Les Cahiers du GERAD

ISSN: 0711-2440

Mean Field Game ¢-Nash equilibria for
partially observed optimal execution problems
in finance

D. Firoozi,
P. E. Caines

G-2017-01
January 2017

Cette version est mise a votre disposition conformément a la politique de
libre acces aux publications des organismes subventionnaires canadiens
et québécois.

Avant de citer ce rapport, veuillez visiter notre site Web (https://www.
gerad.ca/fr/papers/G-2017-01) afin de mettre a jour vos données de
référence, s'il a été publié dans une revue scientifique.

This version is available to you under the open access policy of Canadian
and Quebec funding agencies.

Before citing this report, please visit our website (https://www.gerad.
ca/en/papers/G-2017-01) to update your reference data, if it has been
published in a scientific journal.

Les textes publiés dans la série des rapports de recherche Les Cahiers du
GERAD n'engagent que la responsabilité de leurs auteurs.

La publication de ces rapports de recherche est rendue possible grace au
soutien de HEC Montréal, Polytechnique Montréal, Université McGill,
Université du Québec & Montréal, ainsi que du Fonds de recherche du
Québec — Nature et technologies.

Dépét légal — Bibliotheque et Archives nationales du Québec, 2016
— Bibliothéque et Archives Canada, 2016

The authors are exclusively responsible for the content of their research
papers published in the series Les Cahiers du GERAD.

The publication of these research reports is made possible thanks to the
support of HEC Montréal, Polytechnique Montréal, McGill University,
Université du Québec a Montréal, as well as the Fonds de recherche du
Québec — Nature et technologies.

Legal deposit — Bibliotheque et Archives nationales du Québec, 2017
— Library and Archives Canada, 2017

GERAD HEC Montréal
3000, chemin de la Céte-Sainte-Catherine
Montréal (Québec) Canada H3T 2A7

Tél.: 514 340-6053
Téléc.: 514 340-5665
info@gerad.ca
www.gerad.ca



https://www.gerad.ca/fr/papers/G-2017-01
https://www.gerad.ca/fr/papers/G-2017-01
https://www.gerad.ca/en/papers/G-2017-01
https://www.gerad.ca/en/papers/G-2017-01




Mean Field Game ¢-Nash
equilibria  for  partially
observed optimal execu-
tion problems in finance

Dena Firoozi?

Peter E. Caines %

@ Centre for Intelligent Machines (CIM) and
the Department of Electrical and Computer
Engineering (ECE), McGill University, Montreal
(Québec) Canada

b GERAD, HEC Montréal, Montréal (Québec)
Canada

dena.firoozi@mail.mcgill.ca
peterc@cim.mcgill.ca

January 2017

Les Cahiers du GERAD
G-2017-01

Copyright (© 2017 GERAD



ii G-2017-01 Les Cahiers du GERAD

Abstract: Partially observed Mean Field Game (PO MFG) theory was introduced and developed in (Caines
and Kizilkale, 2013, 2014, Sen and Caines 2014, 2015), where it is assumed the major agent’s state is partially
observed by each minor agent, and the major agent completely observes its own state. Accordingly, each
minor agent can recursively estimate the major agent’s state, compute the system’s mean field and thence
generate the feedback control which yields the e-Nash property. This PO MM LQG MFG theory was further
extended in recent work (Firoozi and Caines, 2015) to major-minor LQG systems in which both the major
agent and the minor agents partially observe the major agent’s state. The existence of e-Nash equilibria,
together with the individual agents’ control laws yielding the equilibria, were established wherein each minor
agent recursively generates (i) an estimate of the major agent’s state, and (ii) an estimate of the major agent’s
estimate of its own state (in order to estimate the major agent’s control feedback), and hence generates a
version of the system’s mean field. In the current work, PO MM LQG MFG theory is applied to the optimal
execution problem in the financial sector where an institutional investor, interpreted as a major agent, has
partial observations of its own inventories, and high frequency traders (HFTs), interpreted as minor agents,
have partial observations of the major agent’s inventories. The objective for each agent is to maximize its
own wealth and to avoid the occurrence of large execution prices, large rates of trading and large trading
accelerations which are appropriately weighted in the agent’s performance function. PO LQG MFG theory
is utilized to establish the existence of e-Nash equilibria and a simulation example is provided.

