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Abstract: We introduce learning in a dynamic game of international pollution, with ecological uncertainty.
We characterize and compare the feedback non-cooperative emissions strategies of players when the players
do not know the distribution of ecological uncertainty but they gain information (learn) about it. We
then compare our learning model with the benchmark model of full information, where players know the
distribution of ecological uncertainty. We find that uncertainty due to anticipative learning induces a decrease
in total emissions. Further, depending on the beliefs distribution and bias, the effect of structural uncertainty
could be either an increase, decrease or even no change in the emissions of individual players and in the total
emissions. Moreover, we obtain that if a player’s beliefs change toward more optimistic views or if she feels
that the situation is less risky, then she increases her emissions while others react to this change and decrease
their emissions; however, the latter effect never overtakes the former and, as a result, total emissions increase.

Key Words: Pollution Emissions, Dynamic Games, Uncertainty, Learning.

Résumé: On considere un jeu dynamique de controle de pollution en présence d’incertitude écologique. On
caractérise et on compare les stratégies d’équilibres en rétroaction sous différents scénarios d’apprentissage
de l'incertitude. On obtient que l'incertitude due a l'anticipation d’apprentissage induise une baisse des
émissions totales. De plus, dépendamment de la distribution des croyances et du biais, I'effet de 'incertitude
structurelle pourrait étre un accroissement, une baisse ou méme étre nul sur les émissions individuelles
et totales. Aussi, on montre que si un joueur devient plus optimiste ou percoit moins de risque, alors il
augmentera ses émissions et les autres réagiront par une diminution des leurs. Néanmoins, les émissions
totales augmentent.

Mots clés: Emissions de polluants; Jeux dynamiques; Incertitude; Apprentissage.
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1 Introduction

Although it is widely acknowledged that greenhouse gas (GHG) concentrations are responsible for global
climate change,! it is also accepted that the evolution of the climate system is far from being deterministic
in all its details, but rather is subject to considerable ecological uncertainty. To illustrate, the scientific
community still lacks information about randomness in, e.g., the oceans’ and forests’ ability to decay pollution,
the exact effect of greenhouse gases on climate change, and the precise change in temperature we may face
in the future. On the economic side, we also face many uncertainties. For example, our knowledge of how
production and abatement technologies will develop and improve over time is imperfect (see Pindyck (2007)
for a review). These features clearly invite us to adopt models where we account for (at least some of)
these uncertainties, as in, e.g., Pindyck (2000, 2007), Yeung and Petrosyan (2008) and de Zeeuw and Zemel
(2012). Further, as the environmental battle is necessarily a long-term one—it is indeed hard to believe that
technology and consuming habits can be changed overnight—decision-makers will have the opportunity to
learn about the unknowns further down the road.

Several contributions have addressed the issues of uncertainty and learning in climate change and envi-
ronmental management problems.? Ulph and Maddison (1997) consider a two-period, two-player pollution
emissions game, where the damages could have several possible values with given probabilities. They compare
the cases of no learning and learning, with irreversible emissions, and obtain that information could decrease
the welfare when the two countries choose their emissions non-cooperatively. Other studies focus on the role
of uncertainty and learning in the formation of an International Environment Agreement (IEA). Kolstad
(2007) considers uncertainty in environmental costs and benefits, as well as learning about these costs and
benefits. He finds that learning tends to increase the size of the cooperating coalition in an IEA. However,
with partial learning, several stable coalitions emerge and one of them is smaller than it would have been
under no learning. Kolstad and Ulph (2008) synthesize and extend their earlier analysis of the formation of
an IEA under uncertainty about damages and with different models of learning. They find that in almost all
considered cases, learning reduces the level of welfare that can be achieved by forming an IEA. Considering a
heterogeneous world, Dellink and Finus (2012) analyze the effect of uncertainty and learning on the success
of cooperation and formation of IEAs. Breton and Sbragia (2011) introduce a model of uncertainty and
learning where the stochastic variable is distributed normally. They assume that the players are myopic, and
then numerically determine the emissions rule and the size of stable IEAs.

In this paper, we focus on an international pollution problem in which neighboring countries emit a
pollutant, e.g., CO2, which accumulates over time and damages the shared environment. We assume that
this accumulation process is subject to ecological uncertainty, and allow the players (countries) to learn
about the unknown parameter overtime. Also, we suppose that the players face different marginal damage
costs and have heterogeneous prior beliefs, which is consistent with the fact that countries are asymmetric
in terms of their vulnerability to climate change. Our uncertainty and learning setup is in line with the
framework considered in Koulovatianos et al. (2009) in an optimal-growth model, in Agbo (2013) in a natural
resource consumption context, and in Mirman and Santugini (2014) in investment and consumption decisions
with technological changes. This paper belongs to the significant literature in dynamic games dealing with
strategic emissions decisions; see the early contributions in, e.g., Van der Ploeg and de Zeeuw (1992), Long
(1992) and Dockner and Long (1993), and the survey in Jgrgensen et al. (2010).

Taking into account uncertainty and learning in a dynamic model of pollution emissions, our objective is
to answer the following question: does ecological uncertainty alleviate the emissions problem or exacerbate
it? In order to address this research question, we cast it into two sub-questions:

1. In the presence of uncertainty, how do players’ emissions strategies compare under different information
and learning assumptions? In other words, how do different sources of uncertainty affect these emissions
strategies?

! For instance, according to the IPCC’s Fifth Assessment Report, “warming of the climate system is unequivocal” (see, IPCC
(2013), SPM-12).

