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Abstract: Pressure on ancillary reserves in power systems has significantly mounted due to the recent
generalized increase of the fraction of (highly fluctuating) wind and solar energy sources in grid generation
mixes. Dedicated energy storage devices have seen their role reaffirmed as potentially low carbon print,
if expensive tools, for smoothing the resulting generation/demand imbalances. However, a hitherto under
utilized, relatively inexpensive energy storage alternative is that formed by the tiny energy wells of electric
origin attached to millions of individual customer electric thermal loads. A hierarchical mean field games
approach is proposed for shaping their collective load, whereby the top level sets system optimal mean
aggregate temperature target trajectories. In turn based on a local state and a mean field dependent cost
function, each individual load develops a decentralized local control law such that the aggregate load can
meet the set targets. This control law is to be followed only as long as local comfort and safety constraints are
secured, thus guaranteeing acceptability by customers. The corresponding mathematical theory is developed
and numerical results are reported.

Acknowledgments: The authors gratefully acknowledge the support of Natural Resources Canada.
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1 Introduction

The advances in smart grid systems could enable users to track the electricity price signals periodically.
At first sight, one would expect that an important fraction of consumers would react by lowering their
consumption when prices are high, and displacing the power consuming jobs towards cheaper power hours,
thus achieving system wide load relief at peak hours. However, individual responses without a proper dynamic
optimization perspective could lead to difficult to predict oscillations in the aggregate load, and in fact possibly
amplified albeit delayed peaks.

Reducing peak load is a challenging task for system operators. One implementation alternative aimed
at achieving peak load reduction, given prior agreements with customers, would be to employ a centralized
controller which, given forecasts of the uncontrolled portions of the demand, as well as aggregate demand
models of the controllable loads, would generate within safety and comfort customer constraints, a power
usage schedule for participating customers. However, such a standard implementation runs into scalability
problems, and there would be a need for high levels of data exchanges between the control authority and the
devices. Past research on aggregate modeling (see [1], [2] for example) leads to models which can anticipate
controlled device states statistical distribution with minimal observation. These classes of models have been
leveraged in [3], [4] as well as extended in [5]. However limitations are still present concerning heterogeneity
of load parameters and communication/estimation needs.

Several reasons favor renewable energy (wind, solar, etc.) as a crucial option for the power grid; the most
notable are absence of carbon emissions, cost independence from the highly volatile and mostly increasing
oil prices, and the potential deferral of costs of carbon emission taxes. Nevertheless, renewable sources
such as wind and solar tend to be structurally problematic; they lack continuous availability due to factors
out of the power system direct control. This fact leads to more need for rapidly dispatchable production
which is typically costly and polluting. In our current line of research we further explore the potential of
energy storage in dispersed devices naturally present in power systems, whether associated with electric
water heaters, electric space heaters, air conditioners, batteries of plug-in electric vehicles etc., as a tool to
mitigate renewable generation variability and reduce peak load. In this particular case a demand dispatch
mechanism is implemented to employ the free storage in space heaters such that (i) intermittent renewable
penetration can be increased in the grid by using this storage capacity, and (ii) load peaks can be mitigated
by smoothing the aggregate load. The envisioned control architecture is hybrid: (i) centralized in terms of
target trajectory generation for adequately partitioned groups of energy storage capable electric devices, so
as to preserve overall optimality characteristics, (ii) decentralized at the implementation level so as to locally
enforce safety and comfort constraints, as well as to minimize communication requirements. More specifically,
we mention the following implementation principles, and argue that a class of decentralized control schemes
based on a mean field game (MFG) setup (see [6], [7-10]) can actually meet all the requirements. Note that
while we refer to a central authority in our discussion, the proposed control scheme could be applied by
so-called “aggregators” [11] which manage large groups of energy storing devices as a storage or “negative
load” resource on electricity markets.

(i) Each controller has to be situated locally.

As mentioned earlier, a completely centralized control architecture micromanaging every individual device to
be controlled requires significant communication requirements as well as a very large computational power.
Moreover, in the event of a loss of communication, users might face difficulties in the sense of comfort and
safety. When the controller is situated locally, these worries are void since the controller can locally enforce
comfort and safety constraints. Even if the communication with the central authority is lost, it is able to
respect the safety and comfort requirements of the user. As it turns out, MFG controllers are thoroughly
decentralized.

(i) Data exchanges should be kept minimum both with the central authority and among users.

The control architecture must be able to operate with a highly reduced volume of data exchanges since,
given the very large number of agents involved, a requirement of constant flows of information between
agents and the central authority, as well as amongst agents themselves, besides confidentiality issues, would



2 G-2015-68 Les Cahiers du GERAD

create scalability problems. In this context, the MFG based controllers turn the large numbers issue from
a hurdle into an asset, by relying on the predictability stemming from the law of large numbers. Note
that it is precisely the law of large numbers which is largely behind the successes of statistical mechanics, a
mathematical theory at the basis of MFG. MFG based controllers can indeed operate by relying only on an
agent’s local observations and for example, for the case of thermal heating-cooling loads, hereon considered
for illustration purposes as electric space heaters, the shared information on the initial electrically heated
spaces population mean temperature, as well the mean target temperature trajectory over an adequate control
horizon, as precomputed by the central authority using deterministic macroscopic aggregate models.

(iii) User disturbance should be kept at minimum.

Since the centralized authority is solely interested in the aggregate consumption, individual trajectories do
not need to necessarily follow the (mean) targets set by the authority. On the contrary, in fact in the case
of a population of thermal loads, it is desirable to shape the mean temperature of the population with least
disturbance; ideally without customers even noticing the effects of the control actions on their comfort level.
Also, it is important to maintain some measure of fairness among the users when it comes to sharing the
control effort. We shall show that the developments in this work address these issues.

We introduce collective target tracking mean field control, where the presence of large numbers of space
heating electric devices is employed to develop a decentralized mean field control based approach to the
problem of these devices following a desired mean trajectory. The proposed solution deviates from the
classical linear quadratic tracking formulation or a typical mean field rendez-vous problem (see [9]) which
would have each element track the desired mean temperature thus introducing unnecessary control actions.
Instead, our proposed solution enforces collective mean temperature tracking while minimizing temperature
disturbance on individual devices. The mean field effect is mediated by the weights in a commonly shared
quadratic cost function. The advantage of a mean field based control approach is that when provided with
the mean temperature target trajectory as well as the initial mean temperature in the controlled group,
the devices will generate their own control locally, and thus enforce their safety and comfort constraints
locally as well. As a result, communication requirements become drastically reduced. Note however, that
provision is made that devices would send their temperature readings according to a Poisson process with
low intensity. The results are aggregated at the central level thus providing at all times some feedback on the
current temperature distribution in the population; this is to avoid a risky mode of operation which would
be completely open loop, with prediction errors increasing over time.

After a brief review of the main results of mean field control of linear quadratic Gaussian agents, a diffusion
model of elemental space heating/cooling loads is considered. Contributions consist of (i) a formulation of the
control problem whereby the objective is for, in general, a heterogeneous group of devices to follow a desired
mean target temperature, (ii) the description of our collective target tracking mean field control algorithm,
(iii) the corresponding system of mean field equations, (iv) a fixed point analysis, (v) an e-Nash theorem for
the population of agents, and numerical simulations for a population of space heaters aimed at illustrating
the methodology.

For dynamic large population games where the agents are coupled through their cost functions and
dynamics through a state averaging function, the mean field framework [6-9] provides decentralized strategies
that yield Nash equilibria in the asymptotic limit of an infinite population. The control laws use only the
local information of each agent on its own state and own dynamical parameters, while the mass effect is
calculated offline using statistical information. These laws yield approximate equilibria when applied in the
finite population case, and must be periodically readjusted after long intervals of time using on line aggregate
measurements. This is because of prediction errors buildup, due to finite albeit large numbers and potentially
non-stationary elemental devices stochastic models.

Using dispersed storage for accommodating renewable sources is a growing area of research. An aggregate
model for a large number of pool pumps using mean field limits is developed in [12-14]. Dynamic pricing
for controlling the load of aggregates of large commercial buildings is analyzed in [15], and domestic heating
systems are employed as heat buffers in [16]. A decentralized charging control strategy for large populations
of plug-in electric vehicles (PEVs) using the mean field methodology is presented in [17].



Les Cahiers du GERAD G-2015-68 3

The rest of the paper is organized as follows. In Section 2 we briefly review linear quadratic Gaussian
(LQG) mean field theory. In Section 3 we introduce the model that will be used throughout the paper and
propose our collective target tracking mean field formulation. In Section 4 we present a fixed point analysis for
the equation system characterizing the limiting mean field. In Section 5 we introduce a numerical algorithm
that guarantees convergence, and in Section 6 we develop our e-Nash Theorem indicating that an approximate
Nash Equilibrium is attained. Lastly, in Section 7, we provide simulation results together with comparisons
to a prevailing target tracking control formulation.

