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Abstract: Utility-based shortfall risk measure (SR) effectively captures decision maker’s risk attitude
on tail losses by an increasing convex loss function. In this paper, we consider a situation where
the decision maker’s risk attitude towards tail losses is ambiguous and introduce a robust version of
SR which mitigates the risk arising from such ambiguity. Specifically, we use some available partial
information or subjective judgement to construct a set of utility-based loss functions and define a
so-called preference robust SR (PRSR) through the worst loss function from the (ambiguity) set. To
implement PRSR in practice, we propose three approaches for constructing the ambiguity set. We
then apply the PRSR to optimal decision making problems and demonstrate how the latter can be
reformulated as tractable convex programs when the underlying exogenous uncertainty is discretely
distributed. In the case when the probability distribution is continuous, we propose a sample average
approximation scheme and show that it converges to the true problem in terms of the optimal value
and the optimal solutions as the sample size increases.

Keywords: Preference robust optimization, utility-based shortfall risk measure, preference elicitation,
linear programming, tractability, sample average approximation
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1 Introduction

In their highly influential work, Follmer and Schied (2002) introduced the following utility-based
shortfall risk (SR) measure

SREA(Z) i= inf {¢ < Epll(~7 —1)] < A}, 1)

where Z : @ — IR is a random variable in L,(Q, %, P), defined on probability space (2, %, P),
and representing a financial position, [ : IR — IR is an increasing convex loss function which is
not identically constant, and where A € IR. Féllmer and Schied showed that SRlP (Z) is a convex
risk measure (satisfying monitonicity, convexity and translation invariance). It is also known as the
family of risk measure that satisfies the principle of zero utility (see Buhlmann (1970)). In the case
when I(s) = s and X\ = 0, SRII? 1 (Z) coincides with the negative expected value. Alternatively, when
I(s) = max(rs, (1 —7)s) with A = 0, it is known as an expectile (see Bellini and Bignozzi (2015)),
and as the entropic risk measure when I(s) = ¢”* with 8 > 0. Finally, when [(-) takes the form of the
non-convex function 1 (g y0)(+), i-e., L(0,400)(s) = 1 if s € (0, +00], and 0 otherwise, SRZ{DA(Z) coincides
with the popular non-convex value-at-risk measure VaR(Z).

Compared to many other monetary risk measures, a notable property of SR is that it is invariant
under randomization and is an elicitable risk measure, which is amenable to perform backtesting,
i.e., the activity of periodically comparing the forecast risk measure with the realized value of the
variable of interest in order to try to increase the accuracy of the forecasting methodology (Bellini
and Bignozzi (2015)). Some studies have also argued that it is more sensitive to financial losses from
extreme events (see Giesecke et al. (2008)) than value-at-risk and conditional value-at-risk, and has
favorable consistency properties for dynamic measurement of risks over time (see Weber (2006)).

From the discussions above, we can see clearly that the loss function I(-) plays an important role
in determining the distinct nature of SR. In practice, there could be considerable ambiguity in the
choice of [. For example, the decision maker could hesitate about the type of loss function that
best characterizes his preference, or a group of decision makers might fail to reach a consensus or
the prospect space is too large and/or too complex to elicit. In other words, the loss function I(-)
is not uniquely/explicitly given. To overcome the risk arising from model mis-specification, in these
circumstances, it might be sensible to use partially available information and/or subjective judgement
to construct a set of loss functions, denoted by L, and consider the worst SR based on the set to
mitigate the risk arising from ambiguity /misjudgement of the true loss function:

(PRSR) SRF(Z):=inf {t csupEp[l(—Z —t)] = 1(0) < 0} . (2)
leL

Here by setting A = 1(0), we focus on the class of normalized (i.e. p(Z) = 0 when Z = 0) convex

utility-based shortfall risk measures. We call SRY (Z) Preference Robust SR (PRSR) in that it returns

an estimate of the riskiness of Z which is guaranteed to bound from above the risk measured using
any SR/ (Z) with [ € L.

A key element in the above model is the construction of the set L and our work will be strongly
inspired by principles that have been proposed in the preference robust optimization (PRO) literature.
In particular, Armbruster and Delage (2015) applied PRO in the context of expected utility maxi-
mization problems. They considered three classes of utility functions (namely concave, S-shaped and
functions that capture the notion of prudence) and allowed to account for ad-hoc pairwise comparisons
of lotteries. Moreover, they proposed tractable approaches to dealing with the resulting optimization
problems when the underlying random variable follows a finite discrete distribution. Following up on
this methodology, Haskell et al. (2016) extended this preference robust expected utility framework to
cases where there is also ambiguity about the choice of a probability function. More recently, PRO
was also applied to the case that a convex risk measure is ambiguous, that is,

or(Z) == sup p(Z), (3)
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where R is an ambiguity set of convex risk measures. While the concept of worst-case risk appears
for the first time in Follmer and Schied (2002), Delage and Li (2018) recommends using R as a set
of all convex/coherent/law invariant risk measures that satisfies the partial ordering expressed in an
elicited list of pairwise comparisons. Once again, tractable reformulations were proposed for problems
described on a finite outcome space. Unfortunately, the reformulations provided in Delage and Li (2018)
do not apply when the convex risk measure is also known to be a utility-based shortfall risk measure.
Another important limitation of all methods above consist in the fact that tractable reformulations
are only established under the hypothesis of discrete random variables. It remains to be explored as to
whether there is a tractable numerical scheme for preference robust risk minimization problems where
the underlying random variables are continuously distributed.

In this paper, we consider the following preference robust risk minimization problem:

(PRSR-Opt)  min or (—c(z,¢))

where ¢(z,€) : R" x R™ — IR is a continuous function representing costs, £ : @ — IR and R is a set
of utility-based shortfall risk measures defined using information about the certainty equivalent of a
list of random variables, about whether the risk measure is coherent, and possibly also about a bound
on the sensitivity of the risk measure to losses of large size. Given such information about p, we will
derive an ambiguity set L for which

(PRSR-Opt)  min or(—c(2,€)) = minSRE(—c(x,¢)) (4)

This will allow us to demonstrate for the first time that when ¢(x, §) is a piecewise linear function and P
is discrete, (PRSR-Opt) can be reformulated either as a linear programming problem of finite dimension
or as a semi-infinite LP for which we design an efficient column-generation method, depending on the
type of sensitivity bound. Alternatively, when P is a continuous probability measure, we propose a
sample average approximation scheme

(PRSR-Opt-N)  min SREN (—c(x, €)) (5)

and establish conditions under which (PRSR-Opt-N) converges to (PRSR-Opt) in terms of the op-
timal value and optimal solutions as the sample size N increases. Note that the new bound on the
sensitivity to tail losses that is imposed on R will play a crucial role in satisfying these conditions, i.e.,
equicontinuity of the ambiguity set of loss functions over a compact set.

The rest of the paper is organized as follows. Section 2 introduces different sets of preference
robust risk measures that will be studied in this paper and derives their representation in terms
of SRE for some ambiguity set of loss functions L. Section 3 presents tractable reformulations for
(PRSR-Opt) with the characterizations of L derived in Section 2 when the underlying random variable
is finitely distributed. Section 4 proposes a discretization scheme for (PRSR-Opt) when the underlying
random variables are continuously distributed. This is followed with Section 5, which reports numerical
experiments on the (PRSR-Opt) model. We finally conclude in Section 6. All proofs are relegated to
the appendices of the paper.

Remark 1 The shortfall risk measure is closely linked to the well-known optimized certainty equivalent
risk measure due to Ben-Tal and Teboulle (2007). In Ben Tal & Teboulle (2007), three types of
certainty equivalents are introduced: Certainty Equivalent Cy(Z) = u ' (E[u(Z)]), u-mean M, (2)
which satisfies Elu(Z — M,(Z))] = 0 and Optimized Certainty Equivalent S,(Z) = sup,cr{n +
E[u(Z —n)]}. It shows that

SRZ(Z) = _Mu(Z) = _)1\2% S/\u(Z)

These relationships show that shortfall risk measures are closely related to certainty equivalent risk
measure and indeed they coincide under some circumstances. We note that additional relationships
between shortfall risk measures, regret measures, statistics, and utility theory could be further identified
based on the risk quadrangle defined in Rockafellar and Uryasev (2013).
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It should also be mentioned that Féllmer and Schied (2002) introduced a robust version of utility-
based shortfall risk measure, which is defined as

SR2(Z) := inf {t csup Ep[l(—Z —¢)] —1(0) < 0} = sup SR{ (2).
PeQ PeQ
The above version focuses on the ambiguity of probability measure, which means the robustness is in
the sense of exogenous uncertainty which is not associated with decision maker’s risk attitude. We
refer readers to Guo and Xu (2019) for a specific discussion on distributionally robust formulation of
SR and its application in risk management.

2 Preference robust normalized utility-based shortfall risk measures

In this section, we exploit elicited risk preference information!, inspired by the preference robust risk
minimization paradigm introduced in Delage and Li (2018), to characterize what set of loss functions
L should be employed in SRILD (Z) in order to produce a robust measurement of risk based on par-
tial information about the decision maker’s risk preferences. In particular, we will investigate how to
account for information about whether the risk measure is positive homogeneous, about some “confi-
dence” intervals for the risk of a list of random variables, and finally about how sensitive the decision
maker is regarding events that occur in the tail of Z. To be more specific we introduce the following
classes of risk measures.

Definition 1 (Normalized utility-based shortfall risk measures) Let Rypsr be the set of all normalized
utility-based shortfall risk measures, i.e., all utility-based shortfall risk measures (see Féllmer and
Schied (2002)) such that p(0) = 0.

Definition 2 (Coherent risk measures) Let Reon be the set of coherent risk measures (Artzner et al.
1999).

As mentioned in Delage and Li (2018), verifying whether the risk measure that captures the decision
maker’s risk attitude is a member of R.,p or not reduces to establishing whether the ordinal comparison
of riskiness of two random variables should be affected by a uniform positive scaling of both random
variables. Yet, this information generally is not very restrictive when identifying the right R € Ryps;-

In order to refine the characterization of R psr o Rupsr N Reon, and implicitly L as we will soon
demonstrate, one should try to exploit information about the absolute riskiness level of a set of random
variables. This gives rise to the following subclass of risk measures.

Definition 3 Let {W;}& | be a sequence of random variables with an associated set of “confidence”
intervals [w;,, w;7] C [essinf Wy, esssup Wy for the “certainty equivalent” of each Wy,. The set Ree(W)
denotes the set of all risk measures which evaluate the risk of each Wy, to be larger than the risk of w,j
and lower than the risk of w, , i.e.,

ReeW) :={p: %, = R|p(w) < p(Wy) < pwy ), Vk € {1,2,...,K}}
with W = {(Wy, w,, ,wi ) HE .

Note that a natural method that can be used to identify two bounds for the riskiness of a random
variable W}, would take the form of questions such as:

e Lower bound w, : “What is the largest amount of money that you would decline in order to be
exposed to the risk of W;?”

e Upper bound w,j: “What is the lowest amount of money that you would be willing to receive
instead of being exposed to the risk of W;?”
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When the answers to both questions are such that w;, = w;r = wg, this implies that we have
identified the certainty equivalent of Wy, i.e. p(Wy) = wyg, yet in practice it is more often the
case that only an interval [wy, w;] will be obtained for this value. Moreover, the assumption
that [w;, w)] C [essinf Wy, esssup Wj] is not restrictive since otherwise one can simply replace
w, = max(wy, , essinf W) and w;’ := min(w;’, esssup W},) following the monotonicity property of
normalized convex utility-based shortfall risk measures (see Section Al.1 of the appendices for more
details).

