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Abstract

It is shown that parametric bootstrap can be used for computing P-values of goodness-of-fit tests
of multivariate time series parametric models. These models include Markovian models, GARCH mod-
els with non-Gaussian innovations, regime-switching models, as well as semiparametric models involving
copulas of multivariate time series. The methodology is intuitive, easy to implement, and provides an
interesting alternative to Khmaladze’s transform or other projection methods.

Key Words: Time series; Goodness-of-fit test; Monte Carlo simulation; Parametric bootstrap;
P-values; HMM; GARCH; Copulas.

Résumé

On montre dans cet article que le rééchantillonage paramétrique peut étre appliqué pour le calcul de
probabilités critiques de tests d’adéquation pour des modeles de séries chronologiques multivariées. Ces
modeles incluent les modeles markoviens, les modeles GARCH avec des innovations non gaussiennes, les
modeles & changement de régimes ainsi que les modeles semi-paramétriques pour des copules de séries
chronologiques multidimensionnelles. La méthode proposées est intuitive, facile a implanter, et est une al-
ternative intéressante a la méthode de transformation de Khmaladze ou tout autre méthode de projection.
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1 Introduction

In many financial applications, such as hedging, option pricing, hedge fund replication, risk management and
credit risk, it is very important to model correctly multivariate data, including its distribution over time and
serial dependence, if any. Sometimes one is interested in modeling the full distribution, hereby referred to
as parametric modeling, or one can be interested in modeling the serial dependence and/or interdependence,
referred to as semiparametric modeling. In the latter case, only the dependence structure is modeled by
a parametric family. In general, tests of goodness-of-fit are based on statistics expressed as functions of
empirical processes, and the limiting distribution of these processes always depend on unknown parameters,
making it difficult to calculate P-values. This problem can be solved by using projection techniques like
Khmaladze’s transform, which however, changes completely the original process. Tests based on likelihood
ratios are not covered in the paper, since they are not really tests of goodness-of-fit, and they can create
problems, specially in Hidden Markov models.

Here it is proposed to use a simpler intuitive technique, called parametric bootstrap, to approximate
P-values. That methodology has been shown to work, both in parametric and semiparametric settings,
when there is no serial dependence. The aim here is to extend its applicability to dynamic models, i.e.,
models including serial dependence. Simply stated, if a goodness-of-fit test is based on a statistic S, of the
observations Y1, ..., Y, with distribution Py, for some unknown parameter 6 estimated by 6,,, the parametric
bootstrap approach consists in generating a large number N of sequences Y7",,..., Y ",k =1,..., N with
distribution Py,,, evaluating each time the goodness-of-fit statistic Sy, ,, and then approximating the p-value
by the percentage of values S; . greater than S,, assuming that the null hypothesis is rejected for large
values of S,. Basically, parametric bootstrap is a valid way to compute P-values if one can show that
(Sny Sh s+ -5 S, ) converges in law to (S, 57, ..., Sy ), where S7, ..., Sy are independent copies of S.

After reviewing the literature on goodness-of-fit tests for dynamic models in Section 2, one proves the main
result behind the validity of parametric bootstrap in Section 3, provided the estimators of the parameters
involved in the model are regular in some sense. Examples of applications for parametric and semiparametric
settings are then given. First, in Section 4, one states general results for the parametric setting, where the
null hypothesis to be tested takes the form

Hy: The conditional distribution of Y; given F;_1 belongs to the parametric family {F; 9;0 € O}.

The asymptotic limit of the empirical processes based on the Rosenblatt transforms is also identified, ex-
tending results of Bai (2003) and Bai and Chen (2008). In particular, it is shown that parametric bootstrap
can be used in p-Markov, ARMA, GARCH and regime-switching models. Examples of regular estimators
are given in each case. Then, in Section 5, one considers goodness-of-fit in semiparametric settings, i.e., for
copula models. First, it is shown that parametric bootstrap works for copulas associated with multivariate
Markov processes. Here the null hypothesis can be stated as follows:

Hy: The copula C of (Yi—p,...,Y:) belongs to the parametric family C = {Cy; ¢ € P},

where (Y;—pt1,...,Y:) is assumed to be a Markov process, which is often referred to as Y being p-Markov,
and C' is then the associated copula. Here, no structure is imposed of the marginal distributions of the
random vectors Y;. These models have been recently proposed in order to deal with serial dependence and
interdependence, i.e., dependence between the components of Y; (Rémillard et al., 2011).