Acknowledgments: This work was supported by grants from NSERC, Canada. The authors wish to thank
Mojtaba Nourian for helpful discussions concerning this work.
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1 Introduction

Partially observed Mean Field Game (PO MFG) theory was introduced and developed in [4], [5], [12], [13]
where it is assumed the major agent’s state is partially observed by each minor agent, and the major agent
completely observes its own state. Accordingly, each minor agent can recursively estimate the major agent’s
state, compute the system’s mean field and thence generate the feedback control which yields the e-Nash
property. This PO MM LQG MFG theory was further extended in recent work [8] to major-minor LQG
systems in which both the major agent and the minor agents partially observe the major agent’s state. The
existence of e-Nash equilibria, together with the individual agents’ control laws yielding the equilibria, were
established wherein each minor agent recursively generates (i) an estimate of the major agent’s state, and
(ii) an estimate of the major agent’s estimate of its own state (in order to estimate the major agent’s control
feedback), and hence generates a version of the system’s mean field.

It is to be noted that the work [4], [5], [12], [13] and the work here does not cover the case where each
agent has only partial observations on its own state; the extension of MFG to that case was addressed in the
LQG case in [11] and in the nonlinear case is analyzed in [6], [7].

In the current work, PO MM LQG MFG theory is applied to the optimal execution problem in the
financial sector where an institutional investor, interpreted as a major agent, has partial observations of its
own inventories, and high frequency traders (HFTSs), interpreted as minor agents, have partial observations
of the major agent’s inventories (see [1], [2], [3]). The objective for each agent is to maximize its own wealth
and to avoid the occurrence of large execution prices, large rates of trading and large trading accelerations
which are appropriately weighted in the agent’s performance function. PO LQG MFG theory is utilized to
establish the existence of e-Nash equilibria and a simulation example is provided.

The terms major agent (respectively minor agent), major trader (respectively, minor trader), and insti-
tutional trader (respectively, HFT) are used interchangeably in this paper.

The paper is organized as follows. Section 2 is devoted to the description of trading dynamics in the
market and the execution problem. In Section 3 the optimal execution problem is formulated in the mean
field game framework. Full observation and partial observation optimal execution problems are addressed in
Sections 4 and 5, respectively. Section 6 presents the simulation results.

2 Trading dynamics of agents in the market

As stated in the Introduction, the institutional investor is considered as a major agent in the mean field
model of the market and the HFT's are considered as minor agents, where the state dynamics of the trading
process of the major agent and any generic minor agent are described by the time evolution of the inventories,
the prices and cash levels of each agent.

2.1 Inventory dynamics

It is assumed that the institutional investor liquidates its inventory of shares, Qo(t), by trading at a rate
vo(t) during the trading period [0, 7). Hence the major agent’s inventory dynamics is given by

dQo(t) = vo(t)dt + oldwl, 0<t<T, (1)

where wég is a Wiener process modeling the noise in the information on the inventory the institutional head-

quarters collects from branches in different locations; Ué;) is a positive scalar and we assume that Qo (0) > 1.

The same dynamical model is adopted for the trading dynamics of a generic HF'T
dQi(t) = vi(t)dt + o@dw®, 1<i<N, 0<t<T, (2)

where w? is a Wiener process that models the HFT’s information noise, O'Z»Q is a positive scalar, Q;(t) is the
minor agent’s remaining shares at time ¢, and v;(t) is its rate of trading which can be positive or negative

depending on whether the agent is buying or selling its shares. However, the initial share stock of the HF T's,
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{Qi(0),1 < i < N}, are not considered to be large, furthermore they are not motivated to retain share stocks
and are assumed to trade them quickly. We assume that the trading rate of the major agent is controlled via
up(t) as

dvo(t) = uo(t)dt + ogdwg, 0<t<T, (3)

where w§, is a Wiener process, of is a positive scalar and the trading strategy uo(¢) can be seen to be the
trading acceleration of the major trader. Correspondingly, u;(t) controls the trading rate of minor agent, A;,
by

dvi(t) = wi(t)dt + ofdwy, 1<i<N, 0<t<T, (4)

where wy is a Wiener process and o} is a positive scalar.

2.2 Price dynamics

The trading rate of the major agent and the average trading rates of the minor agents give rise to the
fundamental asset price which models the permanent effect of agents’ trading rates on the market price.
Further, each agent has a temporary effect on the asset price which only persists during the action of the
trade and which determines the execution price, that is to say the price at which each agent can trade.