We will finally find it useful in our later analysis to have in hand a bound on how sensitive the
utility-based shortfall risk measure is to losses of large size. To do so, we consider the following class
of risk measures.

Definition 4 Let ¢ : Ry — (0, 1] be a non-increasing function and {Z5;}m>1 be a set of discrete
random variables supported at —M and 0 with respective probabilities e(M) and 1 — (M), i.e.,

- —M w.p.e(M),
m-{ ¥ T, o

Denote by Rinda(e) the set of risk measures that assigns to each random variable in the set {Z5;}pr>1
a risk that is lower than the risk of a certain loss of one, namely

Rina(e) :=={p: L, = R[p(Z3y) < p(=1),VM =1} (7)

Theoretically speaking, if a decision maker agrees to be using a normalized convex utility-based shortfall
risk measure, then he should agree that such a function e(-) necessarily exist. This is due to the
fact for any increasing convex loss function [, the risk measure SRlP € Rpna(e*) with e*(M) :=
(1(0) = 1(=1))/(i(M — 1) — I(—1)) based on the argument that:

e*(M)I(M — 1)+(1 — e*(M))I(-1) = 1(0)
= SRI(Z5;) = inf{t : e*(M)I(M —t) + (1 — *(M))I(—t) <1(0)} <1 =SRF(-1).

Practically speaking, identifying ¢*(M) can be as difficult as identifying I(-) itself. However, one
could for instance establish that for a random loss Z, which follows an exponential distribution with
mean A, the risk of p(—Z)) is considered lower than a guaranteed loss of one for some A. This
information can be exploited to conclude that p € Rpynq(£) with &(M) := exp(—AM) since the fact
that Z5, stochastically dominates —Zj in the first order, for all M > 1, implies that p(Z5,) < p(—Z5) <
p(=1).

We hence are equipped to present the key results of this section which consists in demonstrating
how to transform information about risk preferences, which takes the form of some R € {Rypsr N
ReeV), Rubsr N Reoh N Ree(W), Rubsr N Ree(W) N Ripna(€)}, into a set of ambiguous loss functions L
that make ogr(Z) = SRY(Z) for any random variable Z.

Proposition 1 (Characterization of L for oz, ~r..on)(Z)) Let Rupsr and Ree(W) be defined as in
Definitions 1 and 3. Then the preference robust risk measure og.,  AR..ow)(Z) = SREMSTQL“(W)(Z)
for all Z € £, where Lyysy is the set of all convex non-decreasing functions | : IR — IR that are
strictly increasing over [zg, 00) for some zy < 0, and where

- Ep[l(=Wi +wy,)] < 1(0)
Lee(W) = {z Ei[l(—WZ+w:+)}25(o) ,Vke{l,Q,...,K}}. (8)

Representing og,,..nR..ow)(Z) as SRfuz,smLm(W)(Z) is useful for solving (PRSR-Opt) since it
reduces the evaluation of the risk measure to finding the optimal value of a stochastic programming
problem with semi-infinite stochastic constraints:

Jgéi)r(l OR per R (W) (—C(2,6)) = wrg?t ¢

st. Ep[i(c(z, &) — £)]—1(0) < 0, VI € Lupsy N Lee(W).
(9)
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In Section 3, we will address the computational challenges arising from this reformulation by using
an analysis that is similar in spirit to the one used in Armbruster and Delage (2015) for the case
where & has a finite discrete distribution. Later, in Section 4, we will derive the theory that can be
used to justify a discrete approximation of this optimization model when £ is continuously distributed.
It is worth noting that the preference robust optimization model employed in Armbruster and Delage
(2015) can handle comparison of arbitrary pairs of random variables which appears to be more difficult
to integrate in this preference robust risk measure framework.

We now turn to imbedding the property of positive homogeneity in the characterization.

Proposition 2 (Characterization of L for oz,  ~r...n%r..0n)(Z)) Given that Rupsr N Reon N Ree(W)

# (), the preference robust risk measure 0R,,. AR..."Re. (W) (Z) is equivalent to SRlIi (Z) forall Z € £,
where

E[(Wi —w; )7]

E[Wr —wy ] (10)

l:(s) = max(rs, (1 —17)s) for 7= mkin

with (s)T := max(0, s). Moreover, Rupsr N Reon N Ree(W) is non-empty if and only if
EIVG =001 (1 ELE )T

min

ko E[Wr —wi ]

—, Inax

20k E[[We —wil]

This result leads straightforwardly to a convenient finite dimensional reformulation for the (PRSR-
Opt) problem and the problem of minimizing the worst-case risk achieved by any = € X. In particular,

glel)f(l QRubstmmREe(W)(_0(35’5)) = ;g}(nt t (11)

st.  Ep[lr(c(z,6) — )] <0,

with 7 defined according to Proposition 2. In comparison with the case where the risk measure
is not known to be positive homogeneous, formulation (11) is more attractive from computational
perspective because the latter is a convex minimization problem with a single stochastic inequality
constraint. Indeed, it is an ordinary nonlinear programming problem for which existing NLP codes
can be readily applied to solve. We conclude this section with a characterization of L when one does
not impose positive homogeneity but instead constrains on the sensitivity of the utility-based shortfall
risk measure to losses of large size.

Proposition 3 (Characterization of L for oz,  ~r..0v)"Ryna(e) ) L€t Rubsrs Ree(W), and Ryna(e)
be defined as in Definitions 1, 3, and 4. Then the preference robust risk measure or.,,. .AR..(W)"Ryna(e)(Z)
is equivalent to SRfubsrﬂLce(W)annd(Z) for all Z € £, where

Lpnag :={lle()l(z = 1)+ (1 —e(2))I(-1) <1(0),Vz > 1}. (12)
Moreover, each loss function | € Lypsy N Lee(W) N Lyna satisfies

1—e(z1+1)

I(z1) —1(0) < o+ 1)

(1(0) =I(-1)),Vz >0 (13)
and

U (z1) < ¢(z1)(1(0) = 1(—1)) for 0 < 2 < 22, (14)

where I (z1) denotes the right derivative of I(-) at z1, and

¢(21):inf{(1_6(z+1)—21) ! :z>z1}. (15)

e(z+1) z—2
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Similarly, to the case of Proposition 1, this result leads to a semi-infinite reformulation for the
(PRSR-Opt) problem. Namely,

WD OR (R e (W) Rina( o(—c(z,8)) =

mingex ¢ 1 (16)
s.t. Ep[l(c(z, &) —1)]=1(0) <0, VI € Lypsr N LeeW) N Lippa -

Remark 2 We may draw a couple of useful conclusions from the proposition.

(i) ¢(2) is non-decreasing over [—M, M]. To see this, we note that the convezxity of I(-) ensures
1(z) = 1(0) > 2(I(0) — I(=1)),Vz > 0 and through (13), we have 1;(62(_7_;1) —2>0,Yz > 2. This
implies the objective function of the minimization problem in (15) is strictly increasing in z, for
fized z > z1. Together with the fact that the feasible set is getting smaller as z1 increases, this
implies ¢(z1) is non-decreasing for zy € [—M, M].

(i1) The monotonicity of ¢(-) implies that ¢(z) < ¢p(M),Vz € [-M, M]. On the other hand, since l(-)
is convex and non-decreasing, then the inequality above and inequality (14) imply that I’ (z) <

U (2) < p(M)(1(0)=I(—1)),Vz € [-M, M], wherel’ (z) denotes the left derivative of I(-) at z. The
latter ensures that every loss function in Lypsy N Lee (W) N Lpng is equicontinuous over any interval
(=M, M), i.e. “E2ZUED < G(MN)(1(0) — U(—1)), V21, 22 € [~ M, M] V1 € Lupsr N Lee(W) N Liyna,
which means the class of loss functions in LypsrNLee(W)N Lpna are equicontinuous over [—M, M]
for any M > 0.

3 Tractable formulation of (PRSR-Opt)

The representations that we have developed for oz,  ~r..ov)(Z) and 0r.,.. AR.. WV)"Rena(e)(Z) in (9)
and (16) are not numerically tractable as they are semi-infinite programming problems. In this section,
we demonstrate that when P follows a finite discrete distribution, both of them can be reformulated
as finite dimensional convex programming problems. We do so by replacing Z with —c(z, ) so that
the results can be directly plugged into (PRSR-Opt).

To this end, let us write = as Z := {£1,...,&n} with associated probabilities p; ;== P(§ = &;).

Proposition 4 The (PRSR-Opt) problem with Lypsy N Lee(W) can be reformulated as the following

problem:
min (17a)
z€X,t,u,y,n1) n2)
M
st pile(@, &) —t) = > uyy; <0, Vi=1,...,N, (17b)
Jj=1
M
Y u;=0,vVi=1,...,N, (17¢)
j=1

N M M K
Do+ Y Yam = D Ymg — Y P Wi g = y;)
=1 m=1 m=1 k=1

K
3 0P Wit wt =) =0, = {1, . M}\ {jo,j-},  (17d)

k=1
N M M K
1 _
Do D G D mi — DM P Wit w = ;)
i=1 m=1 m=1 k=1
K
+ 3 I P-Wi +wi =y; ) >0, (17¢)

k=1
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Z’Y’m]‘(ym_yj)Zo7vj:17~-~7M7 (17f)

m=1

Ui j ZO,’YmJ 20;77(1) 20,77(2) 2077/:175Nam7j:1aaM7 (17g)

where {y;}3L, is an indexed list of the elements of Y := Ufc{:l supp(—Wj +wy, ) Usupp(—Wj, + w;") U
{0}y U{—1}, while jo and j_ are the indexes such that y;, =0 and y; = —1. In particular, if c(x,§) is
a convex piecewise linear function of x, then problem (17) can be reformulated as a finite dimensional
linear programming problem.

We now move on to discuss a finite dimensional reformulation of (PRSR-Opt) with Lyps-N L. (W)N
Lipna in the case where (y)~! := 1/¢(y) is a piecewise-linear function on IR and X is a bounded set.