The following notation is defined; the set of nonnegative real numbers is denoted by R,. For vectors
z,y € R™ we use the notation x <y if x; <y, foralll1 <i<n,and z < yifz; <y, forall 1 <i <mn,
and there exists at least one i,1 < ¢ < n, such that z; < y;. The norm ||-|| denotes the 2-norm of vectors
and matrices, and ||z[|3, £ 27 Qz. The set C[0,00) denotes the family of all continuous functions on [0, c0),
Cy[0,00) = {x : & € C,sup,>¢llxt]] < oo} denotes the family of all bounded continuous functions, and for

any © € Cy, ||[|sc denotes the supremum norm: [|z[s £ sup,solla¢||. For the trace operator the notation
tr(X) is employed, and X T denotes the transpose of a matrix X.

2 Background on linear quadratic gaussian mean field control

A review of the LQG multi-agent heterogeneous population mean state tracking
problem

A large population of N stochastic dynamic agents is considered where agents are stochastically independent,
but which shall be cost coupled and such that the individual dynamics are defined by

dai = (A'zl + Bl + ¢')dt + Ddwi, >0, (1)

1 < i < N, where for agent A;, z* € R" is the state, u’ € R™ is the control input; w' € R is a standard Wiener
process on a sufﬁcrently large underlying probability space (2, F, P) such that w* is progressrvely rneasurable
with respect to F*' £ {F';t > 0}. We denote the population average state by =(N) = (1/N) Z . As
N goes to infinity, asymptotic decoupling of the agents suggests z) converging to some a priori unknown
trajectory x*.

The cost function for agent A4;,1 <7 < N, is given by
B ) =B [ e ok =l + ] dr )
0

where the cost-coupling is assumed to be in the form of an arbitrary averaging function m, = (:ci )Jrn) ne
R™ and 6 is a strictly positive discount factor. The term u’ is the control input of the agent A; and u™*
denotes the control inputs of the complementary set of agents A_; = {A; : j #1i,1 <j <N}

Each agent A;,1 < i < N, solves the Riccati equation

_dH;' _
dt

S 5N\ y —
I (A1—21)+(A"—21> I —B'R™'B' I + Q, (3)

for ¢ € [0,00). First define the function class
Cs/2[0,00) = {z : & € C[0,00), supy>o([|lzefle” /D) < oo} for some &' € [0,6). For a given posited mass
tracking signal x* € Cs/3[0,00) the mass offset function s' is generated by the differential equation

dsj i ip—1d i T i
- dtt = (A" —6I — B'R7'B* )" s! +ic' — Qua}, (4)

for ¢ € [0, 00).
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We introduce the following assumptions.

A1: The processes wi, t > 0,1 < i < N, are mutually independent and independent of the initial
conditions, and sup;s, [tr¥ 4+ E[|z§||*] < oo, where Elww' | =%,1<i<N. O

A2: T is a compact set such that for each 4 £ [A?, B*, ¢’] € T, (i) the pair [A* — (§/2)I, B] is stabilizable,
(ii) [QF/2, AT — (§/2)I], t € [0,00), is detectable, and (iii) [|Q]|oc < oo. O

Then, under A1-A2, (i) there exists a unique solution s for (4) in the class Cj/2[0,00), and (ii) the
optimal tracking control law [18] is given by

W (ot xl) = —RTIBY (Ilat + 1), >0, (5)

where u®* () solves inf J;(u’, 2*), which is defined below by an abuse of notation:

oo
inf J(u*, 2%) 2 inf [E / ek — 2, + 2]

Note that 2* € Cs/3[0,00) is assumed to be fixed although unknown. For that z* to be sustainable, it
must be collectively replicated by the agents implementing their best responses to that signal. Thus, system
(4)—(5) must be complemented by a fixed point requirement leading to the mean field equation system to be
defined later.

We first define the empirical distribution associated with the first N agents:
FY= (1/N) SN Tiyicyy, v € RPH74D where {4, 1 < i < N} is a set of random matrices on (2, F, P)
with the common probability distribution F7. Then for the basic rendez-vous type MF control problem, the
following assumption is adopted.

A3: The cost-coupling is assumed of the form: m(:) £ m(z™) + 1), n € R™, where the function m(-)
is Lipschitz continuous on R™ with a Lipschitz constant A > 0; i.e. |m(z) — m(y)|| < Al|lz — y|| for all
z,y € R™. O

Each agent solves the equation system below to calculate the mass tracking signal x}, t € [0, 00), offline,
for an infinite population of agents.

Definition 2.1 Mean Field (MF) Equation System on t € [0,00):

d Y
_% = (A" =61 —B'R'BI))Ts) + )" — Qua},

d‘/f;/ ~ Y =1y T+ Yp—1pyT Y Y

=W =B RTBTIE - BRTB )+ ©)

Ty = /iZdF",
T

x; =m(Z +mn), tel0,00).

Let us introduce the following assumption before analysing (6).

Ad: ||Qoo||R7HIA fweFHBVHQ(fOOO||eAZ(t)t||dt)2dF7 < 1, where AJ(t) £ A — BYR™'B'11]. O
Lemma 2.1 Under A1-Aj the MF Equation System (6) admits a unique bounded solution.

The proof is similar to the proof of Theorem 4.4 in [9], and is therefore omitted.

Note in the above, the potential heterogeneity of the agent dynamic parameters is captured by parameter
~ considered as a random vector on a compact set (recall A2 and see [9] for further details).
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The Global Observation Control Set L{;V . For the optimality analysis, we first introduce the global observation
control set. The set of control inputs Z/Iév consists of all feedback controls adapted to FN,¢ > 0, where F}¥
is the o-field generated by the set {24 : 0 <7 <t,1<j < N}.

The Local Observation Control Set U; ;: The local observation control set of agent A; is the set of control
inputs U;; which consists of the feedback controls adapted to the set F;;,t > 0, where the o-field F;; is
generated by (z; 0 <7 <t).

Theorem 2.2 MF Stochastic Control Theorem (following [9])
For systems (1) with cost function (2) let A1-A4 hold;

(i) the MF equations (6) have a unique solution; which induces a family of decentralized feedback control
policies, Ul » = {(u)°;1 < i < N}, 1 < N < oo, described by (5) such that

(ii) all agent system trajectories x%, 1 < i < N, are stable in the sense that
o .
]E/ e 0|z |2 dt < oo;
0

(iii) {UY ;1 < N < oo} yields an e-Nash equilibrium for all € > 0, i.e., for all € > 0, there exists N (e) such
that for all N > N(e)

JiN ((ui)o, (uii)o) —e< inf JiN (ui, (ufi)o) < JZ-N ((ui)o7 (uii)o) .

ut EM;V
Proof.

(i) Property (i) follows from Lemma 2.1.
(ii) Note that the closed loop system is given by

doi = (A" — B'R™'B! ' IIi)aidt — B'R™\B' sidt + cidt + Ddwi, t>0.

First of all (a) A2 ensures that A’ — BIR-1Bi' IIi — (5/2)I is Hurwitz, and (b) A1 ensures that j, is
independent of w'(.) and E|[|zo||? < co. Moreover, s* € C;/5[0,00); therefore, Lemma A.4 ensures that

o0 .
IE/ e Ozt ?dt < oo.
0

(iii) The proof is similar to the proof of Theorem 5.6 in [9], and is therefore omitted.

O

In essence Theorem 2.2 states that the MF equation system produces a set of decentralized control policies
for each agent, which collectively become arbitrarily close in performance to a Nash equilibrium in the space
of feedback strategies, provided the number of agents increases sufficiently.

3 Electric space heater models

In the following, we first introduce the model for space heating dynamics that will be employed throughout
the paper. Subsequently, a collective target tracking mean field control model is defined together with the
individual control actions and the corresponding mean field system of equations is developed.

We employ a one dimensional equivalent thermal parameter (ETP) model (see Figure 1) [19] to describe
the thermal dynamics of a single household, which is written as

1
Ca

m o
dzy" =

[—Ua(xin — 2" + Qp(t)]dt + odws, >0, (7)
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dw

-

S
«
«

xout /\/\/\/ ,CCi"

Figure 1: Equivalent thermal parameter (ETP) model of a household

where 2™ is the air temperature inside the household, 2°%* is the outside ambient temperature, C, is the
thermal mass of air inside, U, is conductance of the walls and @, is the heat flux from the heater. Note that
we, t > 0, is a standard Wiener process defined on (2, F, P) to reflect the noise on the system caused by
random processes of heat gain and loss due to customer activity within the dwellings, and ¢ is its volatility
term.

