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Abstract: In this paper, we investigate team optimal control of a population of heterogeneous LQ (Linear
Quadratic) agents. The population consists of finite distinct sub-populations so that agents in each sub-
population are homogeneous. For each agent, the state evolves linearly (i.e. linear dynamics) and the cost is
quadratic in state and action. The agents are coupled in both dynamics and cost through the empirical mean
(also called mean-field) of states and actions of agents. Each agent observes its local state and the mean-
field. This information structure is called mean-field sharing information structure and it is a non-classical
decentralized information structure. The objective of agents is to team up with each other to minimize the
total cost. We identify the team-optimal solution and show that it is unique and linear. The optimal gains are
computed by the solution of appropriate Riccati equations. One of the key salient features of our approach is
that the computational complexity of our solution does not depend on the number of agents, yet it depends
on the number of sub-populations. This implies that the optimal strategy can be computed without any
knowledge on the number of agents. We generalize our results to tracking problem, infinite horizon, and
infinite population.

Acknowledgments: Authors gratefully acknowledge the support of Groupe d’études et de recherche en
analyse des décisions (GERAD) and the Natural Sciences and Engineering Research Council of Canada
through Grant NSERC-RGPIN 402753-11 for funding this research, without which the present study could
not have been completed.
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1 Introduction

In this paper, we study a class of team-optimal control systems that we call mean-field LQ (Linear Quadratic)
teams. In general, mean-field LQ teams belong to the class of models that are broadly classified as mean-field
LQG systems and emerge in various applications including smart grids [1], communication [2], finance [3],
emergent behaviour [4], etc.

In mean-field LQ teams, the system consists of a finite number heterogeneous agents with linear dynamics
and quadratic costs that are coupled through the empirical mean of states (also called the mean-field) and
actions of agents. Every agent observes the local state of itself and the mean-field. The agents need to coop-
erate to minimize a common (mean-field coupled) cost. Mean-field LQ Teams emerge in diverse applications.
For example, in smart grids, each demand (consumer) is influenced by the aggregate consumption of all
demands in the grid. In particular, the aggregate consumption of demands has a direct impact on the power
generation (in the grid) or the price (in the market) or both. The higher consumption, the higher generation
or higher price or both. Hence, each demand is affected by the aggregate consumption (i.e. mean-field) of
all demands. This scenario may be modelled as mean-field LQ teams.

In general, finding team-optimal solution of mean-field LQ teams is challenging. In particular,

1) Mean-field LQ teams are conceptually difficult due to the decentralized nature of information available
to agents. The agents need to cooperate with each other to minimize a common cost function while they
have different information. This discrepancy in information makes it difficult to establish cooperation
among agents. In particular, the information structure is non-classical which, in general, is conceptually
more difficult than other classes, i.e., classical and partial nested information structures. We refer reader
to [5] for more details.

2) Mean-field LQ teams are computationally difficult for large number of agents because the computational
complexity of finding the team-optimal solution increases exponentially with respect to the number of
agents.

To best of our knowledge, there does not exist any general approach in the literature that provides the
team-optimal solution of mean-field LQ teams for finite number of agents. However, there are few results
in some special cases. For example, such a team-optimal solution is computed in [6], where agents are only
coupled in the cost (no coupling in dynamics), variables are scalar, and total cost function is in the form of
discounted infinite horizon.

Due to the above difficulties, most of the results in the literature focus attention on the case of countably
infinite number of agents [6-13]. The key intuition behind these results is that in the case of countably
infinite number of agents, the action of a single agent has no effect on the dynamics of the mean-field. This
decoupling reduces the problem to one in which one generic agent is interacting with the mass. A consistent
solution of this interaction provides an approximately optimal solution to the case with asymptotically large
number of agents.

In this paper, we take an alternative approach and provide the team-optimal solution in general case. We
assume every agent observes its own local state and the mean-field of the system. We analyze the problem
with arbitrary number (not necessarily large) of agents and show that the optimal strategy is unique, identical
within sub-populations, and linear in the local state and the mean-field. To compute the optimal gains, we
derive decoupled Riccati equations that do not depend on the number of agents, thus the results are valid
for any number of agents.

This paper is organized as follows. We present the model and problem formulation in Section 2.1 and
main results in Section 2.2. We then describe two different variations of the model of Section 2.1 with their
main results as follows: major-minor in Section 2.4 and tracking problem in Section 2.5. In Section 3, we
provide the proofs of the results given in Section 2. We extend the main results to infinite horizon setup in
Section 4 and infinite population in Section 5. At last, we conclude the paper in Section 6.
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1.1 Notation

Given a set A, |.A| denotes its size. Given vectors x,y, z (of possibly different dimensions), vec(z, y, z) denotes
[#T,yT, 2T|T. Superscripts index agents (indexed by ) or types (indexed by k). Given a set N of agents and
states 2,1 € N, (all of same dimension), {(z%);car) denotes the mean-field ﬁ leﬂ 2" of (2%);enr. Given a set

A of states 2" (of possibly different dimensions), n € A, we use bold letters x to denote x = vec(z!, ..., z).
Given a random variable z, E[z] denotes its mean and var(z) denotes its variance. Upper case letters A, B,
etc. denote matrices; lower case letters x,y, etc. denote (column) vectors. Given a matrix A, Tr(A) denotes
its trace. Given a square matrix A, A > 0 (respectively A > 0) denotes that A is positive semi-definite
(respectively positive definite). For any matrix A or vector z, AT and T denote their transpose, respectively.
We also use the short hand notation z,., for vec(xy, Tqt1,...,xp). R refers to the set of real numbers.