Proposition 5 Let X be bounded and £(-)~1 be a piecewise-linear function with Y. as an unbounded set
containing all of its non-differentiable points. Then the (PRSR-Opt) problem with LypsrNLee(W)NLppa
18 equivalent to

min (18a)
z€X,tu,0,7,p,0,m) n2
st. to<t<t, (18b)
N M M K
1 _
_ (z it =S v =S Wt = 4 )
i=1 m=1 m=1 k=1
K M
2
+> P P(-Wi + wf = yj_)> +3 0z =1+ Y pg(z—1) <0, (18¢)
k=1 JET J=jo+1
M
pi(e(x, &) —1) Zuwyj 0; <0,Vi=1,...,N, (18d)
j=1
M
—> u=0,¥i=1,...,N, (18e¢)
j=1
N M M K
1 _

S wi+ > Vim = D Ami — Y P Wi+ wy, =) (18f)

=1 m=1 m=1 k=1

K
+3 P P-Wit+wf =) =0, =1{1,....50— 13\ {i_},
k=1

N M M K
1 _
D i+ Z Yim = D Ami = S P(~ Wi+ wi =) (18g)
=1 m=1 k=1
+an Wk+wk _yj) pj—jo7v.j:j0+1a"'7M_17

N M K
> uin + Z Voim = Y Ymar — 30k P(= Wi + 1wy, = yar) (18h)
i=1 m=1 k=1

+Z77k Wi +wi = yn) = —pr—jo — 05—,
JET

Z’ym] —y;))>0,Vji=1,...,M —1, (181)

Z“YmM(y —yum) >Z<Tz D G-y —ym), (18j)
m=1

JET
UijZO,’)/mjZO,VZ:L...,N,m,j:1,...,M7 (18k)
c>0,p>0,0>0nY>02,2 >0, (181)
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where u € RV*M g e RN, v e RM*M pe RM 70, g e RP, n € R and n®@ € RX. One also
has t_ := minge x min; ¢(z, ;) and t4 := max,cx max; c(x,§;), while Y' = {y; jvil is an ordered list
of the elements of Y U {ysx, y*} U (VLN [y, y*]), where Y. :={y e R|y+1€ Y}

;= min{miny, {_ — ¢ *:= max{maxy, t; —t_
Y {miny +1 y x{maxy, . —t-},
and the indezes j_ and jo refer to y; = —1 and y;, = 0. Finally, {y;};ez is an ordered list of the

elements of Y.N|y*,00[ with T := {M+1,M+2,...,} while z; :== (y; + 1)~ for j = jo+1,50+2,....

Note that in Proposition 5 we impose that the set of kinks of £(-)~! extends arbitrarily far in the
positives. This is somehow without loss of generality since if ). is bounded then one can always create
an infinite series of artificial kinks (with linear functions of same slope on both sides) at increasingly far
locations on the real line. Alternatively, if ). happens to be finite, a finite dimensional reformulation
can be obtained using a similar analysis as below. We omit this reformulation for the sake of brevity but

simply mention that it requires imposing that f(y*) be smaller than the Lipschitz constant of e(-)~1.

Given that Proposition 5 assumes ). to be unbounded, it must be that Z is an infinite set thus
the linear program (18) has an infinite number of decision variables which makes it impossible to solve
using conventional solvers. For this reason, we propose to employ Algorithm 1 which implements a
decomposition scheme that is based on the column generation approach (see Desrosiers and Liibbecke
(2005) and reference therein).

Algorithm 1 Column generation for solving (PRSR-Opt) problem (18)

1: 0«0
2: repeat
3: Solve problem (18) with Z restricted to Z’
: o’y < dual variables for constraint (18h) at optimum of restricted problem

4
5 B3y < dual variables for constraint (18j) at optimum of restricted problem
6: Jargminjer z; — 1 — b, — B, (w5 — ymr)

. T« T U}
8 wuntil 25y — 1 —ay, — By (Y7 —ym) >0

While Algorithm 1 is not guaranteed to terminate in a finite number of iterations, it can be
interrupted at any iteration to produce a conservative approximation for x. We also expect that
in practice the stopping criterion will quickly be met especially when a large amount of confidence
intervals (such that K is large in Definition 3) are used which should make constraint (45b) become
redundant. We are left with the task of identifying an efficient procedure for completing step 6 of the
algorithm. The proposition below addresses this.

Proposition 6 Let e(-)~! be a piecewise-linear approzimation of a convexr non-decreasing function
E()71 such that e(y)™r > &(y)~t for all y € R while e(y)~t = &(y)~! for all y € V.. Then, an
optimal solution to

Yh = arg min ~ e(y+1)" ' —1—a—By—y*) (19)
’ yeYLNly~, ool

can be found by solving

Uop = arg min £y + DT —1-a-8y-y") (20)

and letting y, 5 = (U, 5| if the set Y. N (y*, ¥ 5) = 0, otherwise using

Yh 5 1= arg ey+1) T —1—a—-By—y")

min
SR E
where

ly] =sup{y’ € VN (y", 00) = ¥ <y}, [y] ==inf{y" € YN (y", 00) : y' > y}.
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Based on Proposition 6, we can solve (19) by solving problem (20) and making a follow-up projection
of the optimal solution on Y. N[y*, 0o). This will effectively reduce complexity of implementing Step 6.

We conclude this section with an example involving &(y) := exp(—Ay) as described in Section 2. In
this case, it is clear that £(y) ™! = exp()\y) does not satisfy the condition imposed in Proposition 5, but
for a given discretization of IR™ such as Y. := {AF}22,, one can conservatively approximate &(-)~*
by letting e(-)~! be the piecewise linear inner approximation of &(-)~! with kinks at ). where the
two functions return the same values. To better illustrate this, Figure 1 presents both &(y) and e(y)
and the associated bounds are imposed on the loss function with A = 0.6946, I(y) := max(3y,y) and
V. = {2F}22,. With this particular choice of characterization for e(y), Algorithm 1 can be used to
solve the (PRSR-Opt) problem (18). Following the result of Proposition 6, the new candidate j’ can
be obtained by first solving

Unpi=arg min exp(A(y+1))—1—a—By—y") =
yEly*, oof

y* if B < Xexp(A(y* + 1)),
In (%) — 1 otherwise

>l

and, if y; 5 > y*, then identifying the index 4’ in Z such that

i/ = ar min exp(AM2F +1)) =1 —a — B(2F —y*),
/ gkG{Un(Q:,ﬁ)/ln(Z)Jyﬂn(?(’;,fg)/ln(2)1} A ) ( v’)

where [-] and || refer respectively to the standard ceil and floor operators.

1

N
o

\ = Unknown optimal e*(M) % = True unknown I(y) /
0.8 \ — Estimated (M) = exp(—AM) € 15 —Bound using &(y +1)""
06! Conservative £(M) used in Prop. 4.2 ?’) P.w.l. bound using e(y 4 1)~!
= N 10 _--7
g 0.4 \\ c
s 5
0.2 \- _ S e
0 ‘ ‘ — 8 0L-=- ‘ ‘
1 2 3 4 5 -1 0 1 2 3 4
M Yy

(a) (b)

Figure 1: lllustration of the effect of manipulating € in order to satisfy the assumptions made in propositions 5 and 6 thus
making the resolution of problem (18) more tractable using Algorithm 1.

4 Discrete approximation of (PRSR-Opt) when P is continuous
A key condition for tractable reformulation of problem (4) in the previous section is that P must be

discrete. In this section we concentrate on the case that P is continuous and we propose a discretization
scheme for it.

4.1 Problem set-up

By the definition of the preference robust normalized risk measure, we can write problem (4) as

min t
reX telR (21)
s.t. supEp(l(c(z,€) —t)] = 1(0) < 0.
leL
Let Py be a discrete approximation of P. We consider
min t
zeX,telR (22)

s.t. ?élIL) Ep,[l(c(z, &) —t)] —1(0) < 0.
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In the literature of stochastic programming, there are various approaches to construct Py such as
Monte Carlo sampling and quasi-Monte Carlo sampling method. In this paper, we will use empirical
probability distribution constructed through independent and identically distributed (iid) samples.

To ease the exposition, let v(z,t) = sup,c;Epll(c(z,§) — t)] — [(0) and oun(z,t) :=
sup;er, Epy [I(c(z, &) —t)] — 1(0). Consequently, we can rewrite (21) and (22) as
P - i j < 2
(PRSR-Opt) i t subject to w(x,t) <0, (23)
and
i j <0.
(PRSR-Opt-N) ~ min ¢ subject to on(z,t) <0 (24)

Let F,S and 9 denote the feasible set, the set of optimal solutions and the optimal value of
problem (PRSR-Opt) respectively. Likewise, we define Fy, Sy and ¥y for problem (PRSR-Opt-N).
Throughout this section, we make the following assumption.

Assumption 1 We assume: (a) X is a compact set, (b) c(-,-) is a continuous function on X x E, (c)
(PRSR-Opt) satisfies Slater condition, i.e., there exist a positive constant number 0, and xog € X,tg €
IR such that

Sup Ep[l(c(zo,€) — to)] — 1(0) < -0, (25)

(d) let Z := mingex c(x,€), Ep[Z] < +00.
Under Assumption 1, the optimal value ¢ of (PRSR-Opt) is finite. To see this, we note that

supEp[l(Z — to)] — 1(0) < supEp[l(c(zo,§) —to)] — 1(0) < -0,

leL leL
which implies ¢ < ¢yo. On the other hand, by Jensen’s inequality, Ep[l(Z — t)] > I(Ep[Z] — t), thus
sup;er, Ep[l(Z —t)] > sup;cp I(Ep[Z] —t) — 400 as t — —o0, we deduce that the ¢ component of the
feasible set F must have a lower bound and hence the optimal value ¥ > —oo.

4.2 Sample average approximation

Let &',...,&N be iid samples of & and Py(-) = + Z]kvzl I¢x(-) the empirical probability measure,
where L¢x(+) is an indicator function with Lex(€) = 0 for £ = ¢* and 0 otherwise. Instead of deriving
uniform approximation specifically for vy (z,t) defined in (24), we establish a general convergence
result which may be of interest beyond this paper.

Let g : R" xZ — IR be a continuous function and W be a set of continuous functions of ¢ : R — IR.
Let ®(z) := supyepw Ep[p(g(z,))] and @n(z) := supyepy Epy[¢(g(x,€))]. In what follows, we show
uniform convergence of @y (z) to ®(z) under some appropriate conditions. Note that in the literature of
stochastic programming, there have been a number of recent results on uniform convergence of sample
average approximation of a random function, see Shapiro and Xu (2008) and references therein. Here
we consider a slightly different setting where it concerns uniform convergence of the maximum of
a class of sample average approximated random functions as opposed to a single sample averaged
approximated function in the literature.

In order to establish the desired convergence results, we need to impose some conditions on W
and g.

Assumption 2 Let = be the support set of €.

(a) #(0) =0 and for any € > 0, there exists a compact set 2. C = such that

sup  Epy[l¢(g(z,§)1z\z.(€))]] < € w.p.1L. (26)
N2EX,6eW
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(b) For any M > 0, there exists a positive constant kp; such that

;u}?\) |¢(Zl) - ¢(22)| < /‘5M|Zl - ZZ|3V21>22 € [*Ma M]v (27)
€

where kp; increases as M increases.

(c) There exist a measurable function r(§) : E — IRy and a constant v > 0 such that
l9(x,€) — g(2’, O < r(Ollx — 2||”, ¥z, 2’ € X,{ € E. (28)

Assumption 2 (a) is a kind of uniform integrability condition for all ¢ € W. The condition is well
known in probability theory, see Chapter 3 in Billingsley (1999). Condition (b) requires the class of
functions in W to be equi-Lipsthitz continuous over [—M, M] for any M > 0. Condition (c) requires
g to be Hoélder continuous in z. The condition is used in Theorem 5.2 of Shapiro and Xu (2008).

Let
Wiy = {9l-man () : Vo(-) € W}, (29)

where ¢|_s a7 (+) stands for the restriction of function ¢(z) to being defined over interval [—M, M].
Under Assumption 2 (a)-(c), the set Wy, is bounded by

sup [|¢f|oc < rarM. (30)

PEWM

By Ascoli-Arzela Theorem (Brown (2004)), the equi-Lipschitz continuity condition (27) and the unform
boundedness (30) guarantee that W), is relatively compact (albeit it is not necessarily compact). Note
that the relative compactness of W, ensures existence of an e-net of W), that is, for any € > 0, there
exists a set of finite number of functions {¢1,...,¢x} C Wiy such that

K
Wi = [ Wm)i. (31)
k=1
where Wa )5, == {0 € Wt ||¢ — dilloc <€} for k=1,... K.

