include (i) total number of points in the initial scatter, (ii) the CC
parameters (algorithm variant, feasibility tolerance, movement tolerance, maximum iterations, time limit),
(iii) maximum number of clusters, (iv) minimum points per cluster, and (v) the IPOPT parameters.

Input models are in the AMPL (Fourer et al. 1993) modelling language and are precompiled by AMPL
into the .nl format. CCGO reads and modifies the .nl files directly using the AMPL-supplied AMPL-solver
library interface. The .nl files must be modified to provide the local solver launch point.

3.2 Tuning experiments

A series of tuning experiments were performed on a tuning set of all 201 CUTEr (Gould et al. 2003) models
having 300 or fewer constraints, and including at least one nonlinear constraint, or a subset of these. The
serial version of the algorithm was used. Some parameters were fixed in all experiments:

e Constraint Consensus: the SUM variant with feasibility tolerance 1076, movement tolerance 1076,
maximum 100 iterations and 1 second per run.

e Clustering: maximum 25 clusters.

e IPOPT: honor_original_bounds = yes, maximum 6000 iterations, maximum 60 CPU seconds. All other
options set to default values.
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The following parameters were tuned (tuned values shown in boldface):

e The form of the simple search penalty (square of the maximum constraint violation vs. sum of the
squares of the individual violations).

e The simple search stopping conditions (2, 3, or 4 consecutive failures to make an improvement greater
than 1076, greater than 1, greater than 5, greater than 10, greater than 40%).

e Whether to consider all constraints in CC and SS, or only the nonlinear subset.

e Number of points in the initial scatter and number of rounds (120 points in 1 round, 60 points in
each of 2 rounds, 40 points in each of 3 rounds, 30 points in each of 4 rounds, 24 points in each of
5 rounds).

e Minimum number of points in any cluster in SS (5, 10, 15).

e Number of local solver launches (1, 2, 3, or 4).

Values for these parameters were initially fixed, and then varied one at a time, with the best values
retained at each step. The main metrics were the quality of solutions returned (both first incumbent and
final solution) and the speed of solution. See Shafique (2017) for details.

4 Experimental setup

4.1 Test models

The testing set consists of 94 CUTEr (Gould et al. 2003) models that have more than 300 constraints,
including at least one nonlinear function (constraint or objective). There are 48 models in the linearly
constrained (LC) set that have a nonlinear objective function and only linear constraints. There are 46
models in the nonlinearly constrained (NLC) set, each having at least one nonlinear constraint. The testing
set is completely distinct from the tuning set of small models. Statistics for the models in the testing set are
shown in Table 1.

Table 1: Test model statistics

All Linearly Constrained Nonlinearly Constrained

Avg  Min Max Avg Min Max Avg  Min Max

Variables 5959.6 3.0 20200.0 6774.5 20.0 20200.0 5109.2 3.0 20000.0
Constraints 4228.2 313.0 14000.0 4541.3 356.0 12000.0 3901.5 313.0 14000.0
NL Constraints 1588.8 0.0 10000.0 0.0 0.0 0.0 3246.7 249.0 10000.0

A subset of 15 of the NLC models are highly nonconvex, as empirically determined by the MProbe software
(Chinneck 2001); these are listed in Table 2. Each of these models has a large number of nonquadratic
nonlinear constraints that have a nonconvex region effect (e.g. a concave constraint of type <), making it
probable that there are multiple disconnected feasible regions. Difficult large-scale models of this type are
the main target of CCGO.