For brevity of notation, the system for heater A;, 1 <i < N, is equivalently written as
dal = [—a'(x} — 2°%0%) + b'ulldt + odw!, t>0, 1<i<N, (8)

where 2% £ 2™ and u' £ Q% for 1 <i < N; a' = Ui/Ci and b' = Ci~'. Note that this model is similar to
the model given in [1], where the thermostat control is exchanged with a linear control.

Recalling the implementation principle (iii), we consider that users “naturally” would like their devices
to stay at their initial temperatures (normally attained via thermostatic action and before the intervention
of the power utility control center). Thus, we have reformulated the control effort as the signal required
to make them deviate from that initial temperature; more precisely, the control effort to stay at the initial
temperature is considered free and will not be penalized by the cost function to be defined. The corresponding
dynamical equation is written as

dat = [—a'(xt — 225 4 bl (ul 4+ w0 dt 4+ odw!, t >0, (9)

ree,i & pi~ 1 i i out,i
where u/ 20 al(xh — ).

X

A5: The initial states f are bounded from above and below by comfort levels; i.e., | <z <h, 1 <i < N.
Dynamical parameters a’, b® and 2°%? together with z}, are parameterized by 6 € 0, i.e., a’ , b, 240" 2§’
where {#?, 1 < i < N} is a set of random real numbers on (£, F, P) with the probability distribution F?

reflecting a possibly heterogeneous population of devices. O

3.1 Benchmark: Classical linear quadratic gaussian (LQG) tracking model

Following the results of a global optimization analysis, and for simplicity here, it is assumed that the central
authority wants the mean temperature of a particular population to track some constant target temperature
signal y. In the classical linear quadratic Gaussian (LQG) tracking formulation each agent’s cost function is
defined as

o0
Ji(u) = E / e [(ah — )q + (ul)?r] dt. (10)
0
The problem with this approach is that each agent minimizes its own cost function and tracks the same signal

y. Even though the central authority is only interested in aggregate behaviour and mean temperature, this
control approach causes all agents to track the target signal.
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3.2 Collective target tracking mean field model

The currently prevailing mean field LQG control formulation provides the requirements (i) and (ii) in Sec-
tion 1, but fails short of objective (iii). The reason is that mean field theory is based on a noncooperative
dynamic game approach and prevailing cost functions penalize only individual’s Euclidean distance from the
mean field signal (which could be a convex combination of agents’ mean and target trajectory; see [20])
together with the squared norm of the control effort. In this work, instead of each agent trying to track
a mean field signal, the individual cost structures are formulated such that ultimately, it is only the mean
of the population trajectories that tracks a desired signal. In the proposed method, the novelty is that the
mean field effect is mediated by the quadratic cost function parameters under the form of an integral error.
The resulting concept will be called collective target tracking mean field.

We employ the dynamics for the heaters given in (8). The infinite horizon discounted cost function for
agent A;,1 <7 < N, is defined as follows:

Ji(u',u™") = ]E/ ™% [(x} — 2)%q) + (2} — 25)°q™ + (up)*r] dt, (11)
0

where z, is a direction assigned to each agent in the population and each agent’s deviation from this direction
is penalized by the deviation penalty coefficient g7, ¢ € [0,00), which captures the mean field information
and is calculated as the following integrated error signal:

t
2 = \A [ @ e, e=0 (12)
0

A > 0, where y is the main control center dictated mean target constant level, and (V) £ (1/N) Zi\il .
Moreover, agents are also penalized with respect to their deviation from their individual initial points, which
acts as another layer of heterogeneity for the population.

The justification for the above cost function is that by pointing individual agents towards what is con-
sidered as the minimum (or maximum) comfort temperature z, it dictates a global decrease (or increase) in
their individual temperatures. This pressure persists as long as the differential between the mean tempera-
ture and the mean target y is high. The role of the integral controller is to mechanically compute the right
level of penalty coefficient ¢Y,¢ € [0,00), which, in the steady-state, should maintain the mean population
temperature at y. When this happens, individual agents reach themselves their steady states (in general
different from y and closer to their initial diversified states than classical LQG tracking would dictate).

In order to derive the limiting infinite population MF equation system we start this time assuming a
given (albeit initially unknown) cost penalty trajectory ¢¥ € Cy[0,00) and constant ¢*°. Given ¢¥ and ¢*°,
individual agents A;, 1 <14 < N, solve a classical target tracking LQG problem [18] with time varying cost
coefficient with Riccati gain 7’ and offset term s* evolving as follows:

drt . o ,

I (2t gy a4 20, (13)
dSi i i2 i —1y.i id i y 20 0

— =(—a' =6 =0b"mr )s; +d'ximy — gl z — ¢*°x, t>0. (14)

Then, the optimal tracking control law is given by

(ufk)O = —bir_l(wéxi + si), t>0. (15)

The calculation of the unknown g7, t > 0, is obtained by requiring that ¢/, ¢ > 0, be such that when
individual agents implement their associated best responses, they must collectively replicate the posited
q/,t > 0, trajectory. This fixed point requirement leads to the specification below of the collective target
tracking MF equation system.
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Definition 3.1 Collective Target Tracking (CTT) MF Equation System on t € [0,00):

t
q = ’/\/ (Z, —y)dr
0

dn? "
—% = (=2ad° — o)m? - bezr_lwfz +qf + ¢,

dsf 0 02 0 —1N.0 . 0.0 0 w00 16
fﬁz(—a —0=b"mir )8, +a’xym, — ¢z — ¢*°xf, (16)

d79

% = (—a’ - bezwfr_l)if - b‘ggr_lsf +a’zf,

:zt:/ zVdF?.
S
O

The calculation of the collective target tracking (CTT) MF equation system (16) is performed offline
locally by each agent with statistical information F?, available at the start of the control horizon. In theory,
the control scheme is fully decentralized; i.e., no communication takes place among the controllers throughout
the horizon. In practice however, because of the anticipated prediction error accumulations over time, we
intend to readjust periodically the control laws over long intervals based on aggregate system measurements
(see Figure 2).

Note that the MF Equations for this model are significantly different from (4.6)-(4.9) in [9] or (6) in
Section 2. Indeed both systems are amenable to analysis within a linear systems framework and uniqueness
of the fixed point is obtained via a reasonably verifiable contraction condition. In contrast, system (16) is
fundamentally nonlinear (because of the form of ¢/, ¢ > 0) and special arguments have to be developed for
its analysis.

Scheduler
r------"-"-"—-"=-""="-"="-""="-"=""=""=""="=-""="=-"="="~"="=”"=”"=”"°~”"=*"~°*"¥~*¥"=~”"¥~”7*¥"¥=¥~*"¥=¥=”"¥=” == I
| |
! I
l uy xf |

O Controller 1 space heater 1 |
1 1 B
| .
! |
y[07 T} ! |
: Controller N space heater N I
|
| f |
! |
! |

Figure 2: Control architecture in practice

4 Homogeneous case fixed point analysis

Here we present the fixed point analysis for the collective target tracking MF equation system for the particular
case a' = a, b* = b,1 < i < N, for brevity of notation. We assume that y < Zy, where the target temperature
of the central authority is less than or equal to the initial mean temperature of the population. The analysis
is very similar for the case Zy < y; which therefore will be omitted. Note that for y < Zg, the population
direction z is set to be less than y; ie., 2 =1 < y < g < h, so that the agents collectively decrease their
temperatures by moving towards that target (see Figure 3).
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25 a T T T T

24 .

high comfort line = h
23 R
target mean trajectory =y

22 jnitial mean temperature = X 1
/

0
O 21
20 R
197 . . . . 7
population direction = z low comfort line = |
181 g
17 A 1L .l 1 | - 1 ) 1
0 0.5 1 15 2 25 3 35 4 45 5
hours

Figure 3: An energy release system (z < y < Zo)

The corresponding equation system is given below.

Proposition 4.1 Collective Target Tracking (CTT) MF Equation System on t € [0,00):

9

t
it = [ = yar
0

dmy 2,,-1_2
—— = (=2a — §)m — b*r 77 + ¢f + ¢*°,

c(list o an
_7; = (—a— 8 — b*mr— s, + aZom — qf 2 — ¢*°Zo,

Jz

—;tt = (—a — V*mr Yz, — V?*r s, + ao,

The proof is given in Appendix B.

