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Abstract: We propose a lemma that clarifies the proof of Theorem 4.1 on densities of sums in [3]. More
precisely, by denoting by fsiy the density of an absolutely continuous real-valued random variable S aug-
mented by an independent real-valued Gaussian random variable Y with mean zero and an arbitrarily small
variance, we prove that if fg;y is bounded almost everywhere by a strictly positive constant C, then almost
everywhere, the density fg is also bounded by the same constant C. Then, using these results, we show how
small ball probability estimates such as

P < > an
k=1

with ay’s real numbers still hold when ay’s are arbitrary random variables.

<5> < (Ce forall >0,
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1 Notations

Given a vector ¢ = (z1,...,%,) € R", we denote by ||*||, the {y—norm defined as:

2
n

lzlly = | D lasl® |
j=1

and S"! stands for the unit sphere of this norm, that is

S" ' ={z = (21,...,2,) €R" : ||2||, = 1}.

Let d € N* and p € [1, +o0]:
We denote by LP(R?) the Lebesgue space of (classes of) measurable functions

uw:RT— C
such that:
*xIf 1 <p< +oo, Jga lu(@)|P de < +oc.
* If p=+o0, supess [u(z)| :=inf{M >0, ju(z)| < M a.e} < 400,
z€R?
where, “a.e”: almost everywhere, means that |u(x)| < M except on a subset of R? with Lebesgue measure

Z€ro.
Let 1 < p < 400, then

P
ol oy = ( / |u<x>|de) |
Rd

[[ull oo (ray = supess [u(z)].
z€R

and

If z € R?, we denote by 27 its transpose.
The scalar product of two column vectors z = (x1,...,24) and y = (y1,...,yq) of R? is denoted by z - y or

(z,y), and defined as
d

voy=(x,y)=2"y =" wiyk.
k=1

The Fourier transform of a function f € L'(R?) is denoted by f , and defined for ¢ € R? as:

O =] fla)e*da.
]Rd

2 Introduction

In [3], to prove Theorem 4.1 about “Densities of sums” which is as follows,

Theorem 1 (Densities of sums) Let X1, ..., X,, be real-valued independent random variables whose densities
are bounded by K > 0 almost everywhere. Then there exists a strictly positive constant C independent of n
such that for all sequence of (deterministic) real numbers ay,...,a, satisfying Z?Zl a? =1, the density of

S = Z;"zl a; X; s bounded by CK almost everywhere.

Mark Rudelson and Roman Vershynin had stated that one “may assume that ¢x, € L'(R) by adding to
X; an independent normal random variable with an arbitrarily small variance”, and that “Fourier inversion
formula associated with the Fourier transform yields that the density of S at the origin can be reconstructed
from its Fourier transform”, where ¢x, denotes the characteristic function of X;. They then bounded the
density fs(0) of S at the origin (under many other assumptions) to complete their proof. However, one way
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of making this proof simpler and clearer is to define the real-valued random variable S,, = S + a1Y,, =

a1 (X1 +Ym) + 2?22 a; X, where Y;, is a centered real-valued Gaussian random variable, independent of X

for all 1 < j < n, with variance €2, satisfying HIE em = 0, then prove that fg (0) is bounded and then
m—-+00

show how this last result implies that fg(0) is bounded. This leads us to state the following lemma which is
our main result.

Lemma 1 Let S be a real-valued random variable with density fs and (Y, )n>1 a sequence of Gaussian random
variables independent of S, with mean zero and variance €2 for all n > 1, where (en)n>1 is a sequence of
positive real numbers tending to zero at infinity. We assume that almost everywhere the random variable
Sn =S +Y, has a density fs, bounded by a strictly positive constant C independent of n. Then almost
everywhere, fs is bounded by C'.