2 Finite population models and results

2.1 Model and problem formulation

Consider a heterogeneous population of N agents where each agent belongs to one of K possible types,
{1,...,K}. Let K = {1,..., K} denote the set of types (of sub-populations) and for any k € K, N'’* denote
the sub-population of type k and N denote the entire population i.e. ' = UgexcN*.

The state of agent i, i € NV, is denoted by ¢ and its action by u! at time ¢. For type k € K and agent
i € N'*, the state xi belongs to R% and action ul belongs to R%:. For ease of notation, we denote the joint
state by x; = (21);enr and joint action by u; = (ul);enr.

The mean-field of states® ¥ of sub-population of type k, k € K, is the empirical mean of the states of all
agents in that sub-population, i.e.,
—k )
Ty = ((2})iens) = Z 3, . (1)
16./\/’C
The mean-field of states of the entire population is denoted by X; as follows:

%; = vec(Zt, ..., 25). (2)

Similarly, the mean-field of actions i} of sub-population of type k, k € K, is the empirical mean of the actions
of all agents in that sub-population, i.e.,
n .
Uy = ((ug)ienr) = | Z up, . (3)
|N
1ENE

The mean-field of actions of the entire population is denoted by u; as follows:

a; = vec(ay, ..., al). (4)
A summary of the above notation is presented in Table 1 for ease of reference.
2.1.1 Dynamics

Agents of the same type have identical dynamics. The dynamics of agents are coupled through the mean-field
of states and actions. In particular, for type k € K, the state of agent i € N'* evolves as follows.

zi = Afz, + Bfu| + D% + Efu, + wi, (5)

where A¥ BF DF and EF are matrices of appropriate dimensions, the initial state z¢ is a random variable,
and {w!}L ; is a noise process. Let w; = (w});cnr. We make the following assumptions on the primitive
random variables:

1In the rest of the paper, we refer to mean-field of states simply as mean-field.
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Table 1: Summary of the notation used in this paper

Notation used for agent i € N'* of type k € K

: k
Ty € R%x State of agent ¢

. k
ul € Rdu Action of agent i

Notation used for sup-population of type k € K = {1,..., K}

NF Entire sub-population of type k
gﬁf = <(:1:”£)Z€Nk) Mean-field of states at time ¢
ﬁf = ((u%)ZENk) Mean-field of actions at time ¢

Notation used for entire population

N =Urex NFE Entire population

xt = (21)ien Joint state of entire population at time ¢

u; = (u%)iEJ\f Joint action of entire population at time ¢

%¢ = vec(Z},...,Z5)  Mean-field of states of entire population at ¢
u; = vec(ﬁ%, e ﬁ{() Mean-field of actions of entire population at ¢

Assumption (A1) The primitive random variables {x1,{w:}}_,} are mutually independent.

Assumption (A2) For all i € N and for all t, wi has zero mean and finite variance; in addition, % has
finite variance.

Note that the initial joint state x; and the joint noise wy,¢ > 1, may be correlated across agents. For some
of the results, we assume a stronger version of (Al) as follows.

Assumption (A1’) In addition to (A1), for alli € N, (x%);enr are independent and for each t, (wi);cnr are
independent. Also, for each type k € K, (x%);carx are identically distributed and for each t, (wi);carx are
identically distributed.

2.1.2 Per-step cost

At time ¢, the system incurs a cost that depends on the local state and action of the agents and the mean-field
of states and actions as follows. For t =1,...,T — 1,

1 , , , ,
ce(Xe, Up, X, Up) = X[ P %y + Ul P + Z g Z {xiTQfxi + u;TRfui] (6)
keK 1ENF
andt =T,
- - - 1 A ,
er(oer Xr) = XpPisr + ) | i D or' Qper (7)
kekK iENF

where P, P¥, QF, and RF are symmetric matrices of appropriate dimension that satisfy the following
conditions:

QF >0, VkeK, diag{Q},...,QF}+PF>0,

8
RF >0, VkekKk, diag{R},...,RE}+P*>0. (®)

Note that we do not require P and P to be semi-positive definite as long as above inequities hold.
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2.1.3 Observation model and information structure

Agent i perfectly observes its local state z¢ and the global mean-field X;. Agents perfectly recall all the data
they observe. Thus, agent i chooses action U} as follows.

uzzf = gZ(xi:taui:t—lvilit)' (9)

We call the above observation model mean-field sharing information structure. The function g} is called
the control law of agent i. The collection g' = (g%, ¢s,...,g%) is called the control strategy of agent i. The
collection g = (g*);en is called the control strategy of the system.

The performance of strategy g is given by

T-1

J(g) = E# [ Z c(Xe,u, Xg, Uy) + op (X7, X7) | (10)
t=1

where the expectation is with respect to the measure induced on all the system variables by the choice of
strategy g.

2.1.4 The optimization problem

We are interested in the following optimization problem.