2.2.1 Fundamental asset price

We model the dynamics of the fundamental asset price, as seen from the major agent’s viewpoint, by

N
dFy(t) = (Moro(t) Z t))dt + odwl (t), 0<t<T, (5)

2\>’

where the Wiener process wi (t) models the aggregate effect of all traders in the market which - unlike the

major and minor agents Ag, A;, - have no partial observations on any of the state variables appearing in
the dynamical market model (these are termed uninformed traders). Further, o denotes the intensity of the
market volatility and Mg, A > 0 denote the strength of the linear permanent impact of the major and minor
agents’ tradings on the fundamental asset price, respectively. Similarly, we model the fundamental asset price
dynamics, as seen by a minor agent A;, by

Z\V

N
dF;(t) = (Movo(t) Z ))dt +odwf (t), 0<t<T, (6)

where 1 <i < N, and the Wiener process, wl (t), represents the mass effect of all uninformed traders in the
market. The assumption of the Wiener processes, w!", 0 <i < N being independent is valid due to the time
differences per agent in getting data from the fast changmg limit order book.

2.2.2 Execution price
The major agent’s execution price, Sy(t), is assumed to be given by
So(t) = Fo(t) + aoro(t), 0<t<T, (7)

where ag > 0 controls the temporary impact strength of the major agent on fundamental asset price. Likewise,
a minor agent’s execution price, S;(t), is assumed to be determined by

Si(t) = Fi(t) +avs(t), 1<i<N, 0<t<T, (8)

where a models the temporary impact of a minor agent’s trading on its execution price.
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2.3 Cash process

The cash process for the major agent and a generic minor agent, Zy(t), Z;(t), are given by

dZy(t) = —So(to(t)dt, 0<t<T, 9)
AZ;(t) = —S;(wi(t)dt, 1<i< N, 0<t<T, (10)

where each agent has no cash at the beginning of trading interval, i.e. Zy(0) =0, and Z;(0) =0, 1 <i< N,
and we note that the value of the trading velocity vo(¢) in a stock sale is negative and hence for positive
So(t), Zo(t) increases.

2.4 Cost function

The objective for the major trader is to maximize the cash it holds at the end of the trading horizon, i.e.
maximize Zy(T), and if the remaining inventory at the final time T is Qo(T), the resulting loss is modeled
by the penalty Qo(T)(Fo(T) + aQo(T). Further, the major trader’s utility in minimizing the inventory over
the period [0, 7] is modeled by including the penalty ¢ fOT Q3(s)ds in its objective function, and the utility
of avoiding very high execution prices, large trading intensities and large trading accelerations by including
the terms €S3(T), fOT §S2(s)ds, Bva(T), fOT 012 (s)ds and fOT Rou3(s)ds in the objective function. Therefore,
its cost function to be minimized is given by

Jo(ug,u—o) = E[ — Zo(T) + Qo(T) (Fo(T) + aQo(T)) + eS5(T) + B3 (T)
T
+ [ (6080 +5536) + 0u8(6) + Roud)ds] . (11)
0
where «, €, 8, ¢, d, 6, and Ry are positive scalars, and u_qg := (u, ..., uy) are trading strategies of the minor
traders. Note that for large values of ¢ the trader attempts to liquidate its inventory quickly whereas with

¢ = 0 it is indifferent to the level of its share stock. In a similar way, the objective function to be minimized
for an HF'T is given by

Ji(ui,u_i) = E| = Z(T) + Qi(T) (Fi(T) + ¢¥Q4(T)) + £S7(T) + pv; (T)
T
+/ (vS7(s) + ovi(s) +Ru§(s))ds}, 1<i<N, (12)
0
where ¢, £, u, v, 0 and R are positive scalars, u_; := (ug, U1, ..., Uj—1, Uit1, .., un ), Z;(T) is the minor agent’s

total cash at the end of the trading horizon T, Q;(T") (FZ (T)+ wQZ—(T)) is the penalty to be paid by an HF T
if it keeps @;(7T') shares at the terminal time 7', and its tendency to avoid high execution prices, large trading
intensities and large trading accelerations is modeled by including £S2(T) + uv?(T) + fOT (vS2(s) + ovi(s) +
Ru?(s))ds in the objective function. Note that there is no inventory cost for the HFT if it trades rapidly and
does not hold shares.