2 Some contributions dealt with the choice of (tax and quota) policies in a context with uncertainty and learning; see, e.g.,
Kolstad (1996), Ulph and Ulph (1997), Kolstad and Ulph (2011) and Masoudi and Zaccour (2014).
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2. How do changes in beliefs, e.g., becoming more pessimistic or optimistic, or feeling a heightened sense
of risk, affect emissions strategies?

To deal with these questions, we characterize and compare equilibrium strategies under two different
information structure assumptions. In a benchmark scenario, we assume that all players are fully informed
about the distributions of random variables. This assumption is adopted in the environmental economics
literature analyzing the impact of uncertainty on decisions (see, e.g., Bramoullé and Treich (2009), de Zeeuw
and Zemel (2012), Arrow and Fisher (1974) and Pindyck (2012)). The alternative assumption is to assume
that players do not know the exact values of some of the model parameters, but have some beliefs about
these unknown parameters. These beliefs are based on the available information and are updated when
they receive new information. We characterize and contrast non-cooperative feedback strategies under these
two information assumptions. As for the optimal-growth model in Koulovatianos et al. (2009), we present
all our analytical results for any general probability distribution function in which the information can be
summarized by a finite-dimensional vector of sufficient statistics.

Our main results can be summarized as follows:

1. Uncertainty due to anticipation of learning results in a decrease in total emissions. A surprising result,
however, is that an individual player might increase her emissions. This is unexpected as uncertainty
would normally lead to precautionary behavior, i.e., lower emissions.

2. Depending on the beliefs bias; and the slope and curvature of the distribution function, the impact
of structural uncertainty could be either an increase, decrease, or even no change in the emissions of
individual players and also total emissions.

3. Under the learning assumption, if one player changes her beliefs in a way that makes her feel more
optimistic or less at-risk, while others’ beliefs remain unchanged, then: (i) this player increases her
emissions; (ii) all other players decrease theirs; and (iii) total emissions increase. The reverse result is
that pessimistic views or a heightened sense of risk alleviate the pollution problem.

The rest of the paper is organized as follows. In Section 2, we present the model. In Section 3, we
characterize the equilibrium strategies under different learning assumptions and compare them in Section 5.
In Section 4, we assess the impact of changes in players’ beliefs on their emissions strategies. In Section 6,
we evaluate the effect of changes in the sense of peril on emissions, and briefly conclude in Section 7.

2 The model

We consider N countries, indexed by ¢ = 1,..., N, each producing quantity ¢;; of a representative good
at time ¢ = 1,...,00. Production generates revenues and, as a by-product, emissions, e.g., COs. Denote
by e;; the emissions of country ¢ at time ¢. As in Benchekroun and Long (1998), we make the simplifying
assumption that the ratio of production to emissions is equal to one, that is, that one unit of production
emits one unit of pollution. For ¢« =1,2,...,N, ¢t =1,...,00, the revenues of country ¢ at time ¢ are y; .,
which can be expressed as a quadratic function of emissions, i.e.,

N
Yit = €it | O — €j¢ — ’YZ €t

J#i
where o and ~ are constants. In the literature (see, e.g., Dockner and Long (1993), Long (1992) and the
survey in Jorgensen et al. (2010)), a common assumption is that the countries are only related through the
environmental damage and not through their revenues, that is, v = 0. We depart from this assumption and
consider that countries also interact at an economic level through, e.g., trade. Further, we assume that the
product is homogeneous (think of it as a commodity) and set v = 1. Consequently, the revenues are given by

N
Vit = €it | 0y — Zeg‘,t . (1)
j=1
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If we interpret the term c; — Zjvzl

e; ¢ as the price of this commodity, then we have a competition la Cournot.
Emissions accumulate over time and damage the environment. Denote by S; the pollution stock whose

evolution is described by the following difference equation:

Sit1 =1 (Z €t + dst) , (2)

where 0 < d < 1, such that 1 — d is the natural decay rate of pollution and 7 is a shock variable. We
introduce 7 to account for ecological uncertainty, which can be due to, among other things, lack of information
about Mother Nature’s capacity to absorb emissions. To illustrate, the players could have only partial
knowledge about the precise motion of pollution due to, e.g., weather conditions (speed and direction of
wind, temperature and humidity, etc.), or about the actual and future rate of pollution absorption by carbon
sinks such as oceans and forests. Finally, players could be uncertain about future improvements in mitigation
technologies. In brief, our specification in (2) is meant to account, in the most parsimonious way, for all these
possible random ecological effects, which were typically ignored in the literature (see, e.g., Jorgensen et al.
(2010)).

The pollution stock imposes an environmental damage cost to all players. We assume that this cost can
be well approximated by the following linear function:

D; (S¢) = BiSt,

where ; is the (positive) marginal cost of the pollution stock. This assumption, which is not uncommon in
the literature (see, e.g., Hoel and Schneider (1997), Breton and Sbragia (2011)), is motivated by mathematical
tractability and by clarity in the exposition of results. Considering a non-linear damage cost is clearly of
interest and is left for future research.

Assuming a welfare maximization behavior over an infinite horizon, the optimization problem of player i
is then stated as follows:

o) N
max K E 5t €it ai—g ejt | —BiS ,
0 j=1

{ei e}y 1=

subject to the pollution dynamics (2), where 6 (0 < § < 1) is the common discount factor and E is the
expectation operator with respect to all stochastic variables in the model.