Problem 1 In the model described above, find a strategy g* that minimizes (10), i.e.,
JTi=J"(g") = inf J(g), (11)

where the infimum is taken over all strategies of form (9).

We presented the model in its simplest form. The results presented below also apply to the following variations
of the basic model.

1) The per-step cost has cross-terms of (zf,%;) and (uf, ;) as follows:

< =\ _ <oTprs —T DU iT Yk, i iT qm,k 2 iT qu,k — iT pk, i
ce(xe, ug, X, Uy) = X PP%y + @] P ut+z IVE| E , [l’t Qixy +xy SP "% +uy Sy 0y + uy RYug
kek iENK

This cost can be re-written in the form of (6) as follows:

o _ o -~ 1 Tk .
MQMm&mﬁ:ﬂﬁ?+8ﬁm+@ﬁ?+&ﬁh+z:quijhgfﬂ+ufﬁm},
kel ieENFE

where
T . x,l x, K u . u,l u, K
SY i=vec(Sy ..., 80T, SYi=vee(Sy T, ., 80T,

2) The per-step cost has cross-terms of (z%,u?), (2%, 1), (ui,%;) and (X, ;). This can be treated in the
same manner as cross-terms are treated in the centralized LQR.

3) The per-step cost is to minimize a tracking error. We give the details of this case in Section 2.5.

2.2 Main result

Theorem 1 Under (A1) and (A2), we have the following results for Problem 1.

1) Structure of optimal strategy: The optimal strategy for Problem 1 is unique and is linear in local state
and the mean-field of the system. In particular,

up = Lif (e —2F) + Li%, (12)
where the above gains are obtained by the solution of K + 1 Riccati equations: one for computing each
LY, k € K, and one for Ly := vec(L}, ..., LE).
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2) Riccati equations: Let
A, = diag(A}, ..., AF) +vec(D}, ..., Df),
B; : = diag(B}, ..., BX) —l—vec(Etl, ...,EE),
Q; : = diag(Q}, ..., QK), R, := diag(R}, ..., RF).
Fort=1,...,T—1
o o -1 o
Lf=— (Bi’;:TMtkiFle + Rf) BfT M A (13)
and
— — — — — u 71 — — —
Lt - - (BJMt+1Bt + Rt + Pt ) Bth+1At, (14)
where {MF}T_| and {M}T_, are the solutions of following Riccati equations:
Mf = Q%, Mp=Qr+Pf, (15)
and fort=T—1,...,1,
M} = —AFTME BY (BkTMk \BF + Rt)7 BETMF  AF + AFTME  AY 4 QF, (16)
and
— — — — — — — _1 — — — — — — —
= —ATMy 1By (B My11 By + Ry + PY) Bf Myj1 Ay + AT My Ay + Q + P (17)

3) Optimal performance: Let

£ e LS v 5,
t |Nk‘ ieNFE

ék = k)‘ Z Var E
iENE

E(z} — &), i

\/W

Then, the optimal cost is given by

T
J* = Z [ZTI‘ (Z Mt+1> —|—TI‘ EtMt+1 :l

t=1 “kek

kex

+ Tr

To implement the optimal control strategies:

:= var(wy),

= var(X1),

Zm e

[Z 2 ”TM’“”} + AN (18)

ke ieNk

e all agents must compute Li.7_1 by solving the Riccati equation (15) and (17),

e agents of type k must compute E’f:T_l by solving the Riccati equation (15) and (16).

Then, an individual agent i of type k, upon observing the local state i and the global mean-field %;, chooses
its local control action according to (12).

Remark 1 Under (A1) and (A2), for each type k € K, let ¥F,

E(z?), respectively, fori € N*.

Then,

o NF| -1 - .

vk = W -1 |./\/|’k| vk o8, = diag(2l, ...,
- NE[—1_ = .

=k = We -1 |./\|/k| =k = = diag(E,

ik =0, i = vec(ut,. ..,

=k and p* denote var(w?), var(xi), and
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2.3 Salient features of the result

1. The linear quadratic mean-field model presented in Section 2.1 is a decentralized system with non-
classical information structure that is neither partially nested nor quadratic invariant; yet linear control
laws are optimal.

2. All agents in a sub-population of a particular type have identical optimal control laws. Although the
agents of the same type are exchangeable (i.e., if i, j € A%, then interchanging i and j does not affect
the dynamics or the cost), in general, it is not optimal to use identical control laws at exchangeable
agents (see [14] for a counterexample).

3. The solution and the solution complexity depend on the number of types but not on the number of
agents of each type. In particular, the Riccati equations of (15)-(17) do not depend on |[N*|, k € K.

4. Consider the above model with a centralized information structure, i.e., at time ¢, all agents have access
to (x1.t,u1.¢—1). As part of the proof of Theorem 1 (see Section 3), we show that the optimal control
laws under centralized information are implementable under mean-field sharing. Hence, the optimal
decentralized performance, given by (18), is the same as the optimal centralized performance.

5. From an implementation point of view, the above feature has an interesting consequence. If we have
the freedom to design the information structure, then there is no advantage of sharing anything beyond
the mean-field. Note that the mean-field can be shared using distributed consensus algorithms.