Lemma 1 Let Assumption 2 hold. Then for any § > 0, there exist positive constants € < §/4, C(e, )
and B(e,0), independent of N such that

Prob (sup |®n(z) — @(2)] > 5) < Ce, 8)e VA, (32)
reX

Note that in Lemma 1, the probability measure “Prob” should be understood as the product probability
measure of P over measurable space Z X = x --- with product Borel sigma algebra Z x Z x --- .

A crucial requirement in Lemma 1 is Assumption 2 (a) which is used to ensure the relative com-
pactness of Wy,. In the case when = is compact, this condition holds automatically.

Corollary 1 Let E be compact and Assumptions 2 (b)-(c) hold. Then for any § > 0, there exist positive
constants € < 6/2, C(e,d) and (€, 0) independent of N such that

Prob (sup ’(I)N(.Z‘) — ‘I’(x)’ > 5) < Cfe, §)eNB(D),
zeX

Note that Haskell et al. (2017) considered similar discretization approaches for approximating inte-
gral stochastic dominance constraints whereby they used piecewise linear increasing convex functions
to form an e-net the associated utility functions. They established exponential rate of convergence
under the condition that the utility functions are Lipschitz continuous and defined on a compact set.
Here we relax the compactness condition by replacing it with uniform integrability condition, this will
effectively allow us to apply the convergence results to (PRSR-Opt) where the utility loss functions
are defined on IR rather than a compact set. Note also that the discretization scheme should be distin-
guished from those in Hu and Mehrotra (2015) whose focus is on piecewise linear approximation of the
utility function of a robust preference optimization problem rather than sample average approximation
of the expected utility.
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4.3 Convergence of the optimal values and optimal solutions

We now return to discuss convergence of (PRSR-Opt-N) to (PRSR-Opt) in terms of the optimal
values and optimal solutions. Let vy(z,t) and v(z,t) be defined as in (24) and (23). We start by
deriving uniform convergence of vy (x,t) to v(x,t) using Lemma 1. To this end, we need to make some
appropriate conditions on c¢(z,£) and the set of loss functions L which correspond to the conditions
that we set for g(z, &) and ¢ € W in Section 5.2.

(C1) Let T be a compact set in IR. For any e > 0, there exists a compact set =, C = such that

sup  Epy[[l((c(z,€) —t)1z\= (§))]] < e
N,zEX teT,IEL

(C2) For any M > 0, there exist positive constants kp; (depending on M), Ay and A € [—M, M|
such that sup;c [I(21) —1(22)] < kar|21 — 22|, V21, 20 € [-M, M], and sup;p,,, [[[(N)]| < Ap with
LM = {”[—M,M](') vVl e L}.

(C3) There exist a measurable function r : Z — IR, and a constant v > 0 such that

|C(.’E,£) - C(x/7£)| < 7”(5)”% - 1./H1/7vx’xl € ng €E.

Theorem 1 Let conditions (C1)—(C3) hold. Let T be a compact set in IR. Then for any § > 0 there
exist positive constants €, N(e,0), C(e,0) and B(¢, ) independent of N such that for N > N (e, 0)

Prob ( sup ’vN(a:,t) — v(x,t)‘ > 5) < Cle, 6)e VA (33)
TEX tET

We are now ready to state the main results of this section concerning convergence of (PRSR-Opt-N)
to (PRSR-Opt) as the sample size N increases.

Theorem 2 Let ¥, 9y, S and Sy be defined as in Section 5.1 and Py be the associated empirical
probability measure. Let Assumption 1 and conditions (C1)—(C3) hold. Suppose that for almost every
£ €E, (&) is a convex function. Then

(i) For any § <9,
Prob (|9x — 9] > §) < C(e,e)e VAe2), (34)

for N > N(e,e) where N(e,e), C(e,€) and B(e,€) are defined as in Theorem 1 and € is some
positive constant depending on 0, and 6 is given in (25).

(ii) Let {xn,tn} be a sequence of optimal solutions obtained from solving (PRSR-Opt-N). Then with
probability 1, a cluster point of the sequence is an optimal solution of (PRSR-Opt).

Remark 3 Theorem 2 ensures 9 converges to ¥ at exponential rate with increase of the sample size N .
A key condition for the established convergence results is equi-continuity of the ambiguity set of loss
functions L over any compact set. This raises a question as to whether the loss functions defined in the
ambiguity sets proposed in Section 2 satisfy this condition. Following Remark 2, we know that condition
(C2) is satisfied by the set of loss functions L := Lypsy N Lee(W) N Lyna defined in Proposition 3. This
means the bound Ly,q on the sensitivity of risk measures over large tail losses provides a sufficient
condition for the asymptotic consistency of the optimal value and the optimal solutions of problem
(PRSR-Opt-N).

5 Numerical experiments

In this section, we repeat the experiments performed in Delage and Li (2018) regarding the comparison
of different choices of performance measure one might employ in a portfolio selection problem where
only partial information is available about the decision maker’s preference regarding a risk measure. In
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particular, we consider a financial advisor that makes different hypothesis about the way an investor
he is consulting with perceives risks before formulating the following portfolio optimization problem:

n
. T .
bject t ;=1
I;lzllolp(f x) subject to le ,
1=

where each z; is a decision variable describing the percentage of the budget invested in asset i, while
¢ € R" is a random vector following a distribution P and describing the random weekly return of
each asset available for investment. Note that the units of the payoff in this context need to be seen
as percentage of total wealth hence the risk level and axiomatic assumptions should be interpreted
accordingly.? A naive approach for designing a portfolio when p(-) is unknown consists of simply
minimizing the expected loss (as a percentage of initial wealth) of the portfolio, i.e. p(¢72) := E[—¢T ],
or some arbitrarily chosen expectile measure p(¢7x) = SRE (¢Tx) with I.(s) := max(7s, (1 — 7)s).
We compare such two approaches to an approach that is robust with respect to the limited amount of
preference information. Namely, we consider two preference robust risk measures oz, , (-) and or, ; (*)
which account for the fact that the risk measure is law invariant and respectively convex or coherent as
proposed in Delage and Li (2018), and two preference robust risk measures that additionally account
for the fact that the true risk measure is a utility-based SR, namely ornr,. () = SRfubsrﬂLce(W)(-)

and or,,,NR.. (1) = SRﬁ (+) with the worst-case 7 defined in equation (10).

Our experiments are nearly identical to the experiments described in Delage and Li (2018). Specif-
ically, they are designed based on historical stock market data for 334 companies that were part of
the S&P 500 Index during the period from January 1994 until December 2013.> Each experiment
consists in drawing 4 assets randomly from the pool of 334 assets and a set of 13 consecutive weeks
in the period from January 2004 to December 2013. We require each method to propose a portfolio
that considers the weekly return vector £ be drawn from the joint empirical distribution of the 4 assets
in the selected 13 weeks. We also simulate elicitation by using a reference investor modeled using
p(Z) = SRlIz .(Z) to evaluate the certainty equivalent of up to 20 random payoffs W}, constructed
based on a random choice of one asset among the 334 assets and a random set of 13 consecutive weeks
in the period between January 1994 and December 2003.

Figure 2 presents the average perceived risk in lost percentage points (i.e. p(¢72)x100) achieved, in
a set of 4000 experiments, by the portfolios obtained using either expected loss minimization, the wrong
expectile measure (i.e. SR;. with 7 = 0.75 instead of 7 = 0.6), or either of the four preference robust
risk measures described above with certainty equivalent information about up to 20 random payoffs
(including the null payoff). We also report the best average perceived risk that could be obtained if
p was exactly known. Once again, in this set of experiments, we observe that preference robust risk
minimization model eventually outperforms the methods that are based on the wrong risk measures
(namely using the expected loss or the wrong expectile measure) after a sufficient amount of elicitation
(about 10 certainty equivalent evaluations here). Interestingly, these experiments seem to indicate that
information about whether the risk measure is coherent or not is more valuable than the information
about whether it is a shortfall risk measure. Indeed, one can observe that the quality of portfolios only
improves marginally when using grnr,., instead of gr, . (i.e. introducing the hypothesis of having a
utility-based SR), whereas the improvement is much more significant when using oz, ,nr.. instead
of oro,r (introducing the hypothesis of coherence). Additionally, one can observe that if the risk
measure is coherent and it is a member of the utility-based SR, then it is already uniquely identified
after a single certainty equivalent evaluation.

We also carried out the same experiments with the preference robust risk measure
OR uperMRee (W)NRyna(e) PUbt quickly realized that the portfolios obtained using this method were al-
most undistinguishable from the ones obtained using og,,..Ar..ov) in our test environment. In
particular, in order to obtain a piecewise linear function for £(-)~! that satisfies the conditions of
Proposition 6, we started by identifying a value \ such that &(y) := exp(—\y) satisfies Definition 4
for our reference investor modeled with p. As seen in Proposition 3, this can be done using any A
such that max(7y, (1 — 7)y) < (exp(Ay) — 1)(1 — 7) for all y > 0. In our experiments, we used
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Figure 2: Comparison of the average perceived risk (in lost percentage points) for the portfolios obtained using either
expected loss minimization, the wrong expectile (SR;, with 7 = 0.75), or the minimization of a preference robust risk
measure with certainty equivalent evaluations for up to 20 random payoffs (including the null payoff) in a set of 4000
experiments. We also report the best average perceived risk that could be obtained if the representation of this perception
was exactly known. (b) presents in more detail the portion of figure (a) which achieves an average perceived risk between
-0.48 and -0.58 percentage points.

A =max,>o In((7/(1—1))y+1)/(y +1) & 0.4716. Once &(y) was selected, we considered £(y) ! to be
the piecewise linear inner approximation which matches &(y)~! exactly at the points in the discrete set
Y. = {1.2’“},;“;0. In a preliminary set of experiments, we observed that Algorithm 1 would converge
in less than 6 iterations (about 3 on average) and always returned a solution that was very close (if
not exactly the same) to the solution of problem (17). This motivated us to conclude that the perfor-
mance of OR ., AR..(W)NRyna(e) i the 4000 experiments reported in Figure 2 should be considered the
same as the performance of prnr,, . Moreover, this evidence seem to indicate that in a context where
the distribution of ¢ would be continuous and be approximated using sample average approximation,
the computational cost of employing or,,.."R..(W)"Ryna(e) iStead of orAr,, in order to obtain a
guarantee on the convergence of (PRSR-Opt-N) to (PRSR-Opt) (see Theorem 2) is in fact reasonable.