In this paper, we first give a complete proof of Lemma 1 in Section 3; then we show in Section 4 how it
implies the main result in Theorem 1 using the same suggested assumptions and approaches of M. Rudelson
and R. Vershynin in [3]. Futhermore, using an approach based on a basic property of conditional expectation,
we also decided to give in Section 5 a rigorous proof of the fact that, small ball probability estimates such as

n
P(Zakfk §8> < Ce forall >0, (1)

k=1
with C > 0 independent of n, a = (ay,...,a,) € S*~! a deterministic vector and X,, = (&1,...,&,) a
random vector, still hold with the same constant C when a = (a1,...,a,) is an arbitrary random vector

belonging to the unit sphere of R™. In fact, such an estimate follows obviously from Theorem 1 when
a € S"~1 is a deterministic vector and was one of the most important ingredients that helped to solve (when
a € S"7! is a random vector) square matrices (with subGaussian entries and bounded density) invertibility
problem in [4].

3 Proof of Lemma 1l

In this section we present the proof of Lemma 1 that helped us to make the proof of Theorem 1 clearer.

Proof. Let’s suppose that there exists 0 < § < % and an interval I = [a,b] with non-empty interior such
that almost everywhere,
forally € I, fs(y) > C+6. (2)

Let a<t<band F, = [ﬂ t_a] Using the independence of S and Y,,, we have:

€n ? €n

1
V2mey,

By the change of variable y = *, we get almost everywhere,

)
n

fs, (t) =

/fg(t—a;)e_;%da;. 3)
R

]. 7/2 1 112
t) = — t—e€p e zd > — t—ey)e 2 dy > C+6 Jn, 4
S, (1) m/RfS( e iy > o [ gt e Ty = +0) (4)
where for all n > 1,
1 y>
Jp = — e 2z dy. 5
— /F y (5)

Since the sequence of intervals (F),),>1 converges to R when n tends to +oo, then according to Lebesgue
Dominated Convergence Theorem,
lim J, =1. (6)

n—-+oo
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Hence there exists ng € N such that for all n > ng, J, > 1— %. Thus, almost everywhere,

0 5 6 36
which is absurd since fs, (t) < C almost everywhere. =

4 Proof of Theorem 1

Now we show how Lemma 1 implies the main result in Theorem 1 using the same suggested assumptions
and approaches of M. Rudelson and R. Vershynin in [3]. For this purpose, we need in addition the following
results:

Definition 1 (Distribution function and non-increasing rearrangement [8]) Let E be a measurable subspace
of R™ and f : E — R a measurable function. Let m be the Lebesgue measure of R™. The distribution function

py of f is given by:
prA) =m({x € E:|f(x)] > A}), forallX>0, (8)

and its non-increasing rearrangement f* is defined by:

@) :=inf{A>0,ur(N) <t}, forall te (0,m(E)). (9)

We have the following properties:
Lemma 2 [0/ If f € LP(E), p > 1, then:
i)
Lisram=p [0t in (10)

> m(E) b
||f||Lp(E)=(/E prdm> =</ [f*(t)]”dt> 1 Loy - (11)

Lemma 3 (Decay of characteristic functions [3]) Let X be a random variable whose density is bounded by
K > 0. Then the non-increasing rearrangement of the characteristic function ¢x(t) =E (e“X) of X satisfies:

i)

< [ 1) o<t <K
ox| (t)S{ \/@ ift > 21K, "

where ¢ is a strictly positive constant.

Lemma 4 (The Fourier inversion formula [1]) Let d € N* and f € L'(R%) with f its Fourier transform.
We assume that f € L*(R?). Then almost everywhere:

f@) = g [, f@wae ie  f= (1)
where §() = £(—).
Lemma 5 (Convolution and inequalities [1]) Let p,q € [1,+oc] satisfying ; + ; =1 and d € N*.
i) If f € LY(R?) and g € LP(RY), then f * g(x) exists for almost all z € RY, f x g € LP(R?) and:

If *QHLP(]Rd) < ”fHLl(]Rd) HgHLP(]Rd)‘ (14)
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i) If f € LP(R?) and g € LI(RY), then f * g(z) ewists for almost all z € RY, f x g € L>=(R?) and:
If* gl (Rd) = < fllze (R) ||9||Lq(Rd) (15)
Moreover, f * g is uniformly continuous.

Proof. (Theorem 1) Let X be an absolutely continuous real-valued random variable. We denote by fx its
density with respect to the Lebesgue measure on R. Let § € R* and g : R — R be a continuous and

bounded function. We have )
B(0(020) = [ o) x 31x (;) day,

then the density of SX is fax(x) = fo ( ) Thus, “by replacing X; with KX, we can assume that K = 1.
By replacing X; with (—X;) when necessary, we can assume that for all 1 < j <n, a; > 0. We can further
assume that a; > 0 by dropping all zero terms from the sum.”