6. When the number of agents for all sub-populations goes to infinity, the Riccati equations remain
the same; however, the mean-field becomes a deterministic process that can be pre-computed (using
Ay, By, L1.;). Therefore, the mean-field sharing information structure is informationally equivalent
to the completely decentralized information structure (where agent i knows only (z%.,,u%,, ;)). Thus,
when every sub-population is infinite, the optimal control laws under completely centralized informa-
tion (i.e. (X1.,u1.4—1)) are implementable under completely decentralized information structure (i.e.
(x%,,ul,_;)). We present a generalization of this model in Section 5.

2.4 Special case of a major agent and population of minor agents

Consider the model of Section 2.1 with the population of N (minor) agents and one additional agent, called
the major agent. As in Section 2.1, the population of N minor agents consists of K types {1,..., K}.

For the minor agent i, i € N, the state is denoted by x! and the action is denoted by ui. For the major
0 0
agent, the state is denoted by ¥ and the action is denoted by uY. We assume z € R% and u? € R%.

The mean-field of states and actions of minor agents are given by %X; = vec(z},...,z5) and @; =
vec(i}, . .., uk) respectively where ZF and @} are given by (1) and (3), respectively.

2.4.1 Dynamics
The state of major agent evolves as follows.

iy = Aja + Bjui + D%y + B{ty + w). (19)
The state of minor agent i with type k, i € N'*, evolves as follows.

wi,y = AFal 4 Biul + DFR, + BFy + HP 2 + H " uf + wi. (20)

2.4.2 Per-step cost

At time ¢, the system incurs a cost that depends on the local state, local action, mean-field of states and
actions of minor agents and the local state and action of major agent as follows. For t =1,..., T — 1,
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o o0 0y _ 0TAH0.0 ,  0Tp0 0 1 T ki T ki
ct(Xe, Ug, X, U, Ty, 0y ) = 2 Qyxy +uy Rjug + E V| E [xt Qi x, + uy Rtut}
ke 1ENF
- - _ T pz,0 T pu,0 =
+ XTPP%, +a] Play + 229" PPP%, 4+ 2007 Py, (21)

andt =T,

_ 1 ; ; _ _ _
cr(xr, Xr, %) = 27" QFay + Z TVF Z oy Qx| + RLPFRy + 2257 PRO%y, (22)
kex ieEN*

where P’ 0, Pr, Pt“’o7 P, QY% QF, RY, and RF are symmetric matrices of appropriate dimension. Let

Q; := diag(QY,Qf,...,QF), R, :=diag(R,R},..., RK),
Pm o 0 Pta:,O _ . 0 Ptu,O
b PtLO Ptx ' o Ptmo Ptu '

Then, above matrices satisfy the following conditions:

Q?ZOa VkEICv Qt+pf20,
RF>0, VkeK, R,+P'>0.

2.4.3 Information structure

The major agent observes its local state and the mean-field of states of minor agents and chooses action

according to

’U/? = gg(x(l):t’ U’(l):tfh )_(1315)' (24)

In addition to its local state, the minor agent ¢ perfectly observes the mean-field of states of minor agents
and the local state of major agent and chooses action according to

’U/; = gz(‘rizﬁui:tfl’ilihx(l):t)' (25)
The performance of joint strategy (g, g"), where g := {¢9,...,¢%}, is given by

T-1

0
JMM(gagO) - ]E(g’g ) |:Z Ct(xt’ Uy, Xt, ﬁtvxgvu?) + CT(XTviTaxg“) (26)
t=1

where the expectation is with respect to the measure induced on all the system variables by the choice of
strategy (g,g"). We are interested in the following optimization problem.

Problem 2 In the model described above, find a joint strategy (g*,g?") that minimizes (26), i.e.,
Tion = Ji (g™, 8%7) = élegfo T (g, 8°). (27)

where the infimum is taken over all strategies of the form (24) and (25).

A variation of the above model was first introduced in [8] and other variations have been investigated in
[15-18].

Corollary 1 Under (A1) and (A2), we have the following results for Problem 2.

1) Structure of optimal strategy: The optimal strategy for Problem 2 is unique and is linear in local state,
the mean-field of the minor agents, and the state of major agent. In particular,
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0_ 70,0 , 702
u, = Lz, + Ly X,
and

L Tk ] —k Tks 7k_0
uy = Ly (zp — &) + L%y + L@y,

(28)

(29)

where the above gains are computed by the solution of K + 1 Riccati equations: one for computing each

Ly Ly
. iroI
LF, k € K (which are the same as in Theorem 1), and one for L; :=
Lf L
2) Riccati equations: The Riccati equations for Ef are the same as in Theorem 1. Let
0 DY 7
: Hi D}
A, = diag{A% A}, ... AF} 4 o
< Df |
0 EY T
i o)
By :=diag{B},B},...,BK} + ,
HPE B

Fort=1,...,T —1:
_ BTN, 7 D pu\~! pTyr 7
Ly =— (Bt M 1By + Ry + Py ) B M1 Ay,
where { M }E_, is the solution of the following Riccati equation:
My = Qr + P
and fort =T —1,...,1,
\ A v D, D, \ ] D, D DU -1 5 v A 1 \ /] 1 o' DT
Mt = _AIMt-i-lBt (BJMt—&-lBt + Rt + Pt ) B;Mt-‘,-lAt + AIMt-‘rlAt + Qt + Pt .
3) Optimal performance: Let f]f, ék, uti e Nk ke K, be defined as in Theorem 1. Let

¥ == var(vec(w?, w;)), Z := var(vec(z},%1)),

i = E(vec(z?,%1)).