4.2 Comparison solvers

CCGO is compared to 6 state-of-the-art solvers, run on the same hardware. All solvers were run with default
settings, subject to the 30 minute time limit. Three of the comparison solvers use multi-start heuristics and
three are complete solvers. The modelling systems varied as required by the solvers. Note that presolving
(such as available via AMPL) was not used, since it is not available in all of the modelling systems. Details
are given in Table 3.
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Table 2: MProbe statistics for the highly nonconvex models

Constraints Nonconvex Region Effect
Model Variables . .
Linear Quadratic General NL Total In General Non-
Nonlinear linear Constraint
ARTIF 5000 50 0 4950 4950 4950
BDVALUE 5000 0 0 5000 5000 5000
BRITGAS 450 0 24 336 360 360
CBRATU2D 882 0 0 882 882 882
CHEMRCTA 5000 4 0 4996 4996 4996
CHEMRCTB 1000 2 0 998 998 998
CORKSCRW 8997 6000 0 1000 1000 1000
CRESC132 6 0 0 2654 2654 2654
DTOC4 14996 5000 0 4997 4997 4997
OET?2 3 2 0 1000 1000 1000
ORTHREGD 10003 0 0 5000 5000 5000
POROUS1 4900 0 0 4900 4900 4900
SAWPATH 589 586 1 195 195 195
SEMICON1 1000 0 0 1000 575 575
TRAINH 20000 5001 0 5001 5001 5001
Table 3: Comparison solvers
Solver Type Modelling System
Couenne 4.7 (Belotti et al. 2009) Complete AMPL
BARON 14.4 (Ryoo and Sahinidis 1996) Complete GAMS
SCIP 3.1.0 (Achterberg 2009) Complete AMPL
AimmsCmd 4.3.2.3 (Hunting 2017) Heuristic AIMMS
Knitro 9.0.1 Parallel Multi-start (Byrd et al. 2006)  Heuristic AMPL
MSNLP 24.4.1 r50296 (Ugray et al. 2009) Heuristic GAMS

4.3 Metrics

Complete solvers are run once for each model. Multi-start heuristic solvers are run 5 times for each model
and the median values (run time, solution value) are reported for comparison purposes. If one or more of
the 5 runs fails, then the median solution value for the successful runs is reported. Failure is reported for a
multi-start solver only when all 5 runs fail.

The solvers are compared against each other based on solution quality, runtime, and robustness for both
first incumbent and final solution. To measure solution quality, results are compared to the best objective
function value returned by any of the solvers in a given comparison set. Minor numerical differences are
expected in the solutions provided by different solvers, so we measure the differences from the best solution
and collect these into ranges; these results are provided in tabular form.

Solution speed is reported in wall clock time (in nanosecond resolution). Results are summarized in figures
that report the fraction of the models solved (vertical axis) vs. solution time (horizontal axis). These figures
also show the robustness of each solver by the height of the last point on the solver curve: the more robust
the solver, the larger fraction of models it is able to solve.

4.4 Parameter settings

The parameter settings for CCGO are as described at the end of Section 3.2 with some exceptions listed
here. The total runtime limit is 30 minutes. This is perhaps smaller than might be allowed in practice, but
necessary due to the large number of experiments conducted. The hardware had 4 physical cores, so CCGO
was limited to a maximum of 4 simultaneous threads. CCGO used two approaches to sampling: Sample A
uses uniform LHS in the first round and nonuniform LHS in the second round; Sample B uses nonuniform
LHS in the first round and weighted sampling in the second round. Two cores were devoted to Sample A
and two to Sample B; each method independently selects local solver launch points. IPOPT default settings
were used with the exception of the iteration count (set to 10° to make it virtually infinite).
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Default parameter settings were used for all of the comparison solvers, except for the imposed 30 minute
time limit. Note that involuntary termination at the time limit is handled in different ways by the various
solvers: some delay termination until the next convenient moment after the time limit has been reached.

For AMPL-based solvers, the presolve option is turned off to maintain parity with solvers based on other
modelling languages which do not have a presolver.

4.5 Hardware

Experiments were run on a 64-bit Fedora 17 system on a 3.4 GHz Intel i7-2600 processor (4 cores, 8 logical
cores) with 16 Gb memory.