Another case of semiparametric modeling often considered in applications is the modeling of the joint
distribution of innovations €, = (g4,1,...,£,4) coming from several univariate time series models that are
estimated separately (van den Goorbergh et al., 2005, Patton, 2006, Chen and Fan, 2006a). In that case, the
null hypothesis can be stated as Hy: The copula C of ¢; belongs to C = {Cy4; ¢ € P}. That case has been
treated recently (Rémillard, 2010), so it is not covered here. Finally, in Section 6, one gives an example of
application for GARCH models with innovations having a generalized error distribution (GED).
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2 Review of the literature

From now on, one will concentrate on tests of goodness-of-fit based on the Rosenblatt’s transform (Rosenblatt,
1952), which is a mapping (or a series of mappings) so that the output is a sequence of independent and
identically distributed (i.i.d.) random vectors Ui,...,U, with uniform distribution over [0,1]¢, denoted
by U ~ Cy, where C| is the usual notation for the so-called independence copula defined by C| (u) =
Uy X - X ug, u = (u1,...,uq) € [0,1]9. The main reason for ignoring other methods is that, based on
recent results of Genest et al. (2009), tests using Rosenblatt’s transform seem to be more powerful, at least
in the multivariate case. In the univariate case, they are equivalent in general to the tests based on the
usual empirical distribution function. Furthermore, these tests are also computationally simpler in general.
The idea of using Rosenblatt’s transform for testing goodness-of-fit is not new, the main contributions being
Durbin (1973) in the i.i.d. case, and Diebold et al. (1998) in time series models, both in univariate cases.

2.1 I.I.D. observations

For the first part of the literature review, suppose that the observations are i.i.d. To test the null hypothesis
that the (univariate) observations Y7, ...,Y; had distribution function F' belonging to {Fy; 6 € O}, Durbin
(1973) proposed to base the test on the empirical distribution function

Dn(u) =n""> 1{Fy,(Y;) <u}, wuel0,1].
=1

His reasoning was that if 6, is a good estimator of the unknown parameter 6, then under the null hypothesis,
the pseudo-observations u, ; = Fp, (Y;) should be close to the (not observable) random variables Uy = Fy(Y;),
the latter forming an i.i.d. sequence uniformly distributed over [0,1]. Hence, D, (u) should be close to u,
for any u € [0,1], under the null hypothesis. Assuming additional conditions on 6,,, in particular the
convergence in law of ©,, = n'/2(,, — #) to O, together with differentiability conditions on F, he showed
that D, (u) = n'/?{D,,(u) — u} ~ D(u) = B(u) — ©Ty(u), where ~» denotes convergence in the Skorohod
space D ([0, 1]) of cadlag functions, and B,, ~ B, where B is the usual Brownian bridge process arising as the
limiting distribution of the sequence of empirical processes,

Bn(u) =n""2>"{1(U; <u) - u},

t=1

and vy(u) = Fy o F; *(u), with Fy being the (column vector) gradient of F with respect to 6. Except for
natural location/scale parametric families, like the Gaussian or the exponential families, the distribution of
© T~ depend on the unknown value #, making it impossible to tabulate statistics based on D =B — ©T+.

To overcome the difficulty, there exist some options: Transform the process D,, so it becomes asymptoti-
cally distribution free, or bootstrapp it. One of the first transformation technique is Khmaladze’s martingale
technique (Khmaladze, 1988, 1993). It is relatively easy to implement for univariate data, but it seems that
the level of the test can be imprecise, if the sample size is not quite large. See Bai (2003) for an easy in-
troduction to the technique, even in the context of univariate time series. However, Khmaladze’s martingale
transform might be difficult to evaluate for semiparametric test statistics and/or imprecise when applied to
multivariate data. Some also might not like the idea of working with a transformed process, when the inter-
pretation of the process is not obvious, even if it converges to a Brownian motion. Other examples of the use
of that technique is Delgado and Stute (2008), who used it for very special cases of tests on bivariate data.
Finally, Li (2009) extended Khmaladze’s work to more general projection methods, in view of applications
in semiparametric regression settings. So far, no power comparison study has been attempted to answer the
question of efficiency between transformation techniques and bootstrapping techniques. This will be done in
a forthcoming paper.