3 MFG formulation of the optimal execution problem

In this section we put the optimal execution problem into the MM LQG MFG framework.

3.1 Finite population
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3.1.1 Major agent

The stochastic optimal control problem for major trader is modeled

dvo(t) = uo(t)dt + ogdwg, (13)
dQo(t) = vo(t)dt + o dw, (14)
dFy(t) = (Novo(t %Z ))dt + adwf (), (15)

with the cost function
Jo(ug,u_g) = [Qo( )(Fo(T) + aQo(T)) + €(Fo(T) + aouo(T))2 + Bra(T)

2

- / (6Q3(s) + vo(s) (Fo(s) + aovo(s)) + 6(Fo(s) + aovo(s))” + 003 (s) + Roud(s) )ds|, (16)

0

wherein the final cash process in (11) was replaced by Zo(T) = — fo So(s)vo(s)ds = — fo (Fo(t) + aoro(s))
vo(s)ds, and the execution prices So(T"), So(t) were replaced using (7). As can be seen, the major agent is

coupled with the minor agents by the average term % Zfil v; in the fundamental asset price dynamics (15).

Now let the major agent’s state be denoted by

o
XO = QO 5 (17)
Fy

and subsequently, the major agent’s cost function will be written in the standard quadratic form

T
Jofuo) = B[IXo(T) g, + [ (I¥s), + o), s (18)
with
eat+B 0 age ap+6a3+6 0 aoé—i—%
My = 0 a 3 |, No= 0 o 0 , Ro>0.
agpe % € %—I—aoé 0 1)

The Equations (13)—(15) together with the cost function (18) form the standard stochastic LQG problem for
the major agent. It should be remarked that for My, Ny to be positive semi definite matrices, the conditions
€> ﬁ, Blae— %) > Zieao and § > 45 must hold, respectively, and this will be assumed throughout this paper.

3.1.2 Minor agent

Similarly, the stochastic optimal control problem for a minor trader A;, 1 < ¢ < N, is given by the set of
dynamical equations

dvi(t) = ui(t)dt + o¥ dw?, (19)
dQi(t) = vi(t)dt + 0@ dw?, (20)
dF;(t) = (Aowo(t % ; ))dt + odw] (21)

with the cost function
Jilusyui) = E|QuT) (F(T) + YQi(T)) + §(Fi(t) + av(T))” + (T

T
+ /0 vi(s) (Fz(s) + ayi(s)) + ry(Fi(s) + cu/i(s))2 + QV?(S) + Ruf(s))ds}, (22)
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where the final cash process in (12) has been replaced using (10) by Z;( fo i s)ds = — fo (Fi(t)+
av;(s))v;(s)ds, and the execution prices S;(T), S;(t) were replaced usmg (8) The equatlons above show that
a minor agent is coupled with the major agent and other minor agents through the fundamental asset price
dynamics (21). Similar to the major trader, we define a generic minor trader’s state vector as

Xi=1| Qi (23)
F;
and its quadratic cost function is given by
T
Tt u-) = B[O+ [ (X + (o) ) as]. (24)
where
&a’?+p 0 af a+va®+o0 0 %—i—a’y
M = 0 v 5 |, N= 0 0 0 , R>0.
aé i ¢ i4+ay 0 v

The set of Squations (19)—(21) and the cost function (24) constitute the standard stochastic LQG problem
for a minor trader. Again, for the matrices M, N to be positive semi definite, £ > 41/), p(pé — 1) > 1¢a?

and v > @ must be, respectively, satisfied and this is adopted as an assumption.

3.2 Mean field evolution

Following the LQG MFG methodology [9], the mean field, X, is defined as the L? limit, when it exists, of
the average of minor agents’ states when population size goes to infinity

X(t)= lim XN(t)= lim —ZX

N—o0 N—oco N

Now, if the control strategy for each minor agent is considered to have the general feedback form

N
wi=I1X;+ LoXo+»  LyX;+ L3, 1<i<N, (25)
=1

then mean field dynamics can be obtained by substituting (25) in the minor agents’ dynamics (19)—(21) and
taking the average and then its limit as N — oo. However, the only element of the mean field directly active
in the dynamics in our setup is