Having described the model, we now introduce the information available to the players. That is, we define
what the players know about the variable n and how they update their knowledge. We assume that 7 is a
realization of a random variable 7, whose conditional probability distribution is given by the function ¢(n|6*),
where 6%, 0* € © C R, is the vector of sufficient parameters of probability distribution function (p.d.f.) ¢.
Let the support of this p.d.f. be given by H, such that n € H C (0, 1]. The players do not know the future
realizations of the random variable 7. There are two cases of interest. The first is where players know the
distribution of the random variable. The second is where they do not know, but learn about it. Specifically,
we consider the following scenarios:

1. Full information. In this scenario, the assumption is that the players know all the functional forms and
parameters involved in the model, and in particular, *. Consequently, there is no need for learning to
take place. This is the simplest and most common informational structure when dealing with a problem
where uncertainty is present. This is our benchmark scenario, and we shall refer, in this context, to the
players as informed players.

2. Learning. Here, the players do not know the exact value of the parameter 6*. They have beliefs
about this unknown parameter, which are based on available information. Moreover, they learn about
it because they observe past and present levels of the pollution stock, which is informative about 6*.
The agents do not know the distribution of the ecological uncertainty, but they have some prior beliefs
and they will learn about about this distribution as information becomes available. Anticipation of
learning is a natural consequence of an optimization problem that takes into account future learning.
See, e.g., Koulovatianos et al. (2009), and Agbo (2013).
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Compared to the full-information case, the learning case adds two layers of uncertainty. The first is simply
that the objective distribution is replaced by the subjective distribution (due to structural uncertainty). The
second is that a learner anticipates learning, i.e., future beliefs are random from today’s point of view, which
makes future payoffs more random. In addition to these two cases, we study an intermediate case that
separates these two layers of uncertainty: the case of no-learning. That is, the player does not know the true
distribution of the random shock, has beliefs about it, but does not expect beliefs to evolve over time, i.e.,
there is structural uncertainty but no anticipation of learning.?

Our main motivation for retaining the intermediate case of no-learning lies in its methodological interest
(in an experimental design sense). Indeed, whereas the learning scenario embeds both the structural uncer-
tainty and the uncertainty related to the anticipation of learning with respect to the full information case,
the no-learning scenario only accounts for the structural uncertainty with respect to the full information case.
Therefore, by contrasting the results obtained in the three scenarios, we are able to separate the effects of
the two uncertainties.

To wrap up, we have introduced an infinite-horizon N-player dynamic game with one control variable for
each player (emissions), and a stock pollution whose evolution is governed by a stochastic difference equation.
We assume throughout the paper that the players use feedback strategies, that is, strategies that are functions
of the state of the system (pollution stock and relevant information about the stochastic process); we also
assume that the relevant solution concept is Nash equilibrium.

3 Equilibria
In this section, we characterize the non-cooperative equilibria under the different scenarios.

3.1 Full information

We recall that in this benchmark case, the assumption is that the players know the distribution of 77 and
the actual value of 8, that is, 6%, and therefore, that no learning takes place, that is, that players do not
change their beliefs during the planning horizon. Another way of putting it is that, despite the ecological
randomness embedded in 7, there is no structural uncertainty in this scenario. Denoting by v} (S;6*) the
value function of player ¢, where the superscript I stands for informed player, the Hamilton-Jacobi-Bellman
(HJB) equation of this player is given by

N
vl (S;60%) = max < e; [ a; — Zej — BiS + 6/ (vzl (77 (Z e; + dS’)) ;9*) B(n)|6*)dn b . (3)
“ j=1 H i

Proposition 1 characterizes the feedback-Nash equilibrium strategies.

Proposition 1 The feedback-Nash equilibrium emissions of informed player i, i € {1,..., N} are given by

1 1 (07)

1(8:07) = o | Now = Yoy — oo (N5 -3 5 1
= (S7 ) N+1 «a ZaJ 61—5du(9*) ﬂ Zﬂ] ’ ( )
J#i Jj#i
where
u(9*)=/ né(n]6*)dn.
H
Proof. See Appendix. O

3 Note that the dynamic maximization of a non-learning player is identical to an adaptive-learning player who at any point
in time ignores future learning possibilities when making a decision and then suddenly realizes her mistake and updates the
decision. Hence, an adaptive learner is synonymously called a bounded-rational player, or a myopic player. Anticipated utility
is another term that is sometimes used for our non-learning case; see, e.g., Cogley and Sargent (2008). This term is adapted
from Kreps (1998).
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3.2 Learning

The alternative scenario to full information is that the players do not know some parameter values (here 6*).
We suppose that each player has her own prior beliefs, denoted by &; (6), about the possible values of 6*. To
be as general as possible, we let these prior beliefs to be heterogeneous. Further, we assume that: (i) the
beliefs are common knowledge; (ii) the players only observe the actual value of 7 at each period, and each
player uses this new information to update her own beliefs about the value of 6; and finally (iii) the players
are Bayesian learners, that is, they update their beliefs according to the following Bayes’ rule:

(b( | )&(9)

xd:z:'

&(0ln) = T, 40 (5)

In the learning case, the value function v (S;&;,&_;) of player i must satisfy the following HJB equation:

N
vl (S;¢,6-) = max{e; ai—zeg‘ — 8,5 + ©)

€4

5/H <v5< (Zez—i-dS) &(0n), & 9|77> (/ o (n)o)& (0 )d6‘)> dn}

where the superscript L refers to the learning player and {_; = {¢; };V: 1,5 combine the beliefs of the other
players. Hence, each player anticipates not only changes in the future stock of pollution but also changes in
all beliefs via the continuation value function.