4.1 CTT MF equation system

In this section we analyze the existence of a fixed point for CTT MF Equation System (17). We first introduce
the operators A and T, where their composition M £ T o A, M(Z) : Cy[0,00) — C[0,00), characterizes
equation system (17). Then, we define the function set G € C,[0, 00) endowed with |||/, which includes all
the continuous functions of interest in our context. i.e., bounded within the comfort zones and all sharing
the same initial point. In order to employ Schauder’s fixed point theorem [21] for M on G, we need to show
that (i) G is a non-empty and closed convex subset of Cp[0,00), (ii) the operator M : G — G is a compact
operator (i.e., the operator is continuous and bounded sets in G are mapped into sequentially compact sets).
We first show that G is closed in Cy[0,00), and is a non-empty convex set. Then, we show that M’s image
set on G is within G. Next we show that Im(M) is bounded and forms an equicontinuous family of functions,
followed by the continuity of M. The latter properties imply that Im(M) is indeed a sequentially compact
subset of G based on the Arzela-Ascoli theorem [21], thus establishing the existence, by Schauder’s Theorem,
of a fixed point for the operator M on G.

First we define the operator A(Z; \) : Cp[0, 00) — CJ0, 0):

it =\ [ (@ r
&A@ N0, (18)
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where A > 0. Next we define T : C[0, 00) — CJ0, cc) for the equation system below with input ¢; and output
7.

d
—% = (=2a — &)m; — b*r~'wi + ¢ + q*°, (19)
dsy 2 -1 = Y 20 =
—E:(—a—é—b Tr” )8 + aZome — ¢ 2 — ¢ Zo, (20)
di
% = (—a —*mr Yz, — b2 ts, + ao, (21)
which is equivalent to
T = (Tq)(t). (22)

Hence, one can write the MF equation system for CTT as
Ty = (T o A)(@)(1)
£ (Mz)(t), te0,00). (23)

Definition 4.1 Define the set G endowed with the norm ||||e as that including all functions such that f €
Cy[0,00), f(0) = Tg and z < f(t) < g fort € [0,00). Note that G is nonempty.

Note that the proofs of the following lemmas and propositions are given in Appendix B. Appendix A
incorporates other necessary preliminary results and their proofs.

Lemma 4.2 G is convex and closed in Cy[0,00) under ||-||oo-

Proposition 4.3 For M : G — C[0,00) defined in (23) and G specified in Definition 4.1:
(i) Im(M) is uniformly bounded,
(1) Im(M) C G and forms a family of equicontinuous functions.

Proposition 4.4 For operator M : G — CJ0,00) defined in (23), where Im(M) is shown to be in G in
Proposition 4.3, for any x', 2" € G we have

IMa" = Ma"[loo < f(V)l|2" = 2|, (24)

where X\ is given in (18), f(0) =0 and f(-) is a strictly monotonically increasing function of \.

4.2 Fixed point theorem
Following the lemmas we present our fixed point existence theorem.

Theorem 4.5 There exists a fived point for the map M : G — G.

Proof. It has been shown in Lemma 4.2 that the set G is non-empty, convex and closed in Cy[0, 00). Then it
has been shown in Proposition 4.3 that M is a mapping from G onto itself, Im(M) is bounded, and I'm(M)
forms a family of equicontinuous functions. In Proposition 4.4 it has been shown that M is a continuous
operator.

Now take a sequence {Ty}reny € G converging to ! € (G, ||-||oo) (note that G is closed in Cy0,00)
due to Lemma 4.2). Proposition 4.3 implies the uniform boundedness and equicontinuity of {M(Zy)}ren.
By Arzela-Ascoli Theorem there exists a convergent subsequence of {M(Zy)}ren. Therefore, Im(M) is a
sequentially compact subset of G.

Hence, since G is a closed convex subset of Cp[0,00), M : G — G, and M is a compact operator, Schauder’s
Fixed Point Theorem [22] dictates the existence of a fixed point for the map M : G — G. O
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From the structure of the problem, it appears fairly obvious that the only possible candidates at steady-
state for such an equilibrium are a desirable one (Zo, = y), and an undesirable one (Z., = z). The existence
of a fixed point for (17) in essence implies the existence of a Nash Equilibrium for an infinite population
game. In the equilibrium, the prescribed control actions are the best responses for infinitesimal agents, and
there is no unilateral profitable deviation. The existence of an algorithm to reach one such equilibrium by
tuning integral control gain parameter A in (12) will be presented below.

5 Numerical algorithm

5.1 Restricted operator
In order to concentrate on the monotonicity of the trajectories for a system when z < y < Zy, we employ a
so-called restricted operator whereby anytime the state trajectory Z;, ¢ > 0, hits y, it is frozen there.

Note that y < Zg. Define T}, € (R U c0) as the first time that z; <y, t > 0.

Then, define M”™ 2 7" o A where 7" : C[0,00) — Cy[0, 00):

T A{ T(q) for [0,Th),

Sl for [T, 00). (25)

Define the function space G" C G, where for functions f € G", f(0) = Zg and y < f(t) < o for all ¢ > 0.

Proposition 5.1 If M" (%) = & for some & € G" such that & € C}[0,00), then & is a fized point of the operator
M on G; i.e, M(Z)= 1.

Proof. Note that M"(f) = M(f) for y < f(t) < o, ¢t € [0,00). Since & € C}[0,00), either (i) T}, = oo,
i.e., & asymptotically converges to y, or (ii) & never crosses y. In both cases, the operators act identically.
Therefore, M" (&) = 2, # € G", 2 € C{[0, 00) implies M (&) = . O

Theorem 5.2 There exists a A* > 0 that guarantees the existence of a unique fized point for the map M :

Gg—gG.

Proof. Note that Cy[0, 00) equipped with ||| is a complete metric space. Since G is closed in Cy[0, 00) due
to Lemma 4.2, and a closed subset of a complete metric space is complete, G equipped with ||-||o is complete.
For A € [0, \*) where

£ TN, (26)
and f(-) is given in (24), M is a contraction mapping M : G — G. Employing Banach fixed point theorem
provides the uniqueness of the fixed point. O

5.2 A numerical algorithm for the restricted operator

In this section we present an algorithm that always finds a fixed point to the operator M : G — G. The
algorithm acts on the restricted space G, and decreases \ until a fixed point is achieved such that the fixed
point z* € G" also has the property that z* € Cé [0,00). Once that is achieved, Proposition 5.1 provides
that z* is also a fixed point to the original operator M given in (23). Note that Theorem 5.2 guarantees the
existence of a lower bound for A, so it is guaranteed that the algorithm is bound to end in a finite number of
iterations. There is the (unfortunate) inevitable trade-off that lowering A in essence lowers the convergence
speed of the mean trajectory to the target trajectory.

The numerical algorithm not only tries to find any fixed point, but also tries to find a desirable fixed
point; in other words tries to achieve To, = y. At steady state, the mean field equations are written as
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(—2a — 0)Toe — b2 rt7% + q% 4+ ¢™ =0,
(—a — 8 — V7o V) 800 + aZoToo — ¢z — ¢ F = 0,
(—a — D* oo™ NZoo — b1 1500 + aZp = 0,
where Ty, Soo, Too denote the steady state values for Riccati, offset and mean field state equations respec-
tively. Solving the equation system for ¢¥, when Zo, =y gives

N ala 4+ 8)r + ¢%b?] (Zo—vy
%o _ Il )b2 ]<yoz ; (27)

where g% * is the corresponding cost coefficient for the desirable fixed point of the system.
Define 7, € (R4 Uoo) as the first time that ¢/ > ¢4 *, ¢t > 0.
Then, define A" : Cy[0, 00) — C4[0, 00):

AT A Az ) for [0,T,),
T L for [Ty, , 00).

The so-called Restricted Operator Algorithm is presented below.

Definition 5.1 Restricted Operator Algorithm For the iterative algorithm first pick sufficiently small e > 0
and €5 > 0, where the former will be compared to the infinity norm between two successive iterations as a
threshold rule for convergence, and the latter will be used to decrease A when the iterations for the incumbent

A enter a zone of non-desirable convergence or divergence.

e k=0
e while ||z — 7°!||, > €1, do
_ gold(2) — gold
_ gold _ 7
— if mod(k,2) == 1 then
*x q¥ = A(T; )
* if ¢¥, > ¢4.* then
ho T
Ty = T, t € [0,00)
¢’ = AT; )
* end if
— elseif |z — z°4?)| == 0 then
* ¢V =AT(T;))

— else

— end if

-2 =T

—k=k+1
e end while

e return .

Remark 1 The algorithm basically iterates M” on G”. We initiate the algorithm with 29 = o, t > 0, and
at the end of each iteration the algorithm calculates the sequence (z°), i € Z. Note that 22*, k € Z, denotes
the even subsequence whereas 22+, k € Z, denotes the odd subsequence.
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Lemma 5.3 2%¢ > 22+ for all k € Z.