Then, the optimal cost is given by

+ T (E"M{“)

T
T =3 [Z T (SEME ) + TH(Sie) 2
(S

t=1 LkeK

(30)

(31)

(32)

+Tr(EMy) + | > Y @TMEE| + pT My (33)

keK ieNF

The proof is presented in Section 3.3.

2.5 Generalization to tracking cost function

Consider a tracking problem in which we are given a tracking signal {sF}7 , sf € R for the mean-field of

type k, k € K, and a tracking signal {ri}7_,, ri € R% for each agent i € N'*.
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Define 7} := ((ri)ienr), k € K, ¥y := vec(Fr ..., 7*), and s, = vec(sf,...,sf). The tracking cost is as
follows. Fort =1,...,T —1,

(X, g, Xe, W) = (X — 8¢) TP (X — 8¢) + 0f P'uy + Z k| Z [ — ) QF (z) — ) + U;TRfU%} )
kexk iENF

and for t =T,

cr(xr,Xr) = (X7 — s7)TPR(% Z k‘ Z — ) Q’%(WT — )

keK iENF

We assume that, in addition to the observation specified in Section 2.1.3, agent i also knows {ri, ¥;,s;}7_;.
The rest of the model is the same as in Section 2.1. The performance of strategy g is given by

T-1
Jr(g) = E& [ Z ct(X¢, ue, Xy, Uy) + o (X7, )_(T)} , (34)

t=1

where the expectation is with respect to the measure induced on all the system variables by the choice of
strategy g. We are interested in the following optimization problem.

Problem 3 In the model described above, find a strategy g* that minimizes (34), i.e
Jr = Jr(g") = inf Jr(g), (35)
where the infimum is taken over all strategies of form (9).

Theorem 2 Under (A1) and (A2), we have the following results for Problem 3.

1) Structure of optimal strategy: The optimal strategy for Problem & is unique and is linear in local state
and the mean-field of the system. In particular,

= LF(z! — zF) + LFx, + FFol + FFa,, (36)
where the above gains are obtained by the solution of K + 1 Riccati equations defined in Theorem 1. In
particular, gains {L¥, Ek}T_l are the same as in Theorem 1.

2) Riccati equations: Let {Mk}t 1 and {M,}1_| be the solution of (K+1) Riccati equations defined in
Theorem 1. Fort=1,...,T —1:

o o —1

Ff = (BT AL, BE 4+ RE) - BET, (37)
and

F, = (BJMy4\B, + R, + P*) " B], (38)

where Fy =: vec(F},...,FX). Fort=T,
vh = Qv or = Qrir + Pist (39)
and fort=T —1,...,1,
= (A} = By L{)Tvj + Qi (40)
and

’T}t = (At - Btf/t).r’ljt+1 + Qtf‘t =+ thst' (41)



10 G-2015-121 Les Cahiers du GERAD

3) Optimal performance: Fort =T,
ol =1l QTrTa ar = t5.Q7tr + spT Psr, (42)
and fort =T —1,...,1,
ap = *2”itT+1Bf(BkTM+1Bk +Rp)” 1BfTU§+1 +riTQfT + aji (43)
and
ay = —20), | By(B] Myy1 By + Ry + PP) "Bl vpy1 + 1] QuTy + 8, TP sy + Qg1 (44)

Then,

JT—J*+Q1+Z| k|Za1 Z—M (45)

kek i€ENF ke
The proof is presented in Section 3.4. To implement the optimal control strategies:

e all agents must compute Li.p_; and barFi.p_1 by solving the Riccati equation (15) and (17) and
compute the global reference trajectory o1.7 by solving the backward equation (39) and (41),

e agents of type k must compute L¥. | and FE, | by solving the Riccati equation (15) and (16),

e an individual agent i of type k computes a local reference trajectory vi., by solving the backward
equation (39) and (40).

Then, an individual agent i of type k, upon observing the local state i and the global mean-field %;, chooses
its local control action according to (36).

3 Proof of the result for finite population

The main idea of the proof is as follows. We construct an auxiliary system whose state, control actions,
and per-step cost are equivalent to x;, u;, and ¢;(-), respectively (modulo a change of variables that we
describe later). However, this auxiliary system is centrally controlled by a single agent that has access to all
the information available to the N decentralized agents in the original system. We show that the optimal
centralized solution of this auxiliary system can be implemented in the original decentralized system, and is
therefore also optimal for the decentralized system.

3.1 The auxiliary system

Define #i = ¢ — z¥ and 4! = u! — 4f. The auxiliary system is a centralized system with state %, =
vec((#4);en, X¢) and action i, = vec((});en, Uy). Note that x; is equivalent to x; and 1, is equivalent to uy.