Proposition 2 characterizes the feedback-Nash-equilibrium emissions strategies.

Proposition 2 The feedback-Nash equilibrium emissions of an anticipative-learning player i, i € {1,..., N}
is given by

CRCHIN

! 1 () o)
“wg (Ve Ll Nﬁ’/l—zsd 6)do = Zﬁ]/ 5du(>§‘(9)d9 (D

J#i

where

u ) = [ notulo)dy
H
Proof. See Appendix. O

3.3 Intermediate case: No-learning

As noted, a non-learner player does not know #* and uses prior beliefs to form expectations about the future
outcomes. However, a non-learner player does not anticipate updating her beliefs. Put differently, a non-
learner player uses today’s beliefs to assess her expected future payoffs. In this case, the value function
v (S;&:,€-;) of player i must satisfy the following HJB equation:

€4

[ v (77 (gjei+d8> e ) ([ stnoreio)as) dn} 9)

where the superscript VL refers to the non-learner.

N
L(S;6,6) = max{Se; O‘i_zeﬂ’ —B;S + ®)
j=1
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The difference between the value functions in (6) and (8) lies in the difference in the beliefs that player
i uses to compute the expected value of future payoffs. Whereas a learner uses her updated beliefs éi, a
non-learner uses her beliefs of today &;, i.e., a non-learner understands that she faces uncertainty but does
not anticipate that she will learn in the future. Proposition 3 presents the emissions equilibrium strategy of
a non-learner.

Proposition 3 The feedback-Nash equilibrium emissions of a non-learner player i, i € {1,..., N} are given
by

eZNL (S7§17§*1)

1 _ _  Jo&(0)u(0)do  Jo&(0)u(0)de
TN+1 No‘z_;o‘ﬂ_‘s Nﬁll—adfggi(e)u(e)de_;@1 5df@§J MGG (10)
Proof. See Appendix. O

4 Comparison

In this section, we compare the emissions strategies under the different scenarios. In Proposition 4, it is
shown that the total emissions under no-learning exceeds value under learning. This result indicates that
the additional uncertainty generated by the anticipation of learning leads to more cautious behavior by the
players.

Proposition 4 Total emissions are lower under learning than under no-learning, i.e.,

N
eiL (Saglv"'agN) <ZezNL (Svgla-'-agN)'

i=1 =1

-

Proof. See Appendix. O

If we make the additional assumption that the players are homogeneous, then the above inequality also
holds for every player, as shown in Proposition 5.

Proposition 5 If the players have homogeneous beliefs and face the same marginal damage cost, i.e., £;(0) =
&) and B; = B, Vi = 1,..., N, then each player emits less under learning than under no-learning, i.e.,
vie{l,...,N}.

e (5,6) <" (5,6).

Proof. See Appendix. O

Propositions 4 and 5 are in line with the results in the literature, where it is shown that the risk generated
from anticipated learning induces precautionary behavior, which in our context translates into emissions
reductions, see, e.g., Agbo (2013). Further, it has been shown that uncertainty leads to emissions reduction
due to risk considerations (see, e.g., Baker (2005) and Bramoullé and Treich (2009)). In our model, where we
also have heterogeneous beliefs, a natural question is then the following: is it possible that a learning player
emits more than a non-learner player? The answer is ambiguous, but we can state a condition under which
el (S &1,...,6n) > eNE (S, &, ... ,€N). Indeed, from (7) and (10), we have the following equivalence:

(9) Jo &i(0)p(6)do
(f@ 1 lgd,u(e (0)do — 1—62[6 5i(0)u(9)d9)

eiL (Sagla s agN) > eZNL (Sagla o agN) feﬁj(Q)u(G)de
Zg;ﬁz Bj (fo 1— 5du(0)€ﬂ( )do — 1—dd [ &;(0)n(0)do

1, (11
) <
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where the numerator is the weighted self-precautionary effect due to the additional uncertainty generated by
anticipated learning, and the denominator measures the same effect for all other players. This effect for all
other players is referred to as differential informational externality in Agbo (2013). We simply wish to stress
that the above inequality cannot be ruled out based on the data of the game.

To compare emissions under full information and no-learning cases, we look at whether beliefs about the
mean of the stochastic parameter are unbiased or biased. These comparisons provide information about the
effect of structural uncertainty, i.e., the difference between knowing the structure (i.e., knowing *) and not
knowing the structure (i.e., 0* is unknown). The results, which are summarized in Proposition 6, convey
a different message than the one in Bramoullé and Treich (2009). Indeed, we obtain that depending on
the belief bias, considering structural uncertainty may increase, decrease or even not affect the emissions
strategies.

Proposition 6

1. If the beliefs about the mean of the ecological shock, 7, are unbiased, i.e., ;1 (0%) = [, 1 (0)& (6)do,
then el = eNE;

2. If,u(e*) > f@:u(e)gl (o)dea then e; (Svgla-"vé.N) < ezNL (87517'-'751\7);

8 If 1 (0%) < [ou(0)& (0)d0, then el (S,&,...,En) > el (S, &, .. ¢N).

Sy Sy

Proof. It suffices to compare (10) and (4) to obtain the results. O

Introducing the intermediate case of no-learning allows us not only to distinguish between the effect of
structural uncertainty and of uncertainty due to anticipation on the emissions strategies, but to also see that
these two sources of uncertainty can even have opposite effects on these strategies.