5 Experimental results

5.1 Linearly-Constrained models

The main target for CCGO is highly nonconvex nonlinear models having multiple disconnected feasible
regions. However a surprisingly large number of the models in the CUTEr set are composed entirely of linear
constraints coupled with a nonlinear objective function, and it is of interest to see how well CCGO fares on
this class of models when compared with other solvers.

Table 4 summarizes the solution quality results to both the first incumbent and final solutions for the
complete solvers vs. CCGO. The “Diff” column shows the range of differences from the best objective function
value returned by any of the 4 compared solvers; the body of the table gives the count of the number of
models having a difference in that range. Best results in the first and last row are shown in boldface. CCGO
performs surprisingly well in terms of the solution quality of both the first solution and the final solution,
having the largest number of solutions within 0.1 of the best solution found by any of the 4 compared solvers.
It also never fails to find a solution for any of the 48 models in this group.

Table 4: LC models, complete solvers: solution quality

First incumbent Final soln (completed or at timeout)
Diff CCGO BARON SCIP Couenne CCGO BARON SCIP Couenne
<0.1 39 19 2 31 37 34 6 31
<1 1 2 0 1 1 1 0 1
<10 1 0 3 0 0 2 3 0
< 100 2 2 1 1 3 4 1 1
> 100 5 25 32 5 7 7 28 5
Failed 0 0 10 10 0 0 10 10

CCGO is somewhat slower to reach the first incumbent as compared to the complete solvers on the LC
set; this is not surprising since it doesn’t use linear computations (until the linear solver that is part of
IPOPT is invoked). However solution times are very consistent: a first incumbent is reached for every model
well within 1 minute. See Figure 1.

Figure 2 shows the times needed to reach the final solutions. The spikes for the complete solvers are due
to their return of a solution at (or in some cases just past) the 30 minute time limit. CCGO has a relatively
constant solution time whereas solution times can vary markedly for the complete solvers. SCIP and Couenne
fail for about 20% of the models, and find lower quality solutions.

ATMMS finds the best quality solutions among the multi-start heuristic solvers on the LC set, as shown in
Table 5. CCGO solution quality is in a similar range to Knitro and MSNLP for the first incumbent solution.
None of the heuristic solvers fails to return a solution for any model within the time limit.

For the multi-start heuristic solvers, the first incumbent solution is very frequently the same as the final
solution returned, indicating that it is generally safe to terminate CCGO after the first incumbent solution
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Table 5: LC models, heuristic solvers: solution quality

First incumbent Final soln (completed or at timeout)
Diff CCGO Knitro MSNLP AIMMS CCGO Knitro MSNLP AIMMS
<0.1 25 26 28 38 23 31 28 38
<1 2 2 1 0 2 1 1 0
< 10 1 2 1 0 0 1 1 0
< 100 3 3 1 2 4 3 2 2
> 100 17 15 17 7 19 12 16 7
> 100 0 0 0 1 0 0 0 1

is returned for a linearly constrained model. See Table 6. The complete solvers are more often continuing to
improve their results until termination.

CCGO succeeds on all 5 runs for every model. In fact both Sample A and Sample B succeed on all 5 runs
for every model. The variance in solution values and runtimes is very small over all 5 runs.

Table 6: LC models: first incumbent vs. final solution

CCGO BARON SCIP Couenne Knitro MSNLP AIMMS

Solved of 48 48 48 38 38 48 48 47
Same solution 46 26 20 38 41 48 42
Same/solved (%) 95.8 54.2 52.6 100.0 85.4 100.0 89.4

Solution times for the heuristic solvers are plotted in Figure 3. Note the consistent run times for CCGO:
all solutions complete within 1 minute. CCGO does surprisingly well on the LC models, considering that it
is designed for highly nonconvex models having multiple disconnected feasible regions. The LC models have
a single feasible region, so only the simple search routine in CCGO works towards improving the objective
function before launching the local solver.