The dynamics are the same as the model in Section 2. In particular,
551}1 = Ay, + Bfuy + (46)
where ! := w! — wf and wF 1= ((w});cp) and
Xt+1 Atxt + Btut + Wt (47)

where W; := vec(w},...,w). The per-step cost of the auxiliary model is given by c;(x;, us, %, @) at
t <T —1 and terminal cost cr(x7,X7) at ¢ = T. In the auxiliary system, there is a single centralized agent
that chooses 1y based on the observations. In particular, the centralized agent observes x; and chooses 1y
according to

ﬁt = ét()%l:ta lill:t71)~ (48)
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The performance of strategy g := (g1, ..., Jdr) is given by

T-1
J(&) :Eé[zct(xt,utaiml—lt) + cr(xr,XT) |, (49)

t=1

where the expectation is with respect to the measure induced on all system variables by the choice of
strategy g. We are interested in the following optimization problem.

Problem 4 In the auziliary model, find strategy g* that minimizes (49), i.e

= () = nf J(8), (50)
g

where the infimum is taken over all strategies of the form (48).

Let J* and J* denote the optimal cost for Problem 1 and Problem 4, respectively. Since the per-step cost is
the same in both cases, but Problem 4 is centralized, we have that J* > J*. We identify the optimal control
laws for the auxiliary system and show that these laws can be implemented in, and therefore are optimal for,
the original decentralized system.

A critical step in the proof is to rewrite the per-step cost c;(xt,us, X, @y) and terminal cost e (X7, Xr)
in terms of x; and u;. For that matter, we need the following key result.

Lemma 1 For any x = vec(z!,...,2"V) and & = (x), let ¥ = a' — %, i € {1,...,N}. Then, for any matriz
Q of appropriate dimension,

1 & 1 &

N;mﬂw — N;i”@%l +27Q7. (51)
Proof. The result follows from elementary algebra and the observation that Z L =0. O

Note that Lemma 1 is similar to Huygens—Steiner theorem in physics-mechanics [19].
An immediate consequence of Lemma 1 is the following:

Corollary 2 For any time t, c;(x¢, ug, X¢, Ug) = (X, 0g) such that fort=1,...,T —1,

Go(%e ) = G(Re W)+ Y (),
ieENFE ke

andt="1T,
ér(kr) =er(xr)+ Y (i),
ieENF ke
where fort=1,...,T —1,

Et()_(t,l_lt) = (_ +P )xt—i—ut (Rt—l—P“)ut,
1

Ck/vi vi oiT oiT pk i
Cy (T, ) = \/\/' z thtJFUz Rtu;:|a

andt="1T,

er(Xr) = }(QT + Pr)Xr,

ok i IR
Clqc"(if/%"):m{x% Zfr’IT}
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Note that the auxiliary model has linear dynamics and in Corollary 2 we have shown that the cost is
quadratic in the state and the control actions. Thus, the optimal control actions are linear in the state and
the corresponding optimal gains can be obtained by solving an appropriate Riccati equation. However, the
size of state x; of the auxiliary system increases with the number of agents (e.g. N), thus, a naive attempt
to obtain an optimal solution will involve solving for O(N?) dimensional Riccati equations. We present an
alternative approach in the next section that involves solving K + 1 Riccati equations whose dimensions are
independent of N.

3.2 The optimal solution of the auxiliary system

The auxiliary system is a stochastic linear quadratic system. From the certainty equivalence principle [20], we
know that the optimal control law is unique and identical to the control law in the corresponding deterministic
problem, whose dynamics are given by

Ty = AYE + B, (52)
and

X111 = 44Xy + By, (53)

and the per-step cost is ¢;(x¢, 1) given by Corollary 2.

Note that this system consists on (N + 1) components: N components with state & and action 4!, i € N,
and one component with state X; and action t;. The first N components are split into K classes of identical
components — one for each type. The components have decoupled dynamics and decoupled cost. Thus, the
optimal control law of each class may be identified separately. Therefore, we have the following:

Theorem 3 The optimal control strategy of auxiliary model is unique and given by
u=LFe, u,=Lix, ieNFkek, (54)
: FyT—1 FT—1 ‘ ,
where the gains {Li}; -, and {L+},—y are given as in Theorem 1.
To complete the proof of Theorem 1, note that
ul =l +a

Thus, the control laws specified in Theorem 1 are the optimal centralized control laws, and, a fortrori, the
optimal decentralized control laws.

3.3 Proof of Corollary 1

The major-minor model may be viewed as a special case of the model of Section 2.1. If we consider the
major agent as a sub-population of a different type, say type 0, then the mean-field Z9 of type 0 is ) because
IN9| = 1. Thus, the mean-field of the entire population is vec(z?,%;). Consequently, the dynamics (19) and
(20) are of the form (5); the cost (21) and (22) are of the form (6) and (7), respectively, and the information
structure (24) and (25) is same as (9). Thus, we can directly use Theorem 1 to solve Problem 2. The direct
use of Theorem 1 will give K + 2 Riccati equations. However, one of these is redundant because one of the
types (types 0) has a sub-population of size 1. In particular, when constructing the auxiliary system in the
proof of Theorem 1 in Section 3, ¥ := 2? — 29 becomes zero by definition. Therefore, the solution is given
by K + 1 Riccati equations as shown in Corollary 1.