To illustrate, we have drawn in Figure 1 the emissions trajectories for two players with different beliefs,
assuming a beta distribution. When the structural uncertainty causes a decrease in emissions with respect
to the full information case (solid straight line in the figures), the uncertainty due to anticipation goes in
the same direction and decreases emissions further. However, when the structural uncertainty increases the
emissions, the uncertainty due to anticipation moderates this effect. Put differently, whereas the uncertainty
due to anticipation may mitigate (at least the total) emissions, the effect of structural uncertainty depends
on the model assumptions, and more specifically, on the slope and curvature of the distribution function.
Proposition 7 gives a more precise statement in the special case of unbiased and homogeneous beliefs, i.e.,

&(0)=¢€0),¥i=1,...,N.

Proposition 7 Assume that the beliefs are homogeneous and unbiased, i.e., 0% = f@ 0¢; (0)do, Vi=1,...,N,
then:

o If 1" >0, then Y. el (S;0%) > > eNL(S,&1,...,EN);
o If " =0, then > el (S;0%) => N (S,&,...,EN);
o If " <0, then Y el (S;0%) <> eNL(S,&,....&N).

Proof. Since p (6*) = p(E(9)), if p”’ > 0 (4" < 0), i.e., p is convex (concave), then by Jensen’s inequality,
we have p (E (0)) > E (u(0)) (u(E(0)) <E(w(0))), which completes the proof. O

Note that the above result holds true for heterogeneous players in terms of the model’s parameters.

5 More optimistic/pessimistic beliefs

The players form and change their beliefs according to the information they receive from different sources
over time, e.g., lobbyists, scientific literature. In this section, we analyze the impact of changes in the players’
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Figure 1: Decomposing the effects of structural uncertainty and uncertainty due to anticipation for a
Beta(a, 8) distribution in a two-player game with heterogeneous beliefs.

beliefs on their emissions. To do so, we first introduce the concept of first-order strict stochastic dominance,
which is necessary to compare better and worse situations.

Definition 1 Consider two probability density functions &} and £2. We say that &} first-order strict-stochas-
tically dominates &2, &} =1 &2, if for any increasing function u : R — R, we have [u(x)&} (z)dz >

Ju(@)& () da

Next, we clarify what is meant in our context by a change in beliefs. Since beliefs are about 6 and not 7,
to interpret the meaning of a change in beliefs, we need to know how the mean of 4, that is, u (6) varies with
0. Keeping in mind definition (1), suppose that the beliefs of player i change from &} to &2, with & =1 &2
and g/ (6) > 0. Intuitively, this player’s beliefs have changed in a way that she expects lower values for the
unknown parameter ¢, and since p is increasing, she also expects lower values for the unknown variable 7.
Therefore, under &2, this player expects lower levels of pollution accumulation, and consequently, a lower
environmental cost. Put differently, by believing in &2 instead of &}, this player becomes more optimistic
about the environment. If ' (6) < 0, then the result is the opposite and a change from &} to &2 would be
equivalent to saying that player 7 is now more pessimistic. Proposition 8 presents the impact of becoming
more optimistic on emissions strategies.

Proposition 8 Assume that player i becomes more optimistic while all the other players’ Priors remain umn-
changed, i.e., we have the two N-tuples &' = {{1,... ,...,{N} and €% = {51,... &, &8 i1+1,...,§}v}. If
& - 8 and W (0) >0, x€{L,NL}, then

oef(S§2)>e Sf)
2(9,6%) < ef(S,6Y); Vi # i,

o 3ol el (8,8%) > er(S, 6.

® C

Proof. See Appendix. O

The proposition shows that if player ¢« becomes more optimistic, then she increases her emissions, while
all the other players decrease theirs. This shows that emissions are strategic substitutes. More importantly,
we obtain that the reduction by all other players is not sufficient to compensate for the increase in player i’s
emissions. Optimism clearly has a negative effect on the environment; this may explain why environmentalists
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prefer to highlight poor prospects and play down positive news. To illustrate the results in the Proposition,

we consider the following simple example: assume 7 has a uniform distribution with unknown support

[O 0], and beliefs, £(0), 0 € [0,1], then p () = £, so y/(f) > 0. By Proposition 8, if & = & , then
ef (8,6%) > ef(8,€").

The following corollary shows that if all players become more optimistic, then the total emissions increase.

Corollary 1 If all countries become more optimistic about the environment, i.e., £} =1 €2, Vi€ 1,...,N, and
w' (8) >0, then Vo € {L, NL}, we have

N N
D e (5.67) > > et(S,¢h)

z=1 z=1

We saw that emissions are strategic substitutes. In other words, while a player’s more optimistic beliefs
lead to an increase in her own emissions, more optimistic outsider beliefs have the opposite effect on this
player. Corollary 1 states that, in total, the effects on oneself dominate those of outsiders, and if everyone
becomes more optimistic, the total emissions will increase. However, the effect of a change in everyone’s
beliefs on individual emissions is ambiguous and depends on the weight of self-induced versus outsider effects.*
Further, as our model allows for heterogeneity in beliefs, we can compare the emissions strategies of players
with different beliefs. Indeed, if players i and j are similar in their parameters but not in their beliefs, such
that player ¢ is more optimistic than player j, then

e; (8,8) >¢€j(5,¢), xe{L,NL},

that is, player ¢ will emit more than player 7 under both the learning and no-learning cases. Now, if players
change their beliefs about the functional form of ¢ (n), then we can characterize more directly the impact
of changes in optimism/pessimism. Recalling that a player becomes more pessimistic when she gives higher
values on average to 7, Proposition 9 presents the effect of such a change on the players’ emissions.