6 Conclusion

In this paper, we considered a preference robust risk minimization problem for which the risk mea-
sure is assumed to be a normalized convex utility-based shortfall risk measure. We demonstrated
for the first time that or(Z) could equivalently be represented using SR}LD where L is the set of all
plausible loss functions that could be used to characterize p(-) using SR; . We also showed how this
ambiguity set L can be constructed based on available information regarding positive homogeneity,
pairwise comparisons involving a lottery and a certain amount, and finally the existence of a set of
random variables with arbitrarily large extreme values which are considered less risky than a fixed
loss of one. We established how the risk minimization problem can be reformulated as a linear pro-
gram when such information is available and P is discrete. In particular, for the case of positive
homogeneity the preference robust risk minimization problem reduces to a problem in which the loss
function is unambiguous. We then considered the quality of solutions that can be recovered from these
models using sample average approximation (SAA) schemes when the distribution P is continuously
supported. While convergence analysis of the optimal values and the optimal solutions of sample
average approximated problems is well documented in the literature of stochastic programming (see
Rusczynski and Shapiro (2003)), the convergence result that we established in Section 5 extends the
existing results by Haskell et al. (2017) on sample average approximation of robust expected utility
optimization problems to a broader class of utility functions and paves the way for application of
the tractable numerical schemes developed in Section 4 to continuously distributed preference robust
shortfall risk optimization problems. The discretization scheme can also be incorporated into Hu and
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Mehorotra’s piecewise linear utility approximation approach for solving preference robust optimization
problems (Hu and Mehrotra (2015)). Finally, we presented some numerical experiments in which it is
possible to quantify the value of exploiting the information that a risk measure is a utility-based SR
in combination with certainty equivalent information for a small set of random payoffs.

Endnotes

1. Note that elicited preference information needs to be distinguished from the property of elicitability
of risk measures. Specifically, the latter requires the existence of statistically robust procedures for

estimating the measure and of a proper backtesting mechanism for prediction schemes (see Cont et al.
(2010) for a discussion).

2. Alternatively, one could also redefine each z; as the amount of actual money invested in each asset
if this is needed for a more accurate interpretation of p(¢7'z).

3. This is the same period and same companies as in Delage and Li (2018) except for BMC software
which was removed from our data set given that it was privatized in September 2013.

Proofs of statements

Appendix A1 Proofs of Section 2

Al.1 Bounds on utility-based shortfall risk

Lemma A.1 Let p be a normalized utility-based shortfall risk measure p. Given any random variable
Z € £, one has that —esssup(Z) < p(Z) < —essinf(Z).

Proof. This follows from the monotonicity of convex risk measure, namely for all Z; > Z it must
be that p(Z1) < p(Z2). Specifically, if essinf(Z) € IR, since Z > essinf(Z) with probability 1, we can
conclude that p(Z) < p(essinf(Z)) = —essinf(Z), while otherwise essinf(Z) = —oo hence p(Z) < oo
follows trivially. One can establish a similar result with respect to esssup(Z). O

Al1.2 Proof of Proposition 1

We start by describing a set of useful properties satisfied by the functions in Lps-, by normalized
utility-based shortfall risk measures, and their robust versions. Readers who are familiar with the
properties of utility-based risk measures may skip to our main proof in subsection A1.2.2.

Al1.2.1 Useful properties of normalized utility-based shortfall risk measure and their loss functions
First, let us formally state the definition of L, for ease of future reference.

Definition A.1 Let L, be the set of all convexr non-decreasing functions | : IR — IR that are strictly
increasing over [z, 0) for some zo < 0.

It is well-known that loss functions in L, satisfy the following properties.

Lemma A.2 (Properties of | € Ls-) The following assertions hold for alll € Lypsy:

(i) If there are two points a < b in the domain of | such that l(a) = 1(b), then I(t) = I(a) = 1(b) for
t € (—o0,b].
(i) 1(t) = 400 as t — +o0.
(i3) 1(t) < 1(0) for all t <0 and I(t) > 1(0) for all t > 0.
(iv) 1(0) lies in the interior of I(IR).
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Proof. Part (i). First, since I(-) is non-decreasing, it is clear that {(t) = l(a) for all ¢ € [a, b] and that
I(t) < l(a) for all t < a. Next, let’s assume that there is a point ¢ < a such that i(t) < [(a), then we
necessarily have that for 6 := (a —¢)/(b—t) € [0, 1]:

9I(b) + (1 — O)I(t) < OL(b) + (1 — B)(a) = I(a) = 1(Bb + (1 — O)t),
which contradicts the fact that I(-) is convex.

Part (ii). Since I(-) is non-decreasing and non-constant, we can find two points ¢; < t3 such that
I(t1) < l(t2). By the convexity of I(-), I(t) — I(t2) > [(I(t2) — I(t1))/(t2 — t1)](t — t2) for t > to. By
driving ¢ to infinity, we immediately get the conclusion.

Part (iii). This follows directly from the fact that I(-) is strictly increasing over some interval
[20, 00) with zp < 0 and non-decreasing over (—oo, 2.

Part (iv). This follows directly from (iii). O

Equipped with Lemma A.2, one can easily derive a representation theorem for normalized convex
utility-based shortfall risk measure. Note that the result is usually used without the need of a proof by
the community (see for example Section 4.9 of Follmer and Schied (2016)), yet we include a detailed
argument below for completeness.

Lemma A.3 Let p(-) be a utility-based shortfall risk measure. Then p(-) is conver and normalized (i.e.
p(0) = 0) if and only if there is some l € Lyps, such that

p(Z) :=1inf{t : E[l(-Z —t)] = 1(0) < 0}. (35)

Proof. By the definition of SR, there is a non-decreasing function [ : IR — IR which is not constant
such that p(Z) can be represented as in (1). By (Weber 2006, Corollary 3.1), p(+) is convex if and only
if I(-) is convex. So we are left with the task to show that p(0) = 0 if and only if [ is strictly increasing
over [zg, 00) for some zg < 0 and A = 1(0).

The “only if” part. Recall that in the definition of the utility-based shortfall risk measure, A lies in
the interior of the range of I(-). Thus, given that real convex functions are continuous, there must exist
a top € IR such that I(tg) = A\. By using a similar argument as in the proof of Lemma A.2 (i), we can
show that there exists ¢ < to such that [(¢) < I(to) for all ¢ € [t,%9) and I(-) is strictly increasing over
the interval because otherwise I(tp) = A would lie at the lower boundary of the range of I(-). Likewise,
by the non-decreasing and convex nature of I(-), we can show that I(t) > [(t¢) for any ¢ > ¢t and ()
is strictly increasing over [to, oo]. Thus, we are left with the task to demonstrate that to = 0 but this
follows from the fact that SR} (0) = 0 and that

SR/ (0) = inf{t : E[I(—t)] < (to)} = inf{t : I(—t) < I(to)} = —to.

The “if” part is relatively easier to prove since by definition ! € L, satisfies the conditions needed
for equation to be the representation of a utility-based shortfall risk measure and since the convexity
of | implies that the risk measure p is a convex risk measure following (Weber 2006, Corollary 3.1).
Moreover, we also have that A := [(0) lies in the interior of [(IR) based on Lemma A.2(iv). One can
finally verify that p(0) = inf{t : E[I(—t)] — [(0) < 0} = 0 following Lemma A.2(iii). O

We now turn to a useful property of normalized convex utility-based shortfall risk which will be of
use later. We encourage the reader to the proof of Proposition 4.113 in Féllmer and Schied (2016) for
the supporting arguments.

Lemma A.4 Let p(Z) be a normalized convex utility-based shortfall risk measure associated to some
loss function | € Lyysy. Then for all Z € £,(2, B, P), the risk p(Z) is equal to the unique solution t*
of the equation Ep[l(—Z —t)] = 1(0).
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Finally, we conclude this subsection with a useful property of robust normalized convex risk mea-
sures.

Lemma A.5 Let p; with i € T be a family of normalized convex risk measures on Z,(Q2, B, P) with
associated acceptance sets A; and let p(X) := sup;cz pi(X). Then,

ﬁ(X) = inf{m S IR|X +m € mieI-Ai}

Proof. Let p(X) :=inf{t € R: X +t € N;ezA;}. We want to show that p(X) = p(X).

First, since {t : X +t € Nz A;} C{t: X +t € A;} for all i € Z, we get that p(X) > p;(X) for all
i € Z. Hence, p(X) > p(X) for all X € Z,(Q2, A, P).

To prove the converse inequality, we can first assume that there exists a tx € IR for which p(X) <
tx. We have by translation invariance that p;(X + tx) < p(X 4+ tx) < 0 for all ¢+ € Z, hence
X +tx € NiezA; so that 0 > p(X +tx) = p(X) —tx. That is, p(X) < tx. Taking the infimum
over all txy > p(X), we get that p(X) < p(X). The other case is one where p(X) = oco. For this, it
must be that for all tx € IR we have that p(X) > tx, which implies that there exists some i* € T
that satisfies p;=(X) > tx. In turns, this indicates that X + tx ¢ A;« and thus X + tx ¢ NiezA;.
We can therefore say that p(X) > tx which allows us to conclude, since this was true for any tx, that
p(X) = p(X) = oc. O

A1.2.2 Proof of Proposition 1
Based on Lemma A.5, we have that for all R C Rypsr,

or(2) = lselzp SR/ (Z) =inf {t : Ep[l(—Z —t)] —1(0) <0, VIl € Lr} = SR} (2),

where Lz := {l € Lypsr | SRlP € R}. Hence, to prove our result, we only need to demonstrate that
Lubsr n Lce (W) = LRubsrche(W) with LRubsrche(W) = {l S Lubsr | SR,IP S Rubsr n Rce(W)}.

We start by showing that Lyys, N Lee(W) C Ly, .AR..(w)- Namely, given any [ € Lypsy N Lee (W),
we show that p; := SRIP € Rubsr N Ree(W). Tt is easy to confirm that since I € Lupsrs pr is a
legitimate normalized convex utility-based shortfall risk measure. We hence are left with verifying
that p; € Ree(W). To do so, we exploit the fact that pj(w;) = —w; and pp(w,) = —wy , which
follows from the fact that p is normalized and translation invariant. Namely, by construction, we have
that for k=1,..., K

pr(Wy) = SR (W) = inf{t : Ep[I(~Wy — )] <1(0)}
= —w, +inf{t' : Ep[l(-W) +w, —t)] <I(0)}
where the last inequality holds because | € L, so that Ep[l(—W}, + w;, )] < 1(0). The latter implies
that ¢ = 0 is a feasible solution to the minimization problem at the right hand side of the second
equality.

On the other hand, since I(-) € L, it is strictly increasing over the positives, and essinf W}, < w, <
+
wy , then

Ep[l(—Wy, 4+ w;)] > 1(0) = Ep[l(—Wj, + w;f +€)] > 1(0), Ve > 0. (36)
To see this, we note that

Prob(—Wj, + w; + €/2 > 0) > Prob(—Wj, + essinf Wy, + €/2 > 0) = Prob(W}, < essinf Wy, +¢€/2) > 0.
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Hence, there is a strictly positive probability that the random variable Yj, := —Wj + w,j +¢/2 gives a
strictly positive value. Moreover, since the loss function is strictly increasing in that region, we must
have

Ep[l(~Wi +wf + )] > Epll(~Wi +wf +¢/2)] > Epfl(~ Wi +w})] > 1(0).

Therefore we have

p[(Wk) = inf{t cR: Ep[l(—Wk — t)] < Z(O)}
= —wi +inf{t' e R: Ep[l(-W}, + w;f — )] <1(0)}

> —wy = pi(wy).

This shows that p; € Rupsr N Ree(W).