3.4 Proof of Theorem 2

As in the proof of Theorem 1 described in Section 3, define 7} =z — ¥, @} = ul —al, %; = vec((#})ien, X1),
and 1y = vec((11});enr, Uy). We identify a cost function é (%, ;) as in Corollary 2.
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Lemma 2 For any time t, c;(X¢, Uy, Xy, ) = (X, Ug) such that fort=1,...,T — 1,
Er(key i) = (R W)+ Y G (&) - T
ieENF ke keK
andt="T

ér(kr) =er(Xr)+ Y - Qg

z‘eNk,k:eIC kex

where fort=1,...,T —1,

= (H]a-[2[§ 8)((Hs-[2]) wmeron

& (@4 t) = T [ — D) Q@) — ) + i Rb]

andt =T

) = gy [ = )" Qb )]

Note that per-step cost is decomposed into terms that depend only on (X, u;) and terms that depend only
on (%%, 1) (and terms that do not depend on the control strategy). The rest of the proof follows along the
same lines as the proof of Theorem 1. In particular, the auxiliary system consists of N + 1 components; N
components with state #! and action i, i € A/, and one component with state X; and action @;. The first
N components are split into K classes. All agents in a class have identical dynamics and similar tracking
cost but have different reference trajectory. Therefore, from standard results in LQR tracking problem, the
optimal control law of agent i € AN'* of type k € K is given by

uf = i+ = [LiGef — 7) + Ffol] + [Lix, + o],

where gains {L ,LF, Ftk, FF ! are identical for all agents of type k, T is identical for all agents of all types,
and v! is separate for each agent.

4 Infinite horizon

The results presented in Section 2 generalize to infinite horizon setup in a natural manner. Assume that the
model and the cost are time-invariant, i.e., {AF, BF, D, EF QF, RF, P* P*} do not depend on time; hence,
we remove the subscript ¢. The rest of the model is as same as that in Section 2.1. Consider the infinite
horizon long-term average and the infinite horizon discounted cost setups as follows:

Problem 5 Find a strategy g that minimizes the following cost:

T—o0

T
. . 1 L
J(g) = lim E# {Tgc(xt,ut,xt,ut)}, (55)

where the expectation is with respect to the measure induced on all the system wvariables by the choice of
strateqy g.
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Problem 6 Given discount factor B € (0,1), find a strategy g that minimizes the following cost:

(oo}
Jﬂ(g) =E® {Zﬁtlc(xh utvita ﬁt) )
t=1

(56)

where the expectation is with respect to the measure induced on all the system wvariables by the choice of
strategy g.

Assumption (A-AC) For each type k, (A*, B¥) are stabilizable. In addition, (A, B) defined in Theorem 1
are stabilizable.

Theorem 4 Under (A1), (A2), and (A-AC), we have the following results for Problem 5.

1) Structure of optimal strategy: The optimal strategy for Problem 5 is unique and is linear in local state

and the mean-field of the system. In particular,

ul = LF(al — ) + L%,

(57)

where the above gains are obtained by the solution of K41 algebraic Riccati equations. one for computing

each L* k € K, and one for L := vec(L!,..., LX).

2) Algebraic Riccati equations: Let A, B,Q, and R be defined as in Theorem 1. Fort=1,...,T — 1:

3)

%

¥ = — (BT BE + Rk)_l BFT ATk AF
and
L=—(BTMB+R+PY) " BTIA
where M* and M are the solutions of the following algebraic Riccati equations:
ATk — _ART ATk Bk (BkTMkBk n Rk)fl BFTAIR AR 4 AFTRIF AF 4 OF,
and,
M=—ATMB(BT™MB+ R+ P")" BIMA+ ATMA+Q + P".

Optimal performance: Let

Then, the optimal cost is given by

J =T (E’“M’“) + Te(SM).
kex

(58)

(59)

(60)

(61)

(62)

(63)

Proof. The proof follows along the same lines as the proof of Theorem 1. We construct an auxiliary system
as in Section 3, which consists of N + 1 components with decoupled dynamics and cost. Since the cost is

infinite-horizon long run average, the optimal solution is given by appropriate algebraic Riccati equations.

O

Assumption (A-Dis) For each type k, (v/BA* \/BB*) are stabilizable. In addition, (\/BA,/BB) are stabi-
lizable, where (A, B) are defined in Theorem 1.

Theorem 5 Under (A1), (A2), and (A-Dis), we have the following results for Problem 6.
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1) Structure of optimal strategy: The optimal strategy for Problem 6 is unique and is linear in local state
and the mean-field of the system. In particular,

= L*(x) — 7f) + L*%, (64)
where the above gains are obtained by the solution of K+1 algebraic Riccati equations: one for computing
each L* k € K, and one for L := vec(L',..., LX).

2) Algebraic Riccati equations: Let A, B,Q, and R be defined as in Theorem 1. Then, optimal gains Lk

and L are computed as in Theorem /4 where MP¥ and M are the solutions of the following algebraic
Riccati equations:

o o o -1 . o
M* = —BAFT Ak Bk (BkTMkBk + 6—1Rk) BFTMI* A* + BAFTRIF AR + QF, (65)
and,
M =—BATMB (BTMB+ 87" (R+ P*)) " BTMA+ BATMA + Q + P*. (66)

3) Optimal performance: Let YF and £ be as defined in (62) and = k2, 0%, and fi de defined as in Theo-
rem 1. Then, the optimal cost is given by

*

= 6 > T (SEA1F) + Te(SAT)

ke

+ Z Tr ("kM1>

kek

+Te(EMy) + | > Y @ TMEE| + aT My (67)
keK ieNk

Proof. The proof is as same as that of Theorem 4. O

5 Infinite population

Consider the scenario when the population is asymptotically large, yet the number of sub-populations (types)
is finite. Let K C K denote a set of sub-populations (types) that are asymptotically large, i.e., [N*| = oo,k €
KC. We model this scenario by making the following assumptions.