Proposition 9 If ¢l (n) =1 ¢2(n), i.e., player i gives higher mean to p () under ¢}(n) than under ¢2(n), then
e? (8,8) > ef'(8,€), v € {L,NL}.

Proof. Since  (0) = [;, n¢(n]0)df and 7 is an increasing function if ¢} () =1 ¢7(n), so by definition we have
pl (0) > p? (0). Given Proposition 2 and Proposition 3, the proof is complete. O

In a nutshell, the main takeaway of this section is that increased optimism leads to increased total
emissions.

6 Belief in increased peril

To represent optimism/pessimism, we used the first-order stochastic dominance since it deals with “better”
vs. “worse” situations. To compare the relative riskiness (or volatility) of two distributions, we introduce
and use the second-order stochastic dominance.

Definition 2 Given two distributions with the same mean, distribution with p.d.f. ¢' (8) second-order stochas-
tically dominates the distribution with p.d.f. ¢* (), &' (0) =2 ¢* (), if for every non-decreasing concave
function u: R — R, we have [, u(z) ¢! (z)dx > [;u(z) ¢? () da.

By definition, we can say that if ¢! (8) =2 ¢? (#), then ¢! is less volatile or less risky. The equality of
the distributions’ means is crucial in the above definition as it allows us to distinguish the effects of more
optimistic/pessimistic views from the effects related to the riskiness of the situation. Proposition 10 presents
the effects of a change in the belief that the situation is more risky.

4 An individual’s self-induced effect is Ng; (fo i ‘g&i(e)ﬁ (0)dd — [g mfz( )d ) the outsider effect
(6) () 2
1832 B (fo 1 ‘gdﬂ(e)f (0)do — [g 1 ‘gdu(e)g (0)d )
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Proposition 10 Suppose 1/ (§) > 0, and consider the two N-tuples &' = {&,...,&},..., &5} and & =

{el, ... & 1.6, ... . &N} If country i feels more at-risk under £ than under &}, i.e., & (6) =2 &2 (0),
then

1. el (5,6%) <el(S,¢Y);
2. e} (5,6%) > ef(S,€"), Vi #4;

J

3. Ziv:l ezL (Sv 52) < Zivzl ezL (Svfl)-
Proof. See Appendix G. O

According to Proposition 10, given that the unknown variable’s mean is increasing in 6, if a learner player
perceives a higher-risk situation while all other players’ beliefs remain unchanged, then she will decrease her
emissions, while other players will increase their own (by strategic substitution). Similar to what we found
before (see Proposition 8), their reactions are not strong enough to overcome the direct effect and the total
emissions will be lower. If everyone feels more at-risk, the net effect on player i’s emissions is ambiguous
since the increase in one’s own riskiness tends to decrease the emissions while the increase in the opponents’
sense of peril is an incentive to increase emissions, but the net effect in total emissions would be negative.

7 Concluding remarks

We introduced in a dynamic game of pollution emissions the two important features of ecological uncertainty
and learning, with the objective of answering the question of whether uncertainty decreases emissions or not.
While one might expect uncertainty to alleviate the commons problem, we obtained that, depending on the
model setup, the effect of uncertainty can go in both directions. By decomposing the different sources of
uncertainty, we were able to separate the effects of structural uncertainty from those due to learning. We
also studied the impacts of changes in players beliefs, either toward greater optimism/pessimism or a greater
sense of peril. Our results suggest that more pessimistic beliefs about the pollution stock and a greater sense
of peril both decrease the total emissions.

One possible extension to this work is taking into account other sources of uncertainty and analyzing
how the results might be affected. For instance, we could add economic uncertainty in the form of the
random marginal cost of pollution. Note that if we retain this form of economic uncertainty, while having a
deterministic pollution dynamics, then it can be shown that the behavior of a learner player is equivalent to
that of a non-learner.

We fully acknowledge that some of our results are reminiscent of our assumption of a linear damage cost.
Considering a non-linear damage cost is clearly an extension worth analyzing.

Appendix

A Proof of Proposition 1

Denote by v/ (S;60*) the value function of player i, where the superscript I refers to an informed player. The
Hamilton-Jacobi-Bellman (HJB) equation is given by

N
vl (S;0%) =max{ e; [ a; — Z ej | = BiS+ 5/ <v{ <n <Z e; + dS))) d(n|6*)dn v . (12)
“ j=1 H i

Considering the linear-state structure of our model, we conjecture that the value function is linear and

specified as follows:
vi] (S;0%) = Iil{lS + /@1{2.
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Inserting the conjectured value function in (26), we obtain

o(n]6*)dn p . (13)

nf115+mf12 =max < e; | o — Ze] —ﬁlS—i—&/ [ Ki1 (Zez—i—dS) +I€12
“ j=1 .
J
The first-order equilibrium condition is given by®

Z€J+5/ ki no(n|6*)d

JFi

and consequently, the best reaction function of player i is

Z€J+5/ ki no(n|6*)d

J#i

To find the coefficients of the value function, we substitute for e/ in (13) and equate the coefficients in order

of S. This leads to a system of 2N equations (2 equations for each player) and 2N unknowns (fifﬂl and IiZ{Q
Vi =1,2), that is,

Ky = =B+ 60 =) [ sl sorie)an, (14)
liiI,2 = Q;€; — z — € Ze_] + 5/ (77’% 1 (Ze ) + Fog, 2) (77|9*)) d77 (15)
JFi
Since p (6*) = [;, no(n|60*)dn, from (14), we get
I S
LT — Sdp (0%)

and from (15)
1
| CCRICIED WORT I p o)
JFi i
Suppose that player ¢’s strategy is given by

I 1 p(6%)
Kl R ;O‘J ot —du@) Vi ;ﬁj ' (16)

If this holds true, then this strategy should satisfy the first-order condition in (14). Inserting the strategy of
player j given by (16) in (14)), we obtain

L 1 . b . _mO) _
5 (o8 [ slanotaioan =3 | g (Vey =S ee s (M =28 ) | ] ) -

i £ =#j

; (O‘i e (9*)) (1 y x—ID

L 1 (0%) =
TaN T (Ve 2 e g | VA ;ﬁ !