Next, we show that LupsyNLee(W) 2 Lz,,..nR..(w)- In other words, given any p € RupsrMRee (W),

thgre exists al € Lypsr N Lee (W) such that p = SRZP. First, based on Lemma A.3, theire is necessarily
a |l € Lypsr such that such an equality holds. We are left with verifying that such an [ satisfies

E[l(—W 4+ w;,)] <1(0) and E[[(-Wj, +w;)] > 1(0), fork=1,--- , K.
Based again on the fact that p is normalized and translation invariant,
pPWi) < plwy) = p(Wi) < —wy; .

Furthermore, we can exploit Lemma A.4 to show that

El(=Wi = p(Wi))] = 1(0) = E[l(=W} +w;)] <1(0),

since [(-) is non-decreasing. Likewise, since p(Wy) > —wj’, we must have again

E[l(=Wi — p(Wi))] = 1(0) = E[[(=W, +w])] > 1(0).

This completes our proof that [ € Lyps, N Le. (VW) and therefore that Lyps, N Lee (W) 2 LRy Rec(W)-
O

Al1.3 Proof of Proposition 2

Based on Bellini and Bignozzi (2015), it is well known that the class of utility-based shortfall risk
measures that are both convex and positive homogeneous, namely R,psr N Reon, coincides with
{SR{" |l € Leon}, where Leop, := {I|37 € [1/2, 1), 1(s) = max(rs, (1 — 7)s), Vs € IR}. Hence,
we have that Lz,,. R.,, = Lcon and by a similar argument as in the proof of Proposition 1 we can
also show that Lz,  AR.on(Ree W) = Lecoh,ce = Lubsr 0 Leon N Lee(WV).

Given that the loss functions in L., are parametrized by 7, it is possible to simplify the represen-
tation of Lcop,ce using the following argument. For any [ € Leop o we have that

Ep[l(—Wi +wy )] <1(0) & Epmax(r(—Wi +w, ), (1 —7)(-Wi +w,))] <0
& Eplr(-Wi+w, )T —(1—7) (Wi —w, )] <0
& T(Ep[(~Wi +wp) " + (Wi —w, )¥] < Ep[(Wh —w, ) 7]
& 7<bp = Ep[(Wi —wy))/Ep[|[Wi — wi]].

Likewise

Ep[l(—Wk +w;)] > 1(0) & Ep[max(r(—Wj, +w;), (1 —7)(=Wj +w;))] >0
& Eplr(-Wi+wh)T = (1= 1)(Wy —w;)T] >0
& 72 a, = Ep[(Wi — wi) ]/Ep[[Wy — wi].
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Letting a := maxay and b := min by, two cases can occur. If a > b, then one can directly conclude
that Leop,ce is empty. Otherwise, Leon ce can be characterized as

Leonce :={l|37 € [1/2,1) N]a, b], I(s) = max(7s, (1 —7)s), Vs € R}.
It is finally easy to verify that for any Z € %, and any t € IR, we have that

sup E[l(-Z-t)]-1(0)= sup E[r(—Z—t)T—(1-7)(Z+t) ]|=Ep[b(—Z—t)T—(1-b)(Z+t) 7],
l€Lcon,ce T€(1/2,1)N[a, V]
because the function f(7) := E[r(—Z —t)* — (1 — 7)(Z + t)*] is increasing in 7, while b < 1 since
Wi —w)™ < [We —wyi . O

Al.4 Proof of Proposition 3

The treatment of Rynq(e) is analogous to the treatment of R..(W) considering that for each M > 1,
we are imposing that p(esssup(Zpr)) = p(0) < p(Z5;) < p(—1). Hence, following similar arguments as
in the proof of Proposition 1, we get that:

e(2)I(z = 1) + (1 —£(2))I(~1) < 1(0)
e(2)l(2) + (1 — £(2))1(0) > 1(0)  ° Vz> 1} .

Yet, one quickly realizes that the second set of constraints in the set defined on the right is redundant
since I(-) is non-decreasing. We can therefore conclude that Lz, AR.. W)"Ryna(c) = Lubsr N Lee(W)N

LR e MRee W) Ryna(e) = Lubsr N Lee(W) N {l

Lyna.

Furthermore, after replacing z; := z — 1 in the definition of Ly,q, we get that all [ € Lype- N
Le.e(W) N Lypg should satisfy e(z1 + 1)I(21) + (1 — e(z1 + 1))I(—1) < 1(0), V21 > 0, which is equivalent
to (13). In what follows, we prove (14) also holds for such I. By exploiting the convexity of I and (13),
we obtain
1—e(z+41)

U0) +(U0) = U=z <U(z) U0+ — 75

(1(0) — I(~1)), ¥z > 0. (37)

Thus for any zo > z1 > 0,

a0+ 2220 - 1) - i)
< 22 ) - i) - 00 - 1)
B 1 1—5(22+1)_Z T
- () e - i)
which gives rise to
) < inf 2 (2B ) 000 - 1-1) = o)) - 1-D),
This completes our proof. O

Appendix A2 Proofs of Section 3

A2.1 Proof of Proposition 4

We proceed the proof in two steps. First, we identify a linear program which represents the constraint
SUPie L., Lo, (W) EP[l(c(z,€) — 1) = 1(0)] < 0. Second, we derive the dual formulation for this linear
program and introduce it in the representation of (PRSR-Opt) problem that takes the form:
min ¢
zeX,t 38)
5.t sup  Ep[i(e(z,€) —t) — 1(0)] < 0. (
1€ LypsrNLee (W)



20 G-2017-104 - Revised Les Cahiers du GERAD

Observe first that LypsrMLee(W) is a cone, thus supier,, . ~r..onv) Ep[l(c(z,§)—t)—1(0)] = oo whenever
there exists a | € L..(W) such that Ep[l(c(z,&) — t) — Z(O)] > 0. This motivates us to consider an
equivalent representation of the inequality constraint. To this end, we consider the set of loss functions:

L (W)/{l l(y’)zl(y)—i—(y’—y) () (’y)EIRXIRJ(O):Ovl(_l):_laf(y)ZO;VZJGIR
CEp[l(— Wi+ wi)] < 10), Epll(— Wy +w)] > 10), Yk € {1,2,..., K}

and show that

l€LubsrNLece (W) l€Lce (W)

{t : sup Ep[l(c(z, &) —t) —1(0)] < 0} = {t : sup  Epli(e(x, &) —t) —1(0)] < 0} . (39)

To see this, notice that since Lce(W)/ C Luypsr N Lee (W), then the set at the left-hand side is contained
in that of the right-hand side. On the other hand, for any [ € Ly, N LCE(W) if we subtract it by 1(0)
and scale it by (I(0) —I(—1))~', then we obtain a function [ € L., (W)" with the following properties:
- - Ue(z, &) —t) —1(0)  1(0) —1(0)
EplCCL‘,f —t)—-1(0)] <0 & Ep — <0
i(e(e.&) 1) ~ (0) B R e
& Epll(c(z,§) —t) —1(0)] <0,

which means that the right-hand side of equation (39) is a subset of the left-hand side. The relation-
ship (39) allows us to replace Lypsy N Lee(W) with Le. (W) in the constraint of problem (38).

Step 1. We start by giving an infinite dimensional linear programming representation for the
right-hand side of (39). First, letting W(z,t) := supier.. oy Epll(c(z,§) — t) —1(0)], we can expand
the ¥ operator to

N

U(z,t) = l:IR%I?{l,le]RHIR szl c(xz, &) —1t) —1(0) (40a)
s.t. l(y’) >Uy)+ W —9f), Y (yy) e RxR, (40Db)
1(0) =0, (40c)
I(-1) = —1, (40d)
fly) =20, Vy e R, (40e)
> P(=Wy +w;, =y)l(y) <1(0), (40f)

{y:P(—Wr+w, =y)>0}
> P(=Wyi + wyi = y)l(y) > 1(0). (40g)

{y:P(7Wk+w;::y)>0}
By exploiting the first and fourth constraints, we may conclude that

l(y) = sup vy + w.
v>0,wvy’ +w<ll(y') ,Vy €ER

Moreover, since only its value at &; with positive probability affects the objective in the problem above,
we may rewrite the optimization problem equivalently as

U(z,t) = sup > pilvile(, &) — 1) +wi] = 1(0) (41a)
v>0,w,LR—TR, R -

s.t. vy +w; <l(y), Vy € R, Vi, (41b)
(400) — (40g),

where v € R and w € RY. Furthermore, we can demonstrate that

U(z,t) <0 & U(z,t) <0,

|
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where
U(x,t) = sup Zpi [vi(e(x, &) —t) + wi] — 1(0) (42a)
v>0,w, . R—TR, f R -
s.t. viy+w; <l(y),Vye Y,Vi=1,--- N, (42b)
W) >y + @ —9fy),V(yy) eV x, (42¢)
fly) 20,Vyel, (42d)

(40c¢) — (40d), (40f) — (40g)

with Y := Ule supp(—Wj + wy, ) U supp(—Wj, + w;i) U {0} U {=1}. A clear benefit of the latter
formulation is that it contains a finite number of constraints. We will further show that the decision
space can be reduced to finite dimensional so that I(y) and f(y) are only defined on a finite number
of points y € Y.

We start by showing that W(z,t) < 0 = ¥(z,t) < 0. This follows straightforwardly from the
fact that the feasible set of problem (41) is smaller than that of problem (42) and consequently
U(x,t) < U(x,t).

To see the reverse implication W(z,t) < 0 = ¥(z,t) < 0, it suffices to show that ¥(z,t) > 0 =
U(z,t) > 0. In other words, if U(x,t) > 0, there is a loss function, denoted by [, such that [ is
feasible in problem (41) and it achieves a strictly positive objective value. Let (v,w,[, f) be any tuplet
that defines a feasible solution of problem (42) which achieves a strictly positive objective value. We
construct [ as

7 L SUDy w:v>0, vy +w<i(y’) Vy'ey VY +w if Y < Yss
Iy) = TV = - (43)
max{maxi VY + W; , VY + w} otherwise,
where y, 1= max,cyy, 0 := (l_(y*) — l_(y**))/(y* — Yux) and W := l_(y*), With Y = maxX(yey.y<y, 1 ¥ In
words, [(y) is the convex envelope of the points {(y,(y)}yey in the region where y < y., while outside
the region, it is the maximum between the linear extrapolation of this envelope based on the segment
between 1., and y., which ensures continuity at ., and the piecewise linear function defined by the
supporting planes parameterized by (;, @;).