Let’s suppose that there exists 1 < jo < n such that a;, > % By reodering the numbers a;, we can assume
that jo = n. We denote by h,, the density of Z;-lzl a;X;. We have:

1 T —
h() = hoy % farx, (2) = /Rhnl(y)xafx( a y>dy
< 2 / B (y)dy = 2.
R

Now we assume in the rest of the proof that a; is fixed, and 0 < a; < % forall 1 <j <n.

The density of S is

fS(x) = hn(x) = fa1X1 * fa2X2 * fa3X3 Kook fan_an_l * faan (LU)

and for all 1 <i <n,

/faX dx<—/fa11 dz——<—|—oo

’L

whence f,,x, € L*(R) N L*(R). Thus, it follows from Lemma 5 that f,,x, * fa,x, € L*(R) which implies
(farxy * fanxs) * fasxs € L?(R) and step by step we finally get h,—1 € L*(R). It follows again from Lemma 5
that

fs =hp-1% fa,x, € L(R)

and moreover fg is uniformly continuous.
For all t € R, let
n
Xj :Xj—a?t and St:Zinsft

Since fg is continuous, then
fs(t) = f5,(0) forallt€R,

thus
1 fsll oo gy < Co == Vt € R|f5,(0)] < Co, with Co >0,

in other words, by translating X; when necessary, our problem is reduced to a problem of boundary of the
density of S at the origin.

Let Y, be a real valued Gaussian random variable with mean zero, independent of X; for all 1 < j <n and
with variance €2, satisfying hm em = 0. For all 2 < j < n, Let’s denote by ¢; the characteristic function
OO

of X; and by ¢7" the characterlstic function of X; augmented by the Gaussian random variable Y,,,, that is
P7(t) = E ("X tYm)) . Let Spy = 5+ a1Ym = a1(X1 + Yo) + 37, 0, X;.
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/|¢§”(t)|dt:/ |E (e“Xle“Ym)\dtg/e—%tze%dKoo,
R R R

then ¢ € L1(R). Hence,
[ tos twnde < [ Jop @i < <.
R R
Since

bs,. (1) = E (c=5m) = /R e o (€)dE = f, (1),

it follows that fg, € L'(R) whence by Fourier inversion formula (Lemma 4), almost everywhere,

fs,. (0) = %/Rfsm(t)dt:%/qugm(t)dtg/ﬂg\qﬁsm(tﬂdt =1. (16)

It follows from the independence of X1,...,X,,Y,, that:

E (e t(a1(X1+Ym)+37 2a]X3)) —F | eiart(X1+Ym) H laitX;
j=2

bs,, (t)

3

- E (eialt(XlJFYm)) H “"JtX qu alt ﬁ

Jj=2

then .
I= / \¢T(a1t)lj];[2|¢j(ajt)ldt~

In the rest of the proof, we set
¢ (an.
=1, and the generalized Holder inequality [2], we get:

I<H</|¢J% # )“—?

|¢;] is then replaced by |¢;|* in the above integrals whose values remain the same according to Lemma 2,
followed by the change of variable a;t = u. Hence,

<] (] e or® ) " (1)

Using the equality Z] 1 j

Let

Using Lemma 3, we get:

2w 1 +oo 1
L= [ telerTas [ lerorT e+

5]
W] dt.
¢

1 o 2ya2 2 e
Ij:/o (I—ct*)"dt and Ij:/2

Using the inequality 1 —t < e~ for all t € R we get

where

Q
<. w""

27 _% +o00 +2 s
I]lg/ e % dtg/ exp | —— dtZ\/ﬂXiZC(LJ‘.
N

) 2
0 0 2 (5
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Since =& > 2, the integral

Qa?
sz [T01
I3 = (2m)* / ——dt
27 t2a?
is a convergent Riemann integral satisfying:
+oo
T 1 1 P -5t 1
o= @20 | — l 1_1] = (2m)>7 x (27) 7 x 4—
2a§ tz‘l? o 2a}
2 47@? 5
= = < 8ma;.
1 9,2 = J
g? -1 1 2(ZJ

Thus,
I; < Caj + 871'0,? < (C +8m)a; sincea; € (0,1) = a? < a;

whence I; < 2Ca; for C large enough.