5 Notice that the second-order condition is satisfied for the model.
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1 2N Bip (0%) 1
§(N—+1 <ai_51—6du(9*)>N+1(N_N+2 ( Zo”” 9* ZBJ)) B

J#i J;ﬁz

1 1 (6%) 1 (6%)
N+1<NQZ D +07 6du(9*)zﬂj_ 1—6d 9*)

J#i J#i

which is equal to the emissions in (16).

B Proof of Proposition 2

By virtue of our linear-state model we conjecture that the value function of player i has the linear form of
vl = k[ (&)S + k(&1L ... €n). Replacing this conjectured v/ in the HJB equation, we obtain

N
viL(S,gl,...,gN) = Inax{ (ai—z ) B3:S

+5/ i —i—dS’) /¢ n|0)&; (0 )d6‘) dn (17)

#5 [ (st (6 610) o o 610) (/Mea )d9)dn} (18)

From the first-order conditions we have s

eF (S, 6. En) = ( S eb s | wEE o (/O ¢(n|9)§i(9)d9>dn)- (19)
JFi

Inserting in (18) and equating the coefficients in order of S, we have the following system of equations:

Rha(@) = i +0d [ sy < / ¢<n|9>&<9>d9) dy (20)
H (€]
51‘1:2(517--'7§N) azez_ 6126]
7 (21)

+5/H <ﬁ£1(éi)nzei+f€£2 (51 OIn) ... & (0]n) ) (/ d(n]0)&:( )d6‘)

We claim that

K (&) = _Bi/@%de, (22)
and consequently
N
Kia(6,. . En) =aie; — (e)® — e Zej
J#

—6162 ( / ﬁ;;(())de) (23)

w6 [ by (G0 b o) ([ oo @) a

To show this, let us update (22) for one period to obtain

g _ ) éz (9|77)
ki (& (9|77)) =B | T 50 @)% (24)
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Using (5), we get

L o 1 $(n]0)&:(6)
i (& (01m) = —6i /O 1~ 6dp (0) [, ¢(nlz)&i (x)de v

Inserting this back into (20) leads to

ria() = (1+6d//1—5du 07,
-

(
&
1+5d 1—6d do)

(L ] o)

This corresponds to our claim. Replacing r;’ L (&) in (21) gives (23). Now, we have all needed information
for finding eX. By (22) and the first-order condltlons we have

P(nl0)&: () |
77|:v)§i(x)dxd977 (/@ ¢(77|9)§z(6‘)d9) d77> 7

el (S;61,...,¢6n)

0
( ~Ye-in </@1—&m(o)fm(mx)@(x)dxd@)”(/(9¢(”'9)5i(9>d9> d”)'

JF#i

We conjecture that

eiL (57517751\7)

L p(0) )
_N+1(No‘i_zaj_5<wz/1—5d &i(0)do — Z&/W@(m(w)),

J#i

To see this, plugging (/@iL)l (éz)) into the first-order conditions in (19), we get
1 N
5 Q; — Z eJL
J#i
NN L o(n]0)&(6) ( | >
), <ﬂ/o T 500 0) T, 60nfa)G (a)a d9> (i) o

- ( Zj—aﬁz/ ()()@()), (25)
J#i

and also plugging the conjectured strategy of player j into (25) we obtain

e'L'L (57517751\7)

6@191 i (6)d6 —
7 Eh (Naj—zz# a: - waj fm 56000+, 8. f T50mr6-(0)d0) ) =

L (25 (1= 08 o T4 56i(0)d0) — g (N = N +2) (3,505 — 50,065 Jo 740765 (0)9) ) =

N+1 (NO‘Z =D i G~ (NBZ Jo Jd# &i(0)do — >, B Jo = M# 53( )d )),

which completes the proof.
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C Proof of Proposition 3

We follow the same procedure as we did for a learner player. We conjecture that vN*, which satisfies (8),
has the linear form o]t = kNE(&)S + k) (&1,. .., €n). Rewriting (8) with our conjectured value function
we have

N
NL (S,{l,---va)—HgX{ei (ai—ZeJ—) — B3;S (26)
+ 0 (/H Kot (&n (z; e + dS) R (ST 7§N)> (/@ ¢(77|9)§i(9)d9) dﬁ} - (27)

The first-order condition for 7 is

erL(S,ﬁl,---,éN):% (04 6J+5/ )n(/@(b(nl9)€(9)d9> dﬁ) ;
J#i

and since [, nd(n]0)dn = p (#), we obtain

erL(S7§1,...,§N):% (a ej+5/ )5(0)d0) . (28)
J#i
Inserting into (26) gives the following system of equations:
Koo €1y EN)
N
= Qi€ — 62 — G ej+0 < 51) < ei) + sz'\,[L (&1, agN)> ( B(n|0)&: (9)d9> dn,