Proof. Note that we initialize 20 as 2° £ T (q¥°) where ¢?° = 0,V¢ > 0. Hence, 20 = z for all ¢ > 0. Then

define ¢v* £ A(z°), and note that ||¢¥"[|cc > 0 since 2° > y. Since ¢/* > ¢¢° for all t > 0, and [|¢¥"||oc >

16Y%|| 00, ©* £ T (V") is uniformly less than 2°; i.e., z} < ¥ for all ¢ > 0, and inf;>(x}) < inf;>o(2?). Hence,
1.0

Tz <z

Now assume there exists some & € Z such that z2* < 226+1. By definition, 22 = (T o A)(2%*~1) and
22kt = (T o A)(2%). Then, 22¢ < 2281 implies A(2?471) > A(2?¥). This implies #2*~1 > 22* which
also implies A(22%=2) > A(z2*~1), which then again implies 22¥=2 < z2*~1. Continuing this iteration gives

29 < z! which is a contradiction. Therefore the lemma follows. O

Lemma 5.4 The limits exist for limg_soo 22% = M7 and limy_ o0 22841 = 2A+D™ such that

22R)F _ L(2R+1)*

Proof. 2% and z2¥*1 are both bounded from above by Z, and bounded below by y. Since both are monotonic

sequences due to Lemma 5.3, the limits exist. For all finite k& € Z, Lemma 5.3 asserts z2* > z?¢*+1: ie., the
* *
sequence z2* is uniformly higher than z2**! for all t > 0. Hence, at the limit one has z(?¥)" > z(2k+1)"

Assume z2P)" > z(k+D" - Gince 22" is the limit, then (20" = M(M(2(")). On the other hand
AT(M(M(zPP7))) < A®P") which implies M(M(M(z@0)7))) > M(z@¥7). However, this implies
2RHDT 5 2 2k+D7 which is a contradiction. Hence,

x(Qk)* _ x(2k+1)*.

O

Theorem 5.5 Let us define ¢¥ to be equal to A(x*), where z* = 2R = pCkD" Then, Gy, = q¥%, given

in (27).

Proof. Note that the algorithm employs A" operator on the odd sequence when ¢¥, > ¢¥% . Therefore, by
definition, A(z2*D") < gv* . Now, if we had A(zFD™) < ¢¥*  then (%) would not cross y; therefore,
A(JZ(Zk)*) would tend to oo, which violates 2* = 22" = z(2k+1"  Hence, Gy, = q¥%, is established. O

We have shown in Theorem 5.5 that the limit of the iterations of the numerical algorithm provides a
trajectory whose integral gives a cost function ¢¥ that is equal to ¢V}, asymptotically. The resulting response
to such a cost function is a smooth function that asymptotically converges to y as t — oo. Therefore, the
algorithm provides a desirable smooth trajectory.

6 cNash theorem

Here we present the main theorem of the paper. More specifically it develops an MF stochastic control law
that achieves a Nash equilibrium at the population limit when applied by all agents in the system. Moreover,
the control law induces an e-Nash equilibrium property for a finite population.

Theorem 6.1 Collective Target Tracking MF Stochastic Control Theorem
For systems (9) with the cost function (11), let A1-A5 hold.

(i) For A € [0,\*) (26), the CTT MF Equations have a unique solution which induces a family of de-
centralized feedback control policies UY, = {(u')°;1 < i < N}, 1 < N < oo, generated by (15) such
that

(ii) a desirable fixed point is achieved; i.e., the mean trajectory converges to the target trajectory;
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(iii) all agent system trajectories x', 1 < i < N, are exponentially bounded in the sense that
o .
E/ e~ i |2dt < oo
0

(iv) {UN,;;1 < N < 0o} yields an e-Nash equilibrium in the sense that, for all € > 0, there exists N(€) such

ol

that for all N > N (e)

JN ((ui)o7 (u*i)o) —e< inf JiN (ui, (u*i)o) < JiN ((ui)o, (u*i)o) .

K3 h
uieulN

Proof.

(i) The proof is given in Theorem 5.2.
(ii) The proof is given in Theorem 5.5.
(iii) Note that the closed loop system is given by

dzi = (A" — B'R™'Bi ' I)zidt — BPR™'B' ' sidt + d'dt + Ddw!, t> 0.

First of all (a) A2 ensures that A% — BiR_lBiTﬂi — (6/2)I is Hurwitz, and (b) A1 ensures that z§ is
independent of w'(.) and E[z§||* < co. Moreover, s' € Cy/2[0,00), and hence E [;° exp(—6t)||uf||?dt <
0. Therefore, Lemma A.4 ensures that

oo
E/ e Ozt |%dt < 00, 1<i<N.
0

(iv) The proof is similar to the proof of Theorem 5.6 in [9], and is therefore omitted.

7 Simulations

For our numerical experiments we simulate a population of 200 space heaters. We take a uniform population
of heaters; adopt a one layer ETP model given in (7), where the capacitance (C,) and conductance (U,)
parameters are chosen to be 10 kWh/°C and 0.2 kW /°C respectively, the ambient temperature is set to
-10°C, and the volatility parameter is set to 0.25°C/ V/h. The initial temperatures of the heaters are drawn
from a Gaussian distribution with a mean of 21°C and a variance of 1. The cost function parameters §, ¢*°
and r are uniformly chosen to be 0.001, 200 and 1 respectively.

For the first simulation the central authority provides the target temperature trajectory (20°C) to each
controller, and local controllers apply a classical LQG tracking algorithm. Figure 4 shows that as a result
each agent in the population tracks the target degree of 20°C. Notice that in this implementation all agents
track 20°C in order for the population mean temperature to track 20°C, where all agents are heavily disturbed
for the global goal.

In the second scenario the central authority sets the target temperature to 20°C (y parameter), and all
agents are assigned to track 17°C (z parameter). The Z based Picard iterations of the collective target
tracking MF equation system without restriction are provided in Figure 5 with 29 = %, t € [0,00). One
immediately notices the monotonic behaviour in the early stages of the trajectories before any of the curves
encounters the y target line; the so-called restricted operator algorithm is introduced to take advantage of
that monotonicity. In Figure 6 we plot the iterations of the restricted algorithm. Note that the even curves
are frozen at the point y when the mean trajectory reaches y. The algorithm converges to the same mean
field trajectory as in the previous Figure 5. We provide the corresponding cost function trajectory given
by ¢¥* £ A(z*) in Figure 7, where z* is the fixed point to the mean field equation system. The resulting
controlled trajectories are presented and the mean temperature trajectory is shown in Figure 8. It can be
seen that while the mean temperature still settles at 20°C, individuals in the population are disturbed much
less than in the LQG tracking implementation.
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Figure 4: Agents applying classical LQG tracking
21
T [- - - Target
205 + — R
—2
3
20F------- e N —_— —
—5
—6
© 195 + 4 |7
| |—s
—9
19 4 10
—11
—12
185 | . 13
—1a
—15
18 ) ) ) ) Final
0 2 4 6 8 10
hours
Figure 5: Collective target tracking MF iterations
21
20.9 | 1 [---Target
20.8 S -
—2
20.7 . 3
—a
20.6 4 |—>5
——6
L© 205 - 4 |7
-— —s
20.4 4 |—o9
10
20.3 I —11
—12
20.2 B —13
—14
20.1 + —15
20 ) | Final
(0] 2 4 6 8 10

Figure 6:

hours

Collective target tracking MF iterations: Restricted algorithm
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Figure 7: Collective target tracking: Iterations for cost function
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Figure 8: Agents applying collective target tracking MF control: All agents following the low comfort level

In practical implementation, in order to increase the convergence speed of the mean field trajectory to
the steady state, we implement an accelerated engineering solution: the agents calculate their individualized
steady states (which contribute to the global mean field steady state), and employ no control until their
temperature reaches their individual steady state (in the case of a desired increase in mean temperature,
the individuals would instead apply maximum control to reach their own calculated steady-state). This
calculation can be carried out as follows. One writes (27) for individual agent A;,1 <i < N, as

y o« lala+0)r +g™b?] (xf — (zl)*
o b ( ((‘;(i)o)* -z ) ' (28)

Solving (28) for (z,)* yields

B b*(go0)* (h — 2)
ar(a+0) + (goc)*0% + g™0b?

(w00)" = 7§

For the same set of parameters, the central authority sets the target temperature to 20°C. The resulting
controlled trajectories are presented and the mean temperature trajectory is shown in Figure 9. It can be
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Figure 9: Agents applying collective target tracking MF control: Accelerated engineering solution
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Figure 10: Agents applying collective target tracking MF control: All agents following the low comfort level
signal

seen that the mean temperature settles at 20°C in about two and a half hours, a rate noticeably faster than
the convergence rate of the mean field dictated by collective target tracking MF control.

For the same set of parameters of the previous simulation, this time the target is set to 19°C. The
corresponding aggregate power consumption plot is provided in Figure 10. Not only does the control algorithm
provide immense relief at the early stages of the horizon, but it also provides a smooth transition to the
steady state power consumption profile without a delayed payback peak typical of direct control schemes of
thermostats. Notice on the other hand that while thermostats were eliminated from the original formulation,
the final controls correspond to simply changing the set points of individual thermostats from their initial
values to the desired individualized steady-state values and could be implemented in this manner.