1
p=lim —> v (26)
We now derive the evolution equation of 7. Substituting (25) in the trading dynamics (19), for 1 <i < N

we get

N
dv; = [L1X; + LyXo + Ls|dt + > LyX;dt + oY dw}.
i#ig=1

Summing up over {i: 1 <14 < N} yields to

Ndv™ = N[Li1v™ + L1 .Q" + L1 sEFN + Lo yvg + L2 2Qo + La3Fy + L3]d

[Z Z L41VJ+Z Z L42det+z Z L43F}dt+o Zdw",

i=1 j#i,j=1 i=1 j#i,j=1 i=1 j#i,j=1
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Then with N — oo (as in[9], [4]), the mean field equation for 7 is given by
dv = [L117 + L12Q + L1 3F)dt + [Laivo + L2 2Qo + Lo sFyldt + Ladt, a.s. (27)

where El,l, ELQ, .Z/Lg, I/271, .Z/ng E273 and L3 are the constants which can be calculated from consistency
condition, and by (26), and the strong law of large numbers,

_ 1 N O'.Q N
szngnéo—E dQ; = lim [ > vt + 52 dwﬂ
=1 =1

=vdt, a.s.

N
dF_A}gr})O—ZF ~ lim [ Ao + ]?/,Z: dt—i——Zdwz}
= ()\OVO + )\V)dt, a.s.

where we have used a differential increments notation for the sake of brevity. Equivalently, the set of mean
field equations can be written as

dv El,l E1,2 E1,3 v E2,1 Ez,z E2,3 0] Ls
dQ | = 1 0 0 Q |dt+ 0 0 0 Qo |dt+ | 0 |dt. (28)
dF A 0 0 F Ao 0 0 Fo 0
The matrices in the mean field dynamics shall be denoted as follows
~ Lin Lip Lis L ~ Lyy Loz Logs
A= 1 0 0 , m=| 0 [, G= 0 0 0
A 0 0 0 Ao 0 0

3.3 Infinite population

The dynamics of the major agent and a generic minor agent in the infinite population where the average
term in the finite population is replaced with its L? limit, i.e. the mean field, are given below.

3.3.1 Major agent

dvg 0 0 0 vy 1 0 0 O v o 0 0 dwg§
dQo | =] 1 0 0 Qo | dt+| 0 [ugdt+| 0 0 0 || Q |dt+| 0 of 0 || dw§
dFy Ao 0 0 Fy 0 A 00 F 0 0 o dwt’
(29)
The matrices shall be denoted by
0 0 0 1 0 0 0 og 0 O wg
Ap=1| 1 0 0|, Bo=|0]|,E=|000|,D=|0 62 0], Wo=| wf
Mo 0 0 0 A0 O 0 0 o wl
3.3.2 Minor agent
dv; 0 00 v 0 0 O v 1
dQ; |=11 0 0 Q:; |dt+| 0 0 0 Q | dt+ | 0 | u(t)dt
dF; 0 00 F; A0 0 F 0
0 0 0 Vo o/ 0 0 dwY
+1 0 00 Qo |dt+| 0 o9 0 dw? (30)
Ao 0 0 Fy 0 0 o dwf
and the matrices in the minor agent’s dynamics are denoted as follows
0 0 0 0 0 0 1 0 0 O of 0 0 wy
A=|100|,E=|l000|,B=|0]|,G=[0 00|,D={0 o9 0], W,=|w?
0 0 0 A0 0 0 Ao 00 0 0 o wl
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4 Full observation optimal execution problem

Following the mean field game methodology with the major agent [9], [10], the optimal execution problem
first is solved in the infinite population case yielding the best accelerations of trading for each agent. For this
purpose, major agent’s state is extended with the mean field, and minor agent’s state is extended with the
mean field and major agent’s state.

4.1 Major agent

The Major agent’s extended dynamic in the infinite population is given by

dXo | | Ao Ep Xo [ 031 | By Dy O dWy
{ P }{ a A e dt+_ - _dt+ O3t uo(t)dt + 0 0 0 (31)
Accordingly, the following matrices are defined
| Ao Eo [ 03x1 | | Bo | Do 0O
AO_|:G A:|7 MO__ m _7 ]BO_ 03><1 ) ]D)O_ 0 0 .