RUAC TR J

and
6 =i+ d [ wiiEe) ([ notloan) e oas
e H

or

&) = —Bi+ 0 [ RN (0) 60 (29)
We now show that x\{"(&) = W. Inserting this guessed form into (29), we get
1
ki (&) = —Bi— Biod / Py ROYACFTA ( /@ ¢(77|9)§i(9)d9) d,
[¢) 3
fo (Jo no 77I9)d77) §i(0)do
= ;0d ,
i p —od fO u £,(0)d9
= - B f@“ d‘)

1—4d [, 1 (0)&:(0)d’
- BC—Mku @M 5d [, 1 (0) &(0)d6 )
- 1= 0d [, u(0)&(0)d0 " T—od [, p(0)€(0)d6 )
_Bz
1~ 6d o (0)&(6)d0°

To complete the proof, we claim that

e (861, EN)



Les Cahiers du GERAD G-2014-50 15

N+1 ( ;aj—zs(zvﬂl </ &(0 d@)-%@}%(/@@(@)u(e))de)))). (30)

If our claim is true, then eN% (S, &1, ..., &y) should satisfy the first-order conditions. Before verifying it, we
use the following simplifying notation, given nf\flL (&) and the definition of R (z):

[ty ([ o) an - s ( [ aon@a0).

To prove our conjectured emissions strategy, we rewrite the strategy of player j using (30) and plug it into
the first-order conditions in (10)), to get

5 (e o ([ aom@aw))
1 CE ] (O R R R s O} B

2#] 27

)
4 (v g on(Lommorw) oo sn{ L)) -

2#]i 2#]5

Ll (o‘i_ﬂiR </®€i(9)ﬂ(9)d9)> - (NN]J\:IFQ §:< — BiR </®gj(9)u(9)d9>)) =
Ni—l (NO‘Z ;0‘3—5(1\7@ (/5 d9> > BiR (/57 ))) (31)

J#i

N =
=
[N
=

_|_

which is the same as our claim.

D Proof of Proposition 5
Let R(z) = x (1 —ddz)™". If ; = 8 and &(0) = £(0 1,...,N, then

el (8,61,... . En) = Na; — Za,—&ﬁ(/R d9>),

JFi

eNL (8,6, ... &) = Ni1(NO” Zaj—w( (/@5(9)u(9)d9>)).

J#i

Since 0 < §,d < 1, and 0 < p(0) < 1, then R is an increasing convex function for acceptable values of our
model parameters (R’ > 0, R” > 0, Vx € [0, 1]); so by Jensen’s inequality we have

/. R(u(9))€(9)d9>R( /| s(om(o)do),

el (S,&, ..., En) < e (S, &, En).

and

i.e.,
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E Proof of Proposition 4

We have
N
Z 6 —6 N 1Z(N/BZR</§7, d9> ZBJ (/57 ))
=1 =1 VE
5 N
P> (N@/@R( )) &i(0)do — ;m/R de).
And

S (NBR (Jo 0 (0)a0) = 32, BiR (Jo & (0)n (6) dO)
=3 (VB fo R (0) &(0)20 =52, 85 fo R (11(8))€;(6)d0) =

(NS BiR (Jo &(0)n (0)A0) = I, 52, BiR (Jo &(6)12(6) d6)
— (NS B fo R 0) &0)a0 =X, 5,0 By fo B (1(9))&(0)d0) =

(NS BiR (fo &(0)n (6)d0) — (N = 1) I, BiR (fo &(6)1a (6) )
— (N B fo R (0) &(0)a0 — (N = 1), B fo R (14(6) (0)d0) =
S BiR (Jo &(O)1 (9) d0) = S, B o R (1 (6)) €4(6)d6 =
S B (R (fo 6100 (6)d6) — [y R (1 (6)) €:(6)d6)

Since R is an increasing convex function, by Jensen’s inequality we have

R (9))@-(0>d9>3< [ s (9)«19),

N N
Ze —e <0<:>Z€ 551,...,51\/)<Z€?(S,§1,...,§N).
i=1

i=1 i=1

that is,

F Proof of Proposition 8
Let R (z) = 2 (1 — ddx) " and u (x) = R (1 (z)). Since, p € [0,1], R is increasing, and

@_H’R’:»{ 9u 0 ifp >0

32
Gu <0 ifp/ <0 (32)

Recall that the individual’s emissions for an anticipative-learning player are given by Equation (7), and the

total emissions by
Z L 1 Z ZN

Using Definition 1 and conditions (32), confirm the results for an anticipative-learning player.

For the adaptive-learning case, an individual’s emissions are given by (10), and the total emissions are as

follows:
N
Zi:ef-” = %_,_1 <Zi:04i —5;@'}3 </@€i(9)#(9)d9>> :

Besides, if £ (0) =1 & (0), then [ & (0)p (0)dO > [ €2(0)p () d6 if 1/ > 0, which gives the results presented
in the Proposition for the adaptive learner.
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G Proof of Proposition 10

We assumed g/ > 0. If p” > 0, then since R is also increasing and convex, R (p(6)) would be an increasing
convex function. Given that &} () =2 £2 (), we will have

- [ Rue)s@an >~ [ Riue) o (33)
Now, assume that p is a concave function, ” < 0, and player 4’s beliefs change from &} () to &7 (), with
EL () =5 €2 (0), that is, 01 is less volatile than #? meaning that 6! =5 62, then (91) o [ (92). Consequently,
the inequality (33) is satisfied.
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