Fraction of models solved within time limit

100
1.00
.00

e e —"

).B0
).60
——CCGO
.30 —ea—Knitro
20 MSNLP
. —a—AIMMS
0 5 10 15 20 25 30

Solution time (minutes)

Figure 3: LC models, heuristic solvers: final solution times



14 G-2017-71 Les Cahiers du GERAD

5.2 Nonlinearly-Constrained models

Nonlinearly constrained models are the key focus for CCGO, especially difficult highly nonconvex models.
This section analyzes the performance of CCGO on the 46 models having at least one nonlinear constraint;
section 5.3 focuses on a highly nonconvex subset of 15 of these.

Table 7 summarizes the solution quality results for CCGO vs. the complete solvers on the nonlinearly
constrained models. CCGO provides the best results, finding more solutions close to the best returned by
any of the competing solvers, for both the first incumbent and final solutions. It is also the most robust
solver, failing on only a single model.

Table 7: NLC models, complete solvers: solution quality

First incumbent Final soln (completed or at timeout)
Diff CCGO BARON SCIP Couenne CCGO BARON SCIP Couenne
<0.1 40 34 2 30 37 36 3 31
<1 0 1 5 0 0 0 3 0
<10 1 0 0 1 2 1 0 0
< 100 0 1 0 0 1 1 1 0
> 100 4 3 8 3 5 1 8 3
Failed 1 7 31 12 1 7 31 12

Table 8 summarizes the solution quality results for CCGO vs. the other multi-start heuristic solvers.
CCGO provides solutions (first incumbent and final) of quality comparable to the three other heuristic
solvers, all of which are commercial products of long standing. Further, CCGO is the most robust of the
heuristic solvers, returning a solution for all but a single model.

Table 8: LC models, heuristic solvers: solution quality

First incumbent Final soln (completed or at timeout)
Diff CCGO Knitro MSNLP AIMMS CCGO Knitro MSNLP AIMMS
<0.1 38 38 38 38 38 40 37 37
<1 0 1 0 0 1 0 0 0
<10 1 0 0 0 0 0 0 0
< 100 1 0 0 0 1 0 0 0
> 100 5 4 1 1 5 3 2 2
Failed 1 3 7 7 1 3 7 7

Table 9 illustrates the value of having two separate methods of sampling the variable space. It is often
the case that when one of the sampling methods fails to provide a useful launch point, the other one does.

Table 9: NLC models: combined robustness of CCGO sampling methods

Number of models (of 46 total) having this many successes out of 5

0 1 2 3 4 5
Sample A 3 0 1 3 3 36
Sample B 7 0 2 3 2 32
Combined 1 0 1 1 4 39

As for the linearly constrained set, the first incumbent solution is almost always the same as the final
solution for CCGO and the other multi-start heuristic solvers. This again suggests that it is safe to quit as
soon as CCGO returns its first solution in most cases. See Table 10.

Table 10: NLC models: first incumbent vs. final solution

CCGO BARON SCIP Couenne Knitro MSNLP AIMMS

Solved of 46 45 39 15 34 43 39 39
Same solution 44 35 9 31 41 39 39
Same/solved (%) 97.8 89.7 60.0 91.2 95.3 100.0 100.0
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Figure 4 shows the final solution times for CCGO vs. the complete solvers. As before, the spike of results
around (or slightly after) the 30 minute time limit is due to the complete solvers returning their incumbent
result at this time. CCGO is able to solve 45 of the 46 models in less than 17 minutes, while the complete
solvers frequently do not return a solution until near the time limit. CCGO is also the most robust solver.
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Figure 4: NLC models, complete solvers: final solution times

Figure 5 shows that CCGO returns a first incumbent solution quickly, with relatively constant solution
times. CCGO finds a first incumbent solution for around 90% of the models within 1 minute of solution time,
and for the remainder within about 9 minutes.

Figure 6 compares final solution times for the multi-start heuristic methods. As usual there are spikes as
some of the methods return a solution at or even well past the time limit. CCGO is the fastest method by a
significant margin. However all of the heuristic methods are generally similar in time to the first incumbent
solution for most models, as shown in Figure 7.