Following [9], [10], the infinite population best response control is given by
o _ o\ T
ug(t) = —Ry 'Bi o (X, XT) . (32)

Let us define NO = [I3><3,03><3]TN0[I3><3,03><3] and MO = [ngg,,03><3]TM0[I3><3,03><3], then Ho is calculated
by the following Riccati equation as
dIl,

—— =TloAo + ATl — ToBo Ry "B Iy + No,  Tho(T) = Mo,

4.2 Minor agent

A generic minor agent’s extended dynamics is

aXo | =| [GAEW Xy dt—i—[ol\‘\?’/fl}dt—k[()%“}uo(t)dt
dX 6x3 0 X 0 0
dW;
v B lwma+ | P 1 awg | 33)
O6x1 Osx3 Do 0

Substituting the major agent’s control action (32) into (33), we define

A [ G FE ] O3><1 :| |: B :| [ D 03><6 :|
A= — ) M = ’ s B = s D = .
Osxs Ao — BoRy BTl } [ O6x1 O6x3 Do

Then the best response control for a generic minor agent is
u(t) = —RBTI(XT, X7, XT)", (34)

where
dIl _

Cdt =TIA+ ATII - IBR'BTII + N, TII(T) = M.

with N = [I3x3,03x6]7 N[I3x3,03x6] and M = [I3x3,03x6]" M [I3x3,03x6]-
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4.3 Consistency condition
The closed loop trading dynamics of a generic minor agent applying (34) is consequently
dv; = —RBTI(XT, X, XY dt + oVdwg, 1<i<N,
and so we obtain the mean field 7 process as follows.
N N - N
> dvi ==Y ROBTI(X],X{ XT) dt + 00 Y dw?,
i=1 i=1 i=1
which yields

lim dvN = —R7'BTT lim (x™)7, x7, XT)"dt

N—o0 N—o0
and hence
dv = —R'BTI(XT, xT, XT)Tat
=-R™! (g1 77 + Iy 2Q + Iy 3 F + ITy 41
+ 111 ,5Q0 + My 6 Fo + Iy 70 + 111 sQ + 111 o F)dt, a.s.
So the consistency equations become
L= —R_I(HM + 11, 7),
Lip=—-R Y12+ 1 g),
Liz=—-R (Il 3+ o),
Loy = —R_1H1,47
Lo =—R'I 5,
Loz =—R g,
I3=0 = My=0, M=0, (35)

where the L scalars were defined in (27).

5 Partially observed MM LQG MFG problem

We now follow the general development in [§] for PO MM LQG MFG systems where the major agent has
only partial observations on its own states.

5.1 Major agent

let the major agent’s observation process be
dyo = Hp [Xg, XT]Tdt + Uvodvo (36)

where Hj is a constant matrix with appropriate dimension. Then the corresponding Kalman filter equation
to generate the estimates of the major agent’s states are given by

d.)20|]:g = Ao/fvo‘]_—g dt+Modt + Boﬁm]:g dt + Ky (t)[dyo — Ho.)em]:g dt] (37)
where the filter gain is given by
Ko(t) = Vo()HG R, (38)

where R,, = 0y,0p,. The associated Riccatti equation is
Vo(t) = AoVo(t) + Vo()AT — Ko(t) Ruy Ko(t)" + Qu,- (39)

Assumption: [Ag, Qu,] is controllable and [Hy, Ag] is observable.
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5.1.1 Cost function

The system states can be decomposed into

) ’20|]-"§’ Vo — ’zo|fg
Qo | = Qo‘rg + | Qo— Qomg’ (40)
Fo Fory Fo — Fo zy

So by the Separation Principle
A T A
Jofuo) = B[ Koy (DI, + | (Ko (1B, + luo(o) [ ) s

T
H1X(T) = S (M + [ (1%o(s) = Kormg ()1 )as] - (a)
and the corresponding infinite population best response control action is given by
iy = — R "B Mo (X3 7y, X)) (42)
5.2 Minor agent
The extended state shall be denoted by
X = (X7 X X7 XY X7 (43)
Let the minor agent’s observation process be given by
dyi(t) = HIXT, XT, X7, XE o, X0 Tt + 07, v (44)

with H constant matrix. Then the extended dynamics of minor agent are given by

dX; X;
dXo A G, E] O3x6 Xo 03x1
dX | =] 0sxs A —~BoR, BTl X ldt+ | My | dt
d){O\]:g O6><3 K()HO AO — BQRalBgHO — K()HO )(AO|}'8’ M()
dX\ry X ry
aw;
B D o0 dWy
+ [ Osx ]Ui(t)dt+ [ 0 K, } 0 , (45)
dvo
or equivalently
dX; = AX;dt + Mdt + Buydt + % [dWT, dW([, 0, dvo|” (46)
The Kalman filter which generates the estimates of the minor agent’s states is
dX 7y = AX; pvdt + Mdt + Biy pvdt + K (t) [dy; — HX;) 5 dt] (47)
where the filter gain is given as
K(t)=V(@#¢)H"R,, (48)

with R,, = oy, ogl .