For the next experiment we separate the population in two groups where the first group consists of the
heaters above the 21°C initial population mean temperature, and the second group consists of the ones below
that temperature. The central authority sets the target temperature to 22°C, and both groups are assigned
to track 25°C. In order to achieve a level of fairness among the agents, the first group is assigned a higher
control penalty coefficient r thus making it more reluctant to change its initial temperature. Collective target
tracking MF control is applied to these groups together, however using the max control until the individual
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steady state option which has been described above. The simulation result is provided in Figure 11. It can
be seen that the collective target tracking MF control scheme leads the mean temperature of the global
heaters population to 22°C while soliciting the agents with lower initial temperatures more intensely than
those with higher initial temperatures.This illustrates how one could shape the collective tracking response
for greater fairness. The mean trajectories of the sub-populations with this scheme compared to the case
when sub-populations share the same control penalty coefficients is given in Figure 12.

25 -1 T T T I =T T T T
24
23
22
O 21
20 B
- - = Target Trajectory =y
19 - = = Comfort Line: Low =z B
= = = Comfort Line: High = h
Mean Temperature
18 First Group N
Second Group
17 - 1 . L Lo - 1 . L
(0] 1 2 3 4 5 6 7 8 9 10
hours

Figure 11: Agents applying collective target tracking MF control: Different r for subpopulations. The blue
heated spaces are initially warmer and are thus asked for a lower contribution to the overall energy reduction
effort

25 T T T T ™ T T T T
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= = = Nonuniform r: Lower Initial Temp. Pop. Mean Temp.
17 -l 1 . il - - 1 . il
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Figure 12: The mean trajectories of the subpopulations in Figure 11

8 Concluding remarks

In this paper the presence of large numbers of electric devices associated with energy storage is employed
to develop a decentralized mean field control based approach to the problem of these devices following a
desired mean trajectory. Provided with the mean temperature target trajectory as well as the initial mean
temperature in the controlled group, the devices generate their own control locally, and thus enforce their
safety and comfort constraints locally as well. The proposed solution deviates from the classical formulation
which would have each element track the desired mean temperature thus introducing unnecessary control
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actions. The solution made possible by mean field theory enforces collective mean temperature tracking while
leaving individual devices freer to remain, if possible within their comfort zone. In the proposed method,
the novelty is that the mean field effect is mediated by the quadratic cost function parameters under the
form of an integral error, as compared to currently prevailing mean field control formulations where the mean
field effect is concentrated on the tracking signal. The equations that provide the best response action are
presented together with the MF equation system; a fixed point analysis is given and the existence of a solution
is shown. A numerical algorithm for the calculation of a desirable smooth fixed point is provided, and finally
an e-Nash Theorem is presented. Numerical simulation results are provided illustrating the flexibility and
potential of this form of decentralized collective control.

In future work, the analysis of a cooperative framework and nondiffusion load dynamics which involve
jump Markov models (such as in electric water heaters) will be studied. Also, the extension to time varying
target tracking problems and the impact of constraints on the synthesis of control laws are subjects of
future study. Finally, note that higher dimensional elemental models such as presented in [23] can be easily
accommodated in the current theory.

Appendix A Preliminary results
We declare the following lemmas.

Lemma A.1 For M : G — CJ0,00) in (23), the cost function ¢}, t € [0,00), in (12) and the associated
Riccati equation my,t € [0,00), in (13) have the following properties:
(i) ¢/ < Amax[y — z,%o — ylt, t >0,

(ii) 7; is bounded above by T, and below by w°, where T
increasing in time and strictly concave,

b > 0 is a constant, and 7™ is monotonically

(iii) m(q")(t) — 7(q") () < Akt + £3)||Z' — 2|00, where ¢’ and ¢ are given by (18) respectively for &' and
" inG.

Proof.

(i) Since Z € G, and ¢¥ is given in (18), (i) immediately follows.

(ii) Since ¢¥ is upper bounded by (¢¥)" = Amax[y — z,Zo — y|t, then the corresponding m(q¥) is upper
bounded by the corresponding 7% ((¢¥)"). Also, 7(q¥) is bounded below by 7!((¢¥)!) where (¢¥)!(t) =
0, t € [0,00).
To show the monotonicity properties of (¢¥)" we use a similar technique to the one used in [24, Lemma
10.2]. Now, for any t € [0, 00), we have

u
_dni

T —(2a + &) — b*r M7 + ¢*° + Amax[y — 2z, To — y|t, t>0. (29)

Taking the derivative gives

i dmy 9 14 pdmd _
—— _—(2a+5)ﬁ—b T 2Ty o + Amax[y — z,To — ¥, (30)
d u
= [—(2a+6) — 2b*r '} % + Amax[y — z,Tp —y], t=>0.

Now, the solution is given by

dr k
% = —/ (¢, 7)Amax[y — z, To — y]dT,

oo
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(iii)

where aT(t
(&’ L ) (31)
which implies 275 > 0 for all ¢ € [0, 00).
Similarly take the derivative of (30) to obtain
d’ryl d’m 2 —1_u @ o 1 [ dmi ’
——F = —(2a+9) o 2b°r ™y proa 2b°r <dt> , (32)
d2 U dr® 2
= [~(2a + §) — 26>~ '72] d:; — op2p (Z;{) , t>0. (33)
The solution is given by
d*m ' o 1 (dmi ’
a2 = —/Oor(t,’?') —2b“r <d’7’> dT,
drt

where T'(¢,7) is given in (31), which implies

o2 < 0 for all £ € [0, 00).
Hence, 7" is monotonically increasing in time and strictly concave.
First define §; = ¢, — ¢ and 7; = 7(¢’)(t) — 7(q”)(t). Then, (29) gives
dm b?
_ % - |:—(2a +9) — 27r(q”)(t)] 7o —br '@ 4 G, t>0. (34)
r
where 7, is the solution to the Riccati equation (34). Hence, for ¢ > 0, ¢t € [0,00), 71z > 0,t € [0, 0),
follows.
Since 7(q"”)(t) > 0, t € [0,00), and 77 > 0, t € [0,00) , we get

o
~Tl 4 Qat+0)F <G 20,

Since §; < At||Z — Z"||o We can write
dﬁ-t ~ —/ —1
—E—I-(Qa—i-é)m <A = 7o, t>0. (35)
Taking derivative of both sides gives
d?7y
dt?

o
+(20+0)ZL A7~ 2| 120,

It is shown in (ii) that 7 is concave. Therefore,

dﬁt A —/ —I
e 2 7 =7, >0 36
i yerard ki I (36)

Then, (35) implies
s
(20 + 6)7, < % F A — 7o, t >0

Employing (36) gives

T <

1 A
A\ 7 — 7o,
2a+(5( +2a+5>”$ Zl

2 N(krt + 5D — 77| oo



Les Cahiers du GERAD G-2015-68 21
Lemma A.2 For a system with the transition matriz
0P(t
) (o pr)ats) (37)

fora>0,8>0,0<~vy<1, the following assertions hold:

1

1) sup

t
/@(t,r)d <=,
t>0Jo a’

t
2) supt/ O(t, 7)dr < Ka,
0

>0
,T)— ®(t+ At,7) < K3At as At — 0,

4)/ (t,7) — O(t + At, 7)) dr < KAt as At — 0.

Proof. When needed, consider in the following @ = 0 and v = 1 without loss of generality. Then,

)

¢

1
sup/ O(t,7)dr < —.
>0 Jo

Since ®(t,7) < exp[—a(t — 7)], we get the assertion.

t
supt/ O(t, 7)dT < Ko.
0

t>0
First write

Q

[ f o[ )

[}

[}

Now, [25, 7.8.7] implies

2 B
35 <2+2exp<

°)e)

t/ exp <f 72)) dr.

! B B
t/o <I>(t7)d7<36<2+2exp<2 > —2exp(
B
2

B

=)

Take the derivative of exp (%679) t2 to obtain exp (%ﬁtz) (1 — §t2) , which is positive for t € [0, (2/3)%?)

and negative for t > (2/3)%%; hence achieves maximum at t = (2/3)°-5.

Therefore,

! 2exp(—1) +4
supt/ O(t,7)dr < Zep(=1) +4
>0 Jo 36

A
= K.

O(t,7) — Pt + At,7) < k3At as At — 0.
First write

B(t,7) — Dt + At,7) = B¢, 7)(1 — B(t + AL, 1)

= exp [_Qﬁ(t2 - 72)} (1 — exp [_25(215 + At)AtD .