5.3 Highly nonconvex feasible regions

Table 11 summarizes the solution quality results for the complete solvers over the subset of 15 highly non-
convex nonlinear models. CCGO provides the best results by a wide margin, most often finding solutions
closest to the best returned by any solver in the group, with no failures. BARON provides the next best
results, but fails on a third of the models.

Table 12 compares the quality of the solutions returned by the multi-start heuristic solvers. All of these
methods perform very well as compared to the complete solvers; CCGO and Knitro return the best results
and have no failures

Figure 8 shows the final solution times for CCGO vs. the complete solvers. CCGO is much faster than
the complete solvers, and has much more consistent solution times, completing all solutions within a little
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Table 11: Highly nonconvex models, complete solvers: solution quality
First incumbent Final soln (completed or at timeout)
Diff CCGO BARON SCIP Couenne CCGO BARON SCIP Couenne
< 0.1 14 10 2 7 14 10 2 8
<1 0 0 0 0 0 0 0 0
<10 0 0 0 0 0 0 0 0
< 100 0 0 0 1 0 0 0 0
> 100 1 0 1 1 1 0 1 1
Failed 0 5 12 6 0 5 12 6
Table 12: Highly nonconvex models, heuristic solvers: solution quality
First incumbent Final soln (completed or at timeout)
Diff CCGO Knitro MSNLP AIMMS CCGO Knitro MSNLP AIMMS
< 0.1 14 14 13 13 14 14 13 13
<1 0 0 0 0 0 0 0 0
<10 0 0 0 0 0 0 0 0
< 100 0 0 0 0 0 0 0 0
> 100 1 1 0 0 1 1 0 0
Failed 0 0 2 2 0 0 2 2

over 10 minutes. The story is similar for the first incumbent solution times, with CCGO returning most
solutions within about 30 seconds, and all solutions within about 6 minutes.

Figure 9 shows the overall solution times for the multi-start heuristic solvers, with the usual spike in
solutions returned around (or after) the 30 minute time limit. CCGO is fastest, completing all solutions
within about 10 minutes. Knitro excels in returning first incumbent solutions quickly, returning solutions for
all models within 30 seconds. CCGO provides the next best results, finding incumbent solutions within 30
seconds for all but two models.
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As expected, CCGO is very effective for highly nonconvex nonlinear models, providing high quality
solutions more quickly than both competing state-of-the-art commercial multi-start heuristic solvers and
complete solvers.

6 Conclusions

The CCGO algorithm is an effective solution method for global optimization problems, especially the large-
scale highly nonconvex models that are its particular focus. The CCGO solver implementation compares well
to existing state-of-the-art commercial solvers. As for other multi-start heuristics, the focus is on quickly
surveying the variable space to identify promising points from which to launch a local solver. CCGO identifies
such points using a unique combination of multiple types of initial point scatter, constraint consensus to move
points close to feasibility, clustering to identify distinct feasible regions, and simple search to improve both
feasibility and objective function value. It combines this with methods for generating “clean points”, multiple
sampling rounds, secondary clustering, and concurrent implementation.

There are a number of simple modifications that could improve the performance of the current CCGO
implementation even further:

e The current software does not use the AMPL nonlinear presolver. This would improve the results by
tightening the variable bounds and perhaps eliminating constraints and variables. The resulting model
would be simpler to solve.

e We use the open-source IPOPT solver for cost and licensing reasons. While it is a capable local solver,
it may be that a different local solver could provide better results under some conditions.

e The first incumbent solution returned by CCGO is frequently identical to the final solution returned

some time later. Thus it is possible to halt CCGO after the first solution is returned, thereby shortening
the solution time.

There are many avenues for future improvements. The code would likely benefit from a full parameter
tuning, and further exploration of the best ways to integrate the various methods of generating the initial
point scatter.
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