Hence it follows from (17) and the previous inequality that:
"o a?
1< H ( X QC’aj> = (20) =19 = 2C < 400,
s
j=1 >

Thus, it follows from (16) that
£5,,(0) = fsta,y,, (0) < T <2C,

whence, using Lemma 1 we finally get,
fs(0) <2C,

and the proof is complete. O

5 A small ball probability estimate

In [4], after having reduced via Lemma 5.6, the invertibility problem of square random matrices A with
subgaussian entries and bounded density, to a lower bound on the distance between a random vector and
a random subspace, M. Rudelson then reduced bounding the distance to a small ball probability estimate”.
More precisely, given a “random normal” X* = (a1, ...,a,) € S*! and the n —th column X,, = (&,...,§,)
of A, he made use of the following estimate:

> anéy

P((X*, X)) <t)=P <
k=1

< t) < Ct forallt >0, (18)

where C' is a strictly positive constant independent of n. In fact, if X* had deterministic components ag,
then almost everywhere the density of the real-valued random variable 22:1 ar&, would have been bounded
according to Theorem 1 and (18) would have followed obviously from this same theorem but unfortunately,
this is not the case so one needs to prove rigorously that such an estimate holds when (a1, ..., a,) € S* 7! is
an arbitrary random vector. We therefore propose a complete proof. More precisely, we show how such an
estimate can be deduced from Theorem 1.

Theorem 2 (Small ball probability) Let &, ...,&, be real-valued independent random variables whose den-
sities are bounded by K > 0 almost everywhere. Then there exists a strictly positive (deterministic) constant
C independent of n such that for all arbitrary random vector a = (a1,...,a,) € S"~! independent of

X’n = <£17"'7£n)7

> aré

k=1

P ([{a, Xn)| < 1) :]}»(

< t> <2CKt forallt > 0. (19)
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Before we prove Theorem 2, we also need in addition to Theorem 1, the following result which constitutes
our main tool.

Lemma 6 (Substitution property of conditional expectation [7]) Let U, V be random maps into (S1,S1)
and (Sa,82) respectively. Let ¢ be a measurable real-valued function on (S1 x S2,81 QR S2). If U is G-
mesurable, (V) and G are independent and E (|(U,V)|) < 400, then one has that

E (WU, V)|G) = h(U) where h(u) :=E ((u,V)). (20)

Proof. (Theorem 2) Let .
St =" aréy.
k=1
We want to estimate the probability
P([{a, X,)| <t) =P (|S2¢| <t) forallt>0.

Let vy be the measurable real-valued function on (R™ x R™, B(R"™) & B(R™)) defined by

Yi(a, Xn) = 1j(a,x,)|<t-
Since a_ll X,,, then the o-algebra o(a) is independent of o(X,,). 1 satisfies the condition

E (i (a, X)) < +00

then it follows from Lemma 6 that:

E (¢¢(a, Xn)|o(a)) = E (14, x,y<tlo(a)) = hi(a) (21)
Let (by,...,b,) € R™ be a deterministic vector, one has
ha((b - ba) ") = B <1|Z?§:1 bkfk|<t) =F < Zbkﬁk - t) . .
k=1
Hence, since Yw € Q, a(w) = (a1(w), ..., a,(w)) € S* ! is a deterministic vector, it follows from Theorem 1
that, for all w € Q,
n t
h(a(w) =P (|3 arw)en| <t = / Foscons (w)du < 20K, (23)
k=1 —t

where the term on the right-hand side doesn’t depend on w, thus it follows from a basic property of conditional
expectation (see point (b) of Theorem 2.7 in [7]) that:

E (1\<a,Xn>\<t) =K [E (1|<a’Xﬂ/>|<t|o(a))} =K (ht(a)) < 2CKt, (24)
that is,
P ([{a, X,)| < t) =P ( > arg| < t) < 2CKt. (25)
k=1
O
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