Then, again without loss of generality take 7 = 0, At << 1 and At << t. Then,
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§(2t+ 1)At

O(t,7) — (t + At,7) < exp (_26752)
_ =B, =B\ B

< I<J3At.

t
4) / (P(t,7) — O(t + At, 7))dr < kgt as At — 0.
0
We write

/t(<I>(t,7-) SO+ AL T))dr = (1— Bt + A1) /t B(t, 7)dr.

Take a = 0 and v = 1 without loss of generality. Then,

t t+At t
/0 (®(t,7) — ®(t+ At,7))dr = <1 — exp (/t (—ﬂT)dT)) /0 O(t,7)dr

t
- (1 —exp [ g(m(% + At))D / B(t, 7)dr.
0
Take At <<t and At << 1. Then,

/t(<I>(t,T) SO+ AL T))dr < gAt(Qt +1) /t (¢, 7)dr.
0 0

With the assumption At <<t and At << 1, one gets

B

/t(é(t, P - Bt + AL 7))dr < D A2t +1) /t B(t, 7)dr
0 2

¢
:Atﬁt/ (tTdT-i-At—/ (t,7)d
0

¢ t
< Atfsup {t/ (¢, T)dT} + Até sup {/ d(t, T)dT}
>0 0 2 >0 LJo

= B At + §I2At.
We have shown in 2) that I; < k2 and in 1) that Iy < 1/a. Therefore, the assertion holds. O
Lemma A.3 For a system with the transition matrix

6\115;, 5) a (a+ BT, s),

where « >0, >0, v >0, we get

ta
[ e+ 5 = explatia - e | L3t -] -1
1

which implies

/ : U(to, 7)(a+ Br7)dr = —

oo
The proof is trivial, and is therefore omitted.
Lemma A.4 For a system with the dynamics

dzy = (Azy + Buy + ¢;)dt + Ddwy, t >0,
a > 0 where (i) A—(6/2)I is Hurwitz, (ii) zq is independent of w(-), (iii) Ellzo||* < oo, (iv) ¢ € Cg/2[0,00),
(v) E [ exp(—6t)||ue||?dt < c1, the following holds

o0
E/ exp(—6t)||z¢||2dt < co.
0
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Proof. Define z; = exp[—(§/2)t]z; and u; = exp[—(§/2)t]u;. The SDE for 2’ is given by

dx), = [A — (§/2)I)z},dt + Bujdt + exp[—(§/2)t]cidt + exp[—(§/2)t] Ddws.

Taking the integral gives

E/ ||x;||2dtgc+1@/ ’
0 0

Since A — (6/2)I is Hurwitz, there exists a p > 0 such that

2
dt.

/0 exp [(A — (6/2)1)(t — )] Bu.dr

2
dt.

/ exp[—p(t — 7)]uldr
0

E [ il < C+ |BIE [
0 0

o0 ‘

Now employ Cauchy-Schwarz Inequality to obtain

<ovpee [ (] explplt - ) (| exploplt - e )

=C+(IBI*/p)E /Om (/Ot exp[—p(t — 7')H|ufr||2d7'> dt.
Using Tonelli’s theorem, a change-of-order of integration gives
= (B0 | esalorl ([ expl-pnye ) ar
<C+(IBIP/E [ i,

which implies

E / exp(—6t)||z:]?dt < C + (| B2/ p*)E / exp(—67) ur |2dr
0 0
2
e 'fg” .
= C2g.

Appendix B Proofs

Proof of Proposition 4.1. Employing A5, for systems (8) where the individual controllers are generated
according to (15), the fixed point equation system is given by

d
_% = (—2a — &)m — b°r 1} + ¢ + ¢,
ds} 2 —1\ 0 —0 y 0 .0
—E:(—a—é—b T )Sy +aZym — ¢z — ¢70x), (38)
d—G
% = (—a — V*mr )z — b?r 1) + azf,
Ty = /@ VdF?, (39)

t
qg = ‘/\/ (i‘T_y)dT .
0
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The state transition and offset transition coefficients under the feedback control (15) evolve respectively

according to

dD(t, _
ét ) & (La— prr o, s),
8\11;, ) L (a4 VPmr ™t +0)U(t, s).

The unique solutions to the state and offset equations are given respectively by

¢
0 = ®(t,0)z5 + / ®(t,7)(— b2rts? + aig)dﬂ (40)
0
¢
s = / U(t,7)(— azfm, + ¥z + ¢"0xh)dr. (41)
oo

Integrating (38) with respect to F?, s; = [ s{dF?, gives

t
5t = / / U(t,7)( - azdm. + q¥z + ¢"xh)drdF°
)

o0

¢
= / U(t,7)(— aZomr + qYz + ¢*°Zo) dr.
o0

Taking the time derivative of s; gives

dst

T (—a — 6 = b*mr—Y) s, + azom; — ¢z — ¢* Zo.

Integrating (39) with respect to F? gives

a’:t:/@tOxdFe // t,7)(=b*r's? + azd)drdF’

:(b(t,O)a:o—F/O O(t,7)( = b°r s, + azo)dr.

Taking the time derivative of T; gives
.
% = (—a — V1 1T — b*r s + aZo.

Hence, (17) is achieved. O

Proof of Lemma 4.2. Let (f,) € G be a Cauchy sequence in C[0,00). Since G € Cp[0,00), and Cy[0, 00)
is a Banach space, f 2 lim, ,(f,) exists in Cy[0,00). Assume that there exists an ¢ > 0 such that
sup;sq f(t) > Zo + € (or inf;>¢ f(t) < z — € without loss of generality). This implies that there exists some
fn, N >0, such that ||fx]||ec > Zo + €/2. Clearly, this is a contradiction to the fact that (f,) € G for n > 0.
Therefore, the limit f has the bound z < f < T which implies that G is closed in Cy[0, 00).

For convexity of G, let fi, fo € G. Consider f=n+ (I —~)fs for 0 < 4 < 1. Note that f(O) = Iy,
z < f < Zo and f is continuous for 0 < v < 1, which implies convexity. O

Proof of Proposition 4.3.

Step 1: Im(M) is bounded between z and Zy.

Note that ¢/ =0, ¢ € [0,00), gives T (q) = Zo since the optimal control is uy = 0 for all ¢ € [0,00). Also,
note that as ¢ — oo Z; — z; and for fixed r this behaviour is monotone in ¢;. Moreover since o < y < z,
and 0 < ¢/ < Amax[y — z,Zo — y|t due to Lemma A.1, for all ¢ € [0,00), T (q) is bounded between Z( and z.
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Step 2: Im(M) C G and forms a family of equicontinuous functions.

In order to establish (2), we need first to rely on Lemmas A.1, A.2 and A.3 established earlier in Ap-
pendix A.

The unique solutions to the state and offset equations are given respectively by (40) and (41).

Injecting ¢ = |\ [ (Zs — y)ds| gives

t T
S = / U(t,T) ( —aZom, + ‘)\/ (Zs —y)ds
oo 0

Then, the mean field state equation is written as

z+ q””oxo) dr.

Ty = ®(t,0)T0 + /Ot d(t, ) [ — bt /T U(r,s)

o0

( — aZoms + ‘)\/ (Ze —y)d(|z + q””orf())ds + a:?o} dr (42)
0
= (Mz)(t).
FOI"tQZtl-l-At,OStl <12 < 00,
to
(M.%‘)(tg) - (Ml‘)(tl) = q)(tg,())fo +/ (b(tQ,T)(')dT
0
ty
— @(tl,O)i‘o + / q)(tl,T)(')dT
0
= ((I)(tQa 0) - é(tho))‘i‘o
to r T
+ / D(ty, )| — b?r ! / U(r,s) < — aZoms + qx":E0> ds] dr
0 L 0o
t1 r T
- / O(ty,7)| — b2t / U(r,s) ( — aZoms + qzox()) ds] dr
0 L 0o
to r T
+/ D(ta,7)| — bzr_l/ U(r,s)|- zds] dr
0 L 0o
t1 r T
—/ O(ty,7)| — b2r_1/ U(r,s)|- zds] dr
0 L o)
to
+/ q)(tg,T)a(fodT
0
t1
—/ O(ty, 7)azodr
0
é11+12—13+f4—l5+16—f7,
where the terms I;, 1 < i < 7, are defined respectively.
(a) |I1] is given as
I| = |®(t2,0) — ®(¢1,0)|T
1] = |®(t2,0) — (t1,0)|Zo (43)

< h|®(t2,0) — @(t1,0)],
since To < h, the high comfort level. Then, we employ Lemma A.1 together with Lemma A.2 and get

|11| S h/\l‘ﬁﬂﬁg,l?fg — t1|.