Note that the function [ is convex, non-decreasing, and achieves the same value as [(y) when y € ).
This implies that constraints (40b)—(40g) hold, for some non-negative sub-derivative function f . We
are left with the task to check that the objective value of (40) gives a strictly positive value. In
particular,

Zpii(c(l”&) —1)—1(0) = > pille@ &) -+ > pille(x, &) ) - 1(0)

ic(x, &) —t<y* iie(x,&)—t>y*

S pomax{oi(e(2,&) — )+ we} ~ 10)

Y

> Zpi{@i(c(%&') —t)+w;} —1(0),

where we exploit the fact that when ¢(x,&;) — t < y*, by construction

I(c(x, &) —t) = sup v(e(z, &) —t) +w > max{vy(c(z, &) —t) + Wi }
v,w:vZO,vy’+w§[(y’) Yy ey v

while when ¢(z, &) —t > y*, again by construction I(c(z, &) —t) > maxy {oy (c(x, &) — t) + Wy }. This
allows us to conclude that if (x,t) > 0 then ¥(x,t) > 0 meaning that ¥(z,t) < 0= ¥(z,t) < 0. We
complete this first step by arguing that since in problem (42), the decision functions ! : R — IR and
f IR — IR are only evaluated at y € ), we can reduce the representation of \il(x7 t) to

U(z,t) = sup Zpi [vi(e(z, &) — t) + w;] — 1(0)

v>0,w,l:Y—>R,f: V=R
st. (42b) — (42d), (40¢) — (40d), (40f) — (40g).
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Step 2. Recall that Y includes the union of the support set of all random variables —Wj, + w,;
and —Wp + wlj fork=1,...,K as well as 0 and —1. For the simplicity of notation, let M denote the
size of Y, and y; the j-th smallest element in ). Moreover, let jo and j_ be the indexes in this list
such that y;, = 0 and y;_ = —1. Let a; := l(y;) and B; := f(y;) for j = 1,..., M. Then ®(z,t) can
be rewritten as

(z,t) = _sup , Zpi[vi(c(%fi) —t) + wy]

S.t. vy +w; <o, Vi=1,...,Mi=1,...
O > o 4 (Yym — ;)85 Ym,j=1,..., M,
O‘jozov

ﬁ]ZO’V]:LyMy
M

S P(-Wi+w, =y)o; <0k=1,... K,

~Wi+w =yj)e; >0,k=1,....K.

M= I
i

By introducing the dual variables u € RY*M ¢ RM*M 1y v e R, A e RM, and M, n® e RX,
we obtain that the dual formulation of the problem above takes the form

min
u,y,v0,v— ,A,n1),n3
M

S.t. pi(c(z, &) — 1) Zuwy] <0,Vi=1,...,N,
j=1

M
=Y u;=0,Vi=1,...,N
j=1
N M M K
1 _

ZUij + Z Yim — Z Ymj — Zn,(c )P(—Wk +w, =y;)
i=1 = m=1 k=1

+an (~Wi+wi =y;) =0, j={1,...,M}\ {jo,j_},
N M K

1 _

> wig + Z Vi = D mi- = Y1 P Wi wp = ;)
i=1 = m=1 k=1

+Z77k Wk+wk =y; )=—v_
N M K

1 _

Zuijo + Z Viom — Z Ymjo — Zm(g P~ Wi +wy = yj,)
i=1 = m=1 k=1

+Z77k Wk+wk _yjo): 0,

AfZVmJ —y;)=0,Vj=1,...,M,

m=1

Usj 207’)/771] ZOJ\ZOWO) 20777(2) 20712177N7m7j:15aM

Realizing that vy and v_ both only appear in one of the constraints allows us to simplify the model
and reintegrate it in the (PRSR-~Opt). The proof is complete. O
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A2.2 Proof of Proposition 5

We can apply similar analysis as in the proof of Proposition 4 for ®(z,t) = super.. (w)ynL,..
Epli(c(z,&) —t) — 1(0)] which appears in the (PRSR-Opt) problem presented as :

min ¢t s.t. P(x,t) <0,
zeX,t

which can be reduced to

min t st ®(x,t) <0, (44)
rzeX teft_,ty]

since for any z € X SRY(—c(z,8)) < SRE(—max,cx max; ¢(z,&)) = t; and SRY (—c(z,£)) >
SRY (— min,cx min, ¢(z,&;)) = t_. Note that we can exploit once more the fact that for all € X and
te [t ty:

{t: sup Epli(c(z,€) 1) - z<o>1<o}:{t: sup  Epli(e(z,€) — 1) —z<o>]<o}.

l€LypsrNLee(W)NLpna l€Lc.e(W)' NLpna

When expanding the operator ®(z,t), we now obtain

N
®(z,t) = z;mnil,lﬁmm ; pil(c(z, &) —t) —1(0) (45a)

s.t. I(y) <e(y+1)"'—1,Vy >0, (45b)
(400) — (409),

where we were able to simply replace [(0) = 0 and [(—1) = —1 in constraint (12). Using the fact that
[ is a convex function, we once again replace the objective function to obtain

O(z,t) = sup Zpi [vi(e(z, &) —t) +w;] —1(0) (46a)
v>0,w,:R—R,fR-R -
s.t. vy +w; <Il(y), Vy € R, Vi, (46b)
l(y) <ely+1)~" =1,y >0, (46c)
(400) — (409),

Moreover, one can establish that the following two constraints can be added to problem (46) without
affecting the supremum value:

vi < fy"), Vi, (47a)
W)+ fy)y—y*) <ely+1)~" =1, Vy e VNly*, ool (47Db)

Namely, constraint (47b) is simply redundant given that for all y > 0

Wy )+ )y —y) <ly) <ely+1)~'—1,

based on constraints (40c) and (46¢). On the other hand, while constraint (47a) is not redundant,
one can show that if there is an ¢ for which v; > f(y*) then the objective value can be improved by
replacing v} := f(y*) and w} := l(y*) — y* f(y*). In particular,

vi(e(, &) —t) +wi = Uy") + fy")(c(x,&) —t —y") > vy +wi + fy")(c(z, &) —t —y")
> vyt +witvile(r, &) —t—y*) = vile(z, &) —t) +wi
where we first used the fact that I(y*) > v;y* +w;, then the fact that both v; > f(y*) and ¢(z,&;) —t <

y*. Similarly as in the previous proof, we will show that ®(z,t) < 0 if and only if ®(z,t) < 0 with

O(x,t) := sup Zpi[vi(c(x, &) —t)+w;] —1(0) (48a)
v>0,w,l:Y'—-R,f: V' —R P
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s.t. vy +w; <Il(y),Vy eV, Vi, (48Db)
vi < f(y"), Vi, (48c)

W) 21y + W =y fy),Vy) ey <V, (48d)

I(y) <e(y+1)"'—1,VyeY NnRT, (48e)
W)+ [y )y —y") <ely+ )" = 1,Vy e VN (y*,00),  (48f)

fly) >0,vye), (48g)

(40c) — (40d), (40f) — (409)

where by definition y* = maxyey y. While @(m,t) <0 = ®(z,t) <0 is again straightforward, the
converse requires a slightly modified argument. Indeed, we argue again that if i)(x, t) > 0 then there
must exist an (v, 1, [, f) that satisfy the constraints described in problem (48) and one can therefore
construct a loss function [ according to

— SupU’vaOuy-&- _S(') Yy ey’ vy—l—w lfygy*,
) { Wy*)+ fly )y —y*) otherwise . (49)

Given that once again I(y) is convex, non-decreasing and achieves the same value as I(y) when y € ),
it necessarily satisfies constraints (40b)-(40g) for some non-negative sub-derivative function f(y). We
can also verify as in the proof of Proposition 4 that it returns a strictly positive objective value.
Namely,

Zpl x gz - t) - l( ) = Z pi[(c(xafi) - t) + Z pii(c($,£i) - t) - Z(O)

irc(z,6;)—t<y* ie(x,&)—t>y*

Zpl max{v, c(z,&) —t) +wir} —1(0)

Y

> Zpﬂ_)i (c(z,&) —t) +w; — 1(0),

where for all ¢ such that ¢(z,&;) —t < y* once again by construction we have that

l(c(x,&) —t) = sup v(e(@, &) —1) +w > IHZ,E}X{@’(C(%&) —t) +wy}

v,ww>0, vy’ +w<l(y’) Vy' €Y’

while for all ¢ such that ¢(z,&;) —t > y* we exploit the following:
l(c(@, &) —t) = Uy )+ [y ) (cl@, &) —t—y") > vy +@+0;(c(w, &) —t—y*) = v:(c(z, &) —t) +w;

Before concluding that ®(z,t) > 0 = ®(x,t) > 0, we must confirm that I(y) also satisfies con-
straint (45b). First, in the case that 0 < y < y*, then either y € )’ and (45b) is satisfied since

I(y) =1I(y) < e(y+1)"' =1, or by construction
ly) = (1= 0)l(y-) +0l(ys) < (1= 0)(ely- + 1) = 1) +0(elys + 1) = 1) =e(y+ 1) =

with y_ :==sup{y/ € V' : ¢/ <y}, yr :=inf{y € V' : ¢y >y}, and 0 := (y —y—)/(y+ — y—) €]0, 1],
and where the last equality comes from the fact that (y + 1)~ — 1 is linear on the interval [y_, y.].

Secondly, we should confirm the same fact for y > y*. Indeed, a similar argument can be used
here. By construction, we have that

Iy) = )+ f)y—vy)
= (L= + FW )= —y") + 00" + Fy) (e — "))
< (1=0)(ely-+1) " =) +0(eys + 1) 1) =e(y+1)"" -1,

A

with y_ :=sup{y’ € V. N[y, 00) : ¥ <y}, y4 =inf{y’ € Y. N[y, 00) : ¢ > y}, and 6 as before.
Hence, we can conclude that constraint (45b) is satisfied by I(y).
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To complete this proof, one simply needs to confirm (18) by strong duality for problem (48). Recall
that ' includes the union of the set ) defined in Proposition 4, {y.,y*} and {V. N [y.,y*]}. For the
simplicity of notations, let M denote the size of )’, and y; the j—th smallest element in ). Moreover,
let jo and j_ be the indexes in this list such that y;, = 0, y;_ = —1. Then y. = y1, ¥* = yu,
Y <y <<y =-1<- <y, =0<- <yy,and Y NRY = {yjo11,---,ynm}. Let
YN (y*,00) == {yj}jer with Z := {M + 1,M + 2,...} the index set of the ordered version of this
list. Finally, we let o := I(y;) and 8, := f(y;) for j = 1,..., M, and consider z; := e(y; + 1)~* for

Jj=2Jo+ 1,750+ 2,.... Using this new notation, we obtain that
d(z,t) = sup Zpi [vi(e(z, &) — t) + wy]
v>0,w,a,0 i

s.t. vy +w; <oy, Vi=1,...,N,j=1,..., M,
v < Bpm,Vi=1,...,N,
am >+ (Ym —y)B;,Ym,j=1,....M
oj <z —1,Vj=jo+1,..., M,
ayv +Bu(y; —ym) <z —1L,VjeT,

ajozo

Oéj7:—1

B;i>0,vVji=1,...,.M

M

ZP(—Wk—i—w; =yj)a; <0,k=1,...,K,
j=1

M

S P(-Witwi =y)a; >0k=1,.... K.
j=1

By introducing the dual variables u € RV M 5 € RN,y e R™M p e RM~I0 ¢ ¢ IR(I), v € R,
v_ e R, A e RM, nM e R% and n® e R”, we can derive the dual formulation of the above linear
program:

M
v+ > Om(z =1+ Y pimje(z— 1)

min
(1) p(2)
u,0,7,p,0,v0,v— ,A,n)n iez gt

M
s.t. pi(C(ﬁc,fi)—t)—Zuijyj—UiSO,VZ':L...,N,
j=1

M
piquij:O,Vi:I,...,N,
j=1

N M M K

1 _
Zuij + Z Yim — Z TYmj — ZT]’(“ )P(_Wk + Wy = y])
=1 m=1 m=1 k=1

K
+ 3 0P P(-Wi+ wif =) =0, 5= {L,....jo— 13\ {j_},
k=1

N M M K
Sui Y Ym— Y Ami — D P(-Wi+wy =y;)
=1 m=1 m=1 k=1

K
+ Zn,ﬁQ)P(fWk +wf =y )= —v_
k=1

N M M K
Zuis + Z Ysm — Z Yms — Z’r]](cl)P(_Wk + ’U)]; = yjo)
=1 m=1 m=1 k=1



26 G-2017-104 - Revised Les Cahiers du GERAD

+an (=W +wf =y;) = w,

Z“w‘FZ%m Z%w an(el)P (Wi +wy =y;)

m=1

+Z77 Wk+wk_y_]):_pj—jo7vj:j0+17"'7M_l7
m=1 m=1

+ Zm(f)P(—Wk +wl =ym) = —pr—j, — Z9ij»
= jET

N =Y i m — ) =0,¥j=1,..., M~ 1,

M N
AMm — Z Y (Ym — Ynr) = ZOij(yj —ym) — ZUz‘,
m=1 jeT i=1
Ui > 0,%m; >0,Vi=1,...,Nym,j=1,..., M,
0>0,p>0,0>0X>0,n">01,% >0.
Realizing that vy, v_, and A all only appear in only one of the constraints (besides A > 0) allows us to
simplify the model and reintegrate it in the (PRSR-Opt) problem (44). a

A2.3 Proof of Proposition 6

Letting ¢(y) :==e(y+ 1) ' =1 —a—By—y*) and Y :=&(y +1)"' =1 —a — B(y — y*), we first look
at the case where y;, 5 € Y., then \95.5] = (94,51 = U5 5. Necessarily, this implies that

g5 5) = U(TE 5) < min h(y) < min .
V(Jap) =¥ (Wa,s) < yeyén]y*ym[w(w < yey;n]y*,oo[w(y)

Second, if g7, 5 ¢ VI, VLN (y*, 94 5) # 0, and (|77, 5]) < ¥([92 51), then since ¥ (y) is linear between
|95, 5] and [7;, 5], we must have that for all y > |7, 5]:

(72 51) — v(w55))
(90,51 = [7a,5]

() = P([Fa,p]) + (v = [Fa,5)) = ¥([Fa,8]) -

On the other hand, for all y < |7}, 5]:

The third case describes a situation where g7, 5 & V., V. N (y*, g5 5) # 0, and (|7}, 5]) > ¥([9551)
yet the conclusion is entirely analogous to the second case that was just analysed.

Finally, if Y 0 (y*, 9}, 5) = 0, i.e., ¥ 5 € (y*, [} 51), we have for all y > [y 5]:
@(@Z,B) - _(@Z,BD
Unp — fﬂi;,ﬂ

D(y) = 9(y) = 9([F5,]) + (v — [72,61) = 0([7a,51) = ¥([Fa,5]) -

This completes our proof. O
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Appendix A3 Proofs of Section 4
A3.1 Proof of Lemma 1

Under Assumption 2 (a), for any € > 0, there exists a compact set = C = such that (26) holds. Let
M, = sup,ex ¢cz, |9(x,€)| and Wy, be defined as in (29). Then Wy, is relatively compact. Let
T > 28UPgeyy,, SUP.e(—ar, ) [#(2)]- Then Ec C {§ € E: [¢(g(x,§))| < r}, Vo € X,¢ € W and hence
{€€Z:|p(g(x,8))| =1} CE\E, Vz € X,¢ € W. Under condition (26),

sup [6(g(, )| Pn(d§) < sup [¢(g(x, )| Pn(dS) < €
N,z€X,pEW J{£€E:|p(g(w,€))|>r} N.z€X,$€W JE\E.
Since P is assumed to be nonatomic, the Lebesgue measure of the set of points where the indica-
tor function Iz\z (&) is discontinuous is zero. Together with the above uniform integrability condi-
tion, this enables us to claim through (Guo et al. 2017, Lemma 2.1) that for any « € X,¢ € W,
Ep(o(g(w, €)1z, (€))] = limy o0 Epy [6(g(, €)1z, (€))], together with Assumption 2 (a), this im-
plies sup,c x gew Ep[|o(g9(z,§)1z\=, (€))]] < €. By the definition of ®x(x) and ®(x),

PN (z) — @(z)| = ‘(félfv Epy[6(g(z,€))] — ;ggVJEPW(g(x,é))]I

< [ sup Epy[o(g(z, €)1z, (€))] — sup Ep[p(g(z, &)1z, (€))]] + 2¢
peEW peEW

= | sup Epy[o(g(z,§)1=.(§))] — sup Eplo(g(z, &)1z (€))]| + 2€
PEWM, PEWM,

= [sup sup Epy[op(g(z, &)1z, (§))] —sup sup Epld(g(z, &)1z, (€))]| + 2€
kEK pe(War.)5, keK ¢pe(War. )5,

< sup  sup |Epy[é(9(z,&)1=.(£)) — drlg(@, &)1z, (€)) + dr(9(z, )1z, (€))]
kEK (W, )5,

—Ep[p(g(z, &)1z, (§)) — or(g(z, )1z, (§)) + dr(g(z, )1z, (§))]] + 2¢
< 4€+222\EPN[¢1¢( 9(x,8)1=.(§))] — Ep[ow(g(z, &)1z, (£))]l

For any ¢ > 0, we may set e sufficiently small such that ¢ < §/4. Under Assumption 2 (b) and (c), for
any ¢ € Wy,

lp(g(x, &)1z, (§)) — kulg(x, §)lz, () — g(z',§) 1= (6)]

rur(§)Le, ()]z — 2'|”, V€ € E.

It follows from (Shapiro and Xu 2008, Theorem 5.1) that for each k there exist positive constants
C(e, 0, ¢r) and B(e, d, ¢r) such that

<
~
<
~—~
H\
"
S—
=
[1]
a
—~
a3
b
-
IN A

Prob (sup [Epy [0 (g(x.€)1=, (6))] — Ep[éu(g(x, €)1z, (9))] 2546) < C(e,6, oMo,

reX

Hence, we have

Prob (Sup B () — D(x)| > 5)

zeX

IN

Prob(sup sup [Epy [6e(g(x, €)1=. (€))] — Epléu(o(e. €)1z, (¢ >>]|za—4e)

ze€X keK

[I]

- Prob(sup sup [Epy [6e(g(x, €)=, (€))] — Eplbu(o(z. €)1 <>>1|>6—4e)

keK zeX

IN

3" Prob <sup Erylbe(9(e, €)1z, ()] - Eplér(gle. &)1z, ()] za4e)

keK z€X

D Cle, 6, gp)e NP,
keK

which implies (32). a

IN
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A3.2 Proof of Corollary 1

The result follows from Lemma 1 by setting M := sup,¢ x ¢c= [9(7,€)| and = = =. O

A3.3 Proof of Theorem 1

Observe that |vn(z,t) — v(z,t)| < super |Epy[i(c(z, &) —t)] — Epli(c(z, &) — t)]|. Following similar
analysis as in Lemma 1, for any § > 0, there exist positive constants ¢, C(¢, d) and 5(e, d), independent
of N such that

Prob ( sup sup [Ep, [I(c(z, &) —t)] — Ep[l(c(z, &) — 1)]| > 6) < C(e, §)e N0
x€X,teT IEL

when N is sufficiently large. o

A3.4 Proof of Theorem 2

Part (i). Let t* = o). Following the discussions immediately after Assumption 1, we know that ¢* is
finite and t* < ty. Let 6 be defined as in Assumption 1 and § be given as in Theorem 1 with 6 < 6
and 1 be any fixed positive constant such that > 0. Then there exists a constant ¢, > 0 such that

. N,
wlg(v(:c,t cn) > 1 (50)
To see the existence, notice that
nf v(z,t" —¢y) = Inf igng[l(C(x,ﬁ) = (t" = ¢y))] = 1(0)
> 1g}f( Ep[lo(c(z, &) — (t* —¢y))] — lo(0) (for any fixed Iy € L)
> ini lo(Ep[c(z,£)] — (t" —¢;)) — 10(0) (by convexity of ly)
TE

= <1g§{ Eplc(z,§)] — (t* — Cn)) —1p(0) (by monotonicity of ly).

Since X is compact and Ep[c(z, £)] is continuous, then inf e x Ep[c(x, £)] is bounded. Moreover, since
limy 4 o0 [(t) = 400, the last term goes beyond 7 for a sufficiently large ¢, and hence (50) holds. Let
T in Theorem 1 be chosen such that [t* — ¢,),to] C T. Then by Theorem 1

zlg)f( on(z,t" —¢y) = zig’(v(x,t* —cy) + mlg)f{ on(z,t" —¢p) — mig’(v(x,t* —cp)
> n—sup |oy(z,t" —¢,) —v(z, t" —cp)| >n—05/2
zeX

with probability at least 1 —C/(e,/2)eNB(¢9/2) for N > N(e,6/2). Let (zn,tn) € Sy be the optimal
solution of (PRSR-Opt-N). The inequality above shows

on(zN, t* —cpy) > ig)f(UN(x,t* —cp) >n—0/2, (51)

which implies ty > t* — ¢, because vy (zn,tn) < 0 and vy (zn,-) is non-increasing.

On the other hand, it follows by (25) and Theorem 1,

sup By [l(c(w0,€) — to) — 1(0)] < —0+ /2 < /2. (52)
leL
with probability at least 1 —C'(e, §/2)e~VNP(€9/2) for N > N(e,/2). The inequality (52) implies (zo, to)
is a feasible solution to (PRSR-Opt-N) and hence ty < t;. Summarizing the discussions above, we
have tx € [t* — ¢;, o] with probability at least 1 — C(e, §/2)eVA(€9/2),



Les Cahiers du GERAD G-2017-104 - Revised 29

Let us now consider the systems of inequalities v(z,t) <0, (z,t) € X x T and vy(z,t) <0, (x,t) €
X x T. Let F and Fn be defined as in Section 5.1. Then the set of solutions to the systems of
inequalities are equal to F N (X x T) and Fy N (X x T) respectively. Since I(c(z,&) — t) is convex
in (z,t), both v(z,t) and vy(x,t) are convex functions. By the Slater condition (25), we may use
Robinson’s error bound theorem for convex systems (Robinson (1975)) to establish that,

d((z,t), FN(X xT)) < %max(v(m,t),O),V(x,t) € X xR,

where A denotes the diameter of 7 N X x T and we write d(a, A) for the distance from a point a to a
set A. Likewise, we can utilize the Slater condition (52) to obtain

2A
d((z,t), Fn N(X xT)) < 5 max(vy(z,t),0),V(z,t) € X xR
with probability at least 1 — C/(e,5/2)e~N8(¢9/2) for N > N(e,§/2). Combining the two error bounds,
we effectively obtain

H(FvN(X xT),FN(X xT)) < sup |oy(z,t) —v(z, 1),

2A
0 rzeX teT

where H denotes the Hausdorfl' distance. Thus

[Py =9 =ty —t"| <H(FNN(X xT),FN(X xT)) < % sup |on(z,t) — v(z,t)|. (53)
zeX,teT

Let € := min(%, 2). We deduce from (33) and (53) that for N > N(e,e)

Prob(|9y — 9| > &) < Prob ( sup |on(z,t) —o(z,t)| > 5) < Cle,e)eNAles),
zeX teT

Part (ii). The exponential rate of convergence (34) implies ¢ty — ¢* almost surely. Moreover, since
vy (zn,tn) <0 and vy converges uniformly to v over X x T, then v(Z,t*) < 0 for every cluster point
z of {zn}. O
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