Assumption 1 [A, Q] is controllable (respectively stabilizable) and [H, A] is observable (respectively de-
tectable).

The corresponding Riccati equation is

V(t)=AV(t) + V() AT — K{t)R,K(#)" + Qu. (49)
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5.2.1 Cost function

We can decompose a generic minor agent’s state as

v; Vi Fy Vi = Vi|Fy
Qi | = Qﬂ}‘,}’ + | Qi— Qi\}'}‘ (50)
E Fy rv Fi = Fyzv

By Separation Theorem we have
A T A
it -) = B[ K (T + | (1) + o)) s
A T A
D) = izl + [ 160(8) = X (9)ets] - (50)

So the corresponding infinite population best response control is given by

(2

a0 —1pT T T T \T
5 (t) = =R B (X 20, Xgp 0, X[50) (52)

The infinite population best response control laws applied to a finite population system yield to an e-Nash
equillibrium.

Theorem 1 (e-Nash equilibria for PO MM-MF systems) The KF-MF state estimation scheme (37), (39)
and (47), (49) together with the MM-MFG equation scheme (35) generate the set of control laws UL, =
{47;0<i < N}, 1 < N < oo, given by

ag —Rglﬂgno(xafg,Xﬁfg)T,

K2

4 = —R—1BTH(X§F5,X(§FE,)?§E3)T, 1<i<N
such that

(i) All agent systems A;, 0 <1i < N, are second order stable.

(ii) {UN ;1 < N < oo} yields an e-Nash equilibrium for all €, i.e. for all € > 0, there exists N (e) such that
for all N > N(e);

TSN @g,a,) —e < inf o JPN (wg,a0,) < TN (a2, 4°,).

i 19 Y—1q —1 79 Y —1
) N
u1€u7¢,y

6 Simulation results for MFG optimal execution problem

In numerical experiment, it is assumed that the trading action takes place within 7" = 500 seconds. The
dynamical parameters and the cost function parameters are chosen based on the simulation practice in [2].
Hence, the temporary impact strength of the major agent’s trading and a generic minor agent’s trading on the
market are ag = a = 5.43 x 1079, while their permanent impact strengths are taken to be A\g = A = 2 x 1078,
The diffusion coefficients in trading dynamics are selected as off = 0.05, o7 = 0.03, 082 = 0.05, and O‘Z-Q = 0.02.
The penalty coefficient for the remaining inventory stocks at the end of trading horizon for the major agent
is @ = bag, and for a minor trader is ¢» = 5a. The inventory (storage) penalty coefficient for the major
agent is ¢ = 10~ 'ag. Furthermore, the market volatility is o = 0.6565, the initial asset price is taken to be
Fy(0) = F;(0) = $35,1 < ¢ < N, and the initial inventory stock of the major trader and an HFT are assumed
to be Qp(0) = 5000 and @Q;(0) = 500,1 < ¢ < N, respectively. In estimation part, the measurement noise
standard deviation for the major trader is oy = 0.05, and for the HFT is ¢ = 0.5. The resulting e-Nash
equilibrium trajectories of the major agent and an HFT for the Full Observation case are displayed in Figures
1-2, and those of Partial Observation case are depicted in Figures 3—4. In Full (Partial) Observation case,
the major agent has full (partial) observations of its own states, and an HFT has full (partial) observations
of its own states and the major agent’s states.
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Figure 1: Major agent’s states in full observation
case
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Figure 3: Major agent’s state trajectories and major

agent’s estimates of its own states in partial obser-
vation case

7 Conclusion
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Figure 2: A generic minor agent’s states in full
observation case
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Figure 4: A generic minor agent’s state trajecto-
ries and minor agent’s estimates of its own states in
partial observation case

An initial application of PO MM LQG MFG Theory to the financial execution problem was presented in
this paper. Current and future work will expand the dynamical models of the financial execution systems,
explore the robustness of the model with respect to its modeling hypothesis and take into account the
nonlinear dynamical effects, where the latter constitutes a very challenging problem [6], [7].
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