Note that in Subsections (b), (c¢) and (d) below, the definitions of variable A; and Ay are strictly local
to the subsections.
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(b) I — I3 is given as

tz T
I — I3 = / (g, 7) [er‘l/ (T, s) (afows - q%o) ds] dr
0 oo
tl T
- / D(ty,7) {bzrl / U(r,s) <aa‘co7rs — q””ozfo) ds} dr
0 00
t1 T
= / (P(ta, 7) — ®(t1,7)) {b2r1 / U(r,s) <ai07rs - qzofo) ds} dr
0 e

to T
+ / D (Lo, 7) {b%l / U(r,s) <CL$07TS — q””oa:()) ds} dr
t1 o0

2 A; + As.

We start with A; and write

tl T
|A;| < b%—l:zo/ |®(ta, T) — B(t1,7) / U(r,s)(ams + q™°)ds|dr.
0

o0

Note that Ty < h; we employ Lemmas A.1 and A.3, and obtain

t1
|Aﬂgb%*ma+fw/'@u%) B(t1, )| dr-
0

We employ Lemma A.2 and get
AL < V?*r h(a + ¢*)Ak1kalts — t1].

Likewise, for Ao we get

ta
mﬂgwf%m+fw/ B(ts, 7)dr
t1
<%r ' h(a+¢™)a"" (1 — expl—alts — 1)) .
Assuming |ty — t1] << 1, we achieve the bound

|A2| S b2r71h(a+ qw0)|t2 — t1|.

(¢) I, — I5 is given as

ty
14715:/ (B(ty, 7) — D(ty, T { b%*l (s ,T)quds]dT
0
to [e'e]
+/ (ta, T [ 1/ U(s quzds}d
t1
£ A1+ As.

We start with A;. Employing Lemma A.1 gives

oo

t1
|A] < A2~z max[y — z,ZTg — y}/ |D(ta, ) — P(t1,7)] (/ \I/(s,T)sds) dr.
0 T

Employing Lemma A.1 together with Lemmas A.2 and A.3 gives

|AL] < M0*r ' zmax[y — 2, Zo — ylk1kalts — t1].
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Then, employing Lemmas A.1 and A.3 gives

oo

to
|Ag| < M r~tzmax[y — 2, %0 — y]/ D(tg, T) </ W(sn’)sds) dr
t1 T

ta
< \*r~tzmaxfy — 2, 7o — ¥ / D(to, 7)dT.
t1
The bound ®(t2,7) < exp[—a(t — 7)] gives
|Ag| < A?r~tzmax[y — 2,79 — yla” (1 — exp[—a(ty — t1)]).

For [to —t1]| << 1 we get
|Ag| < Xb*r~ 'z max[y — 2, To — y]|ta — t1].

(d) I — I7 is given as
t1
IG_I7 :/ ((I)(tQ,T) —(I)(tl,T))a.’fod’T
0

ta
+ / O (to, T)aZodr

ty
2 A; + As.
We start with Ay, employ Zg < h, Lemmas A.1 and A.2 to obtain

|A1| S ah)\141/£4|t2 - t1|.

Likewise for Ay, employing Zo < h gives

ta
|Ay] < ah/ exp[—a(te — 7)]dr

< aha ' (1 —exp[—a(ts —t1)]).

For |ta — 11| << 1, we get
|A2‘ S ah|t2 — t1|.

Finally,

|(Mz)(t2) — (Maz)(t1)] < (Anmgh+(Anﬂu4n(HrUn@1+q1ﬂ
+ (AN2k1kg + AN zmax(y — 2, T9 — 9
+ (Ak1k4 + 1)ah> [ta — t1]
2 Mlty —t4]. (44)

Note that Mxz(0) = Zr. We have shown in Step 1 that z < M(z) < Zg for all 2 € G. Then, we have shown
in Step 2 that M(z) is uniformly Lipschitz continuous for all # € G. This means (i) Im(M) C G, and (ii)
Im(M) forms a family of equicontinuous functions. O

Proof of Proposition 4.4. The operator M has been shown in (42) to be

t

@:&mmm+/

0

ST (t,T) [ — bt / U7 (7, 5)
o
( —aZom? + ‘)\/ (Z¢ —y)d(|z + q””DEo) ds + afo} dr
0

= (Mz)(2).
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where
do®(t . .
U5 o (o i )07 (1, 5),
di
dU*(t . .
7;7: 5) & (g4 et 4 8)UR(Es).

For z/, 2" € G,

t
Mz’ — Mz = &% (t,0)z, + / % (t,7)(-)" dr
0

—11 tl =1 =1
—o* (t70)560+/ Y (t,7)(-)* dr
0

= ((I)i, (t’ O) - ‘I)f” (t7 0))9_50

t T
+ / o7 (t,7) | — b \lel(T,S)<q$01'0>d8:|dT
0

t T
- / o™ (t,7) | — b / w”(m)(qwom)ds]m
0 o]

. !
+ / % (t,7)| — b*r ! \I/$/(7,8)<—ax07r§/>ds}d7

t T
- / ™" (t,7)| — b?r ! / w”(m)(—axow:”)ds]m
0 o]

!
T

zds] dr

=11
x

t T
— / ™" (t,7) [ — b2t / o (1,5)
0 )

t
+ / % (t, T)aodT

zds} dr

0
t
- / O* (t,7)azodr
0
EL+ I~ I3+ 1y —Is+ Ig — I; + Ig — Io,
where the terms I;, 1 < i <9, are defined respectively.
(a) |I1] is given as
|I1| = |®7 (¢,0) — ®F (¢,0)|Zo
< |7 (£,0) — @7 (t,0)],

(45)

since Zy < h, the high comfort level. Then, we employ Lemma A.1 together with Lemma A.2 and get

[T lloe < hAR1E5(|Z" — 27| .

Note that in Subsections (b), (¢) and (d) below, the definitions of variable A; and A are strictly local

to the subsections.

(b) I, — I3 is given as

t T
12—13:/ @j/(t,T){—bQ’rl/ U7 (7, 5) <q"”°a‘co>ds] dr
0

o0

t T
- / " (t,7) { — p2pl / g (1,58) <qu’i0) ds] dr
0 0o

:/t qﬂ’(t,r)(-)’dr—/t <I>z”(t,7')(-)’d7'+/t @f”(t,r)(-)’dr—/t o (1, 7)(-)"dr

0 0 0 0
éA1—A2+A3—A4.
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With similar analysis to (b) in the Proof of Proposition 4.2 we get
AL = Aglloo < B2 hg® Me1kig||T — 77| 0o
Likewise, for A3 — Ay we get

A3 — Aylloo < 02r thg® Ne1ka|Z — 7| 0o,

SO
1o — I3]|oo < 2% thg™ Ak1k4]Z — 27| oo

(c) Likewise, we get
114 — Is|loo < 3b%r thadkiky||Z — 7| o,

(d) I — I7 is given as

t T
I6 - I7 = / @i/ (th) [ - b2’l"71 / \Ili/('r’ 3)
0

oo

)\/O (Zp — y)d¢ zds} dr

t 4 s
0 oo 0
t T s
_ / (I):i/ (t’ 7_) |: _ b27’71 / \Ijj/ (7—, S) )\/ ('f/C — y)dc Zd3:| dr
0 o 0
t r u s
_/ 7 (t,7) —er‘l/ (7, 5) /\/ (@ —y)d¢ st} dr
0 L > 0
t r T s
-1-/ o (t,7)| — bQT_l/ (7, 5) )\/ (@ —y)dC Zd‘g} dr
0 L > 0
t r g s
_ / & (t,7)| - b2r_1/ (7, 5) A/ (& —y)d¢ st} dr
0 L > 0
t r T s
-|-/ <I>i/(t,7') —p?r! ‘I/j//(Ta 5) )‘/ (@ —y)d¢ st} dr
0 ] 0o 0

zds] dr

t T
— / @i"(t,T)[bzrl / v (7, 5)
0 oo

LA = Do+ Ay — Ay + A5 — Ag.

/\/0 (= y)d¢

For A1 — Ay we employ

\A/O (@, —y)dc' - \A/ (&, —y)dc\ < A7 — 2,

and obtain
A — Agllee < WPrtza™A|Z — 2| .
Likewise
A3 — Aulloo < 02 r 12 X2k1k4]|7 — 77|00,
and

A5 — Aglloe < U1 1 2A?k1K4]|7 — 2| o,

which implies
116 — Irlloo < B2 2(a A+ 20%k164) |17 — 2" oo

(e) For Ig — Iy we get
||Ig — IQ”oo < ah)\mmHi’ - Q_C//Hoo.
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Finally,
Mz — Mz" |00 < [z\(hmng + 2021 hg®0 k1 kg + 3021 T hak kg + U2 tza T + ahm/@l)
+ A2 (2b2r_1z/@3/£4)} |2 — 2" || oo
2 fe" = 2"l

where k7 is given in Lemma A.1, and k3 and k4 are given in Lemma A.2.

O
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