Assumption (A-Indep) At time t, for each type k € K, the noises {w};cnv are i.i.d. random variables.
Assumption (A-Inf) Every agent knowns the initial joint mean-field Xy .

We state some of the results under the following stronger assumption.
Assumption (A’-Inf) In addition to (A-Inf), all sub-populations are asymptotically large, i.e., K = K.

Consider an information structure, that we call partial mean-field sharing that is smaller than mean-field
sharing information structure (but equivalently informative) as follows. In partial mean-field sharing, agent i
observes the local state ¢ and the mean-field of finite sub-populations i.e. (z) keK\K Thus, agent ¢ chooses
action according to
uy = gy (254, ul 1, {(Z )ke}c\]c}‘r 1) (68)
Theorem 6 Under (A1), (A2), (A-Indep), and (A-Inf), the optimal control laws of Problem 1 given by The-
orem 1 (under mean-field sharing information structure) are implementable under partial mean-field shar-
ing information structure. In particular, define a process {z;}1_,, 2 := vec(z},...,2k), that is adapted to
{(ff)ke’c\,@}le as follows. For every k € IC,
P F ke K\K
=N 4k sk k Tk k5 ; (69)
AiZ + (B Ly + Dy 1)z, keK.
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Then, the optimal control laws for Problem 1 are given by

v

ul = LF(at — 2F) + LFz,, (70)

where {L¥, LF thjl are same as in Theorem 1.

Proof. Due to the law of large numbers, an immediate consequence of (A-Indep) is that wF = ((w});cpx), k €
K, converges to its mean (i.e. zero by virtue of (A2)) as [N*|,k € K, goes to infinity. Therefore, given the
optimal control laws of Problem 1, mean-field z¥, k € K, evolves as follows:

Ty, = Az} + Bf L%, + D%, (71)

At ¢t = 1, every agent knowns X; according to (A-Inf). At ¢ > 1, every agent observes (:Ef)ke KK and computes

¥ k € K, by using (71) and one-step delayed X; 1 = vec(Z}_,,...,ZX ) that is known to every agent by
time ¢ > 1. Hence, mean-field sharing information structure is constructable by partial mean-field sharing;
consequently, optimal control laws of Problem 1 given by Theorem 1 (under mean-field sharing information
structure) are implementable under partial mean-field sharing information structure as well. O

Corollary 3 Under (A1), (A2), (A-Indep), and (A’-Inf), for Problem 1 the optimal control law is unique and

given by (12). Moreover, X; = vec(Z},...,Z5) evolves deterministically as follows:

$t+1 = At xt (Bff/f + Df)it- (72)

Corollary 3 implies that under (A1), (A2), (A-Indep), and (A’-Inf), the optimal solution may be interpreted
as follows.
Lt zl +ak, (73)

where af is a deterministic process (that depends on the optimal gains {(Eﬁ, LF)ex}t _, and the initial joint

mean-field X;). Thus, the optimal solution can be implemented under a completely decentralized information
structure i.e. one in which agent i only observes z! (and does not observe the mean-field %;). Under this
information structure, the optimal control law has the interpretation that each agent is implementing the
solution of a tracking problem.

6 Conclusion

In this paper, we presented a class of decentralized control systems that we call mean-field LQ teams. Finding
a team-optimal solution for mean-field LQ teams is conceptually and computationally difficult because the
information structure (i.e. mean-field sharing) is a non-classical decentralized information structure. To
overcome these difficulties, we took the following steps. At the first step, we constructed an auxiliary
system that has access to the complete centralized information. However, a naive attempt to solve the
auxiliary system involves solving Riccati equations of the size of population; hence, when population is
large, the solution will be computationally very expensive. For that matter, at the second step, we used an
alternative approach to solve the auxiliary system. The obtained Riccati equations do not depend on the
size of population and only depend on the number of sub-populations. At the last step, we showed that
the optimal strategy of centralized auxiliary system is implementable in the original decentralized system
(i.e. under mean-field sharing); hence, the obtained centralized optimal solution is also optimal for the
decentralized system. First implication of these results is that the decentralized performance and centralized
performance are equal. Second implication is that the optimal control strategy can be computed without any
knowledge on the size of population.

In particular, we identified the team-optimal solution and proved that it is unique and linear in local
state and (global) mean-field. We extended our results to tracking problem, infinite horizon, and infinite
population. When every population is asymptotically large, we showed that the obtained optimal strategy
can be implemented under completely decentralized information structure (where each agent only observes
its local state and action and does not observe mean-field).
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Note that all the results of this paper are also applicable to the continuous-time. Under natural as-

sumptions, the obtained results may be modified to continuous time by replacing the discrete-time Riccati
equations with their continuous-time counterparts.
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