By bootstrapping a statistic or more generally a stochastic process A,,, one means a method for generating
a process A, so that (A,,A,) ~ (A, A), where A is an independent copy of A. Repeating the bootstrapping
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process N times, one can then approximate P-values of statistics based on A,,. The most known technique
of bootstrapping is of course the resampling method (Efron, 1979). Going back to Durbin’s process D,,, as a
rule of thumb, if one can bootstrap ©,,, one can also bootstrap I,,. Resampling bootstrap should also work
for multivariate data. However, one will not pursue the matter since it might not be applicable for dynamic
models. Another form of bootstrapping, called parametric bootstrap, appeared in Efron (1979). The first
results about its validity were stated in Beran et al. (1987), Beran and Millar (1987, 1989). Stute et al. (1993)
proved its validity for multivariate goodness-of-fit tests based on the empirical distribution function, while
Andrews (1997) extended it by incorporating covariates. Finally, Genest and Rémillard (2008) addressed its
validity for a wide range of goodness-of-fit tests in semiparametric models, including dependence modeling.

There is another possible bootstrapping technique that could be used, sometimes called weighted bootstrap
or multipliers technique. So far it has been used for observations, not pseudo-observations, except in copula
contexts (Scaillet, 2005, Rémillard and Scaillet, 2009, Kojadinovic and Yan, 2010). However, its validity
and applicability, is beyond the scope of the present paper. For a complete review of that methodology,
see, e.g., Rémillard (2011). Finally, note that a technique close to parametric bootstrap, called Maximized
Monte Carlo (MMC), has been proposed by Dufour (2006). However, his technique cannot be considered as
boostrapping. It seems however that the results proved here could be used to generalized the MMC approach
to dynamic models.

2.2 Dynamic models

The idea of using a conditional analog of the Durbin process in a time series context goes back to Diebold
et al. (1998). In such settings, one also ends up with limiting processes of the form D = B — © "+, though
7 is more complex in general than in the i.i.d. case. For testing purposes, they proposed to divide the
sample into two parts, one for estimation and one for testing. However, this sort of approach should be
avoided as much as possible, since the samples sizes need to be very large in general and since they are
alternative methods than can work much better. As shown in Bai (2003), Khmaladze’s transform can also
be used in univariate time series. In his paper, he also proved general results on the convergence of empirical
process used for parametric goodness-of-fit of dynamic models. In Bai and Chen (2008), the authors studied
goodness-of-fit for multivariate GARCH, transforming the pseudo-observations into a univariate series and
then using Khmaladze’s transform. Although correct, that methodology might lack power. It also shows that
Khmaladze’s transform is not that easy to implement for multivariate data. Note that even for univariate
time series, Khmaladze’s approach ca be difficult to implement when one has to estimate parameters for the
distribution of the innovations, e.g., for GARCH models with GED or Student distribution for the innovations

For some special cases of dynamic models, Li and Tkacz (2006) based their test on a distance between
density estimates and then used parametric bootstrap. Their proof is not general enough to be adapted
to general settings considered by Bai (2003), a fortiori to semiparametric settings. Finally, in a univariate
time series context similar to the one in Bai (2003), Corradi and Swanson (2006) proposed Kolmogorov-
Smirnov type tests for goodness-of-fit and used block bootstrap to approximate P-values. The reason why
Corradi and Swanson (2006) did not use parametric bootstrap is that instead of computing conditional
expectations with respect to a filtration, they considered smaller sigma-algebras, calling that “dynamic
misspecification”. Here is an example: For an AR(1) model, one could want to test that Y; is Gaussian,
based on e,y = {(Y, —pn)/sn}, where w,, and s,, are respectively the mean and the standard deviation of the
series Y7,...,Y,. The empirical process based on the pseudo-observations ey 1, ..., ey, would then converge
to a quite complex Gaussian process. For the applications mentioned at the beginning of the introduction,
no misspecification is allowed, so block bootstrap is not needed.
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3 Validity of the parametric bootstrap

The goal of this section is to find sufficient conditions for proving that the parametric bootstrap procedure
work. Given a sample Yi,...,Y, from a law P = Py, with § unknown and estimated by 6,, and a statistic
Sn = (Y1, ...,Y,) needed to be bootstrapped, the parametric bootstrap procedure based on the estimator
0,, of 8 can be described as follows:

For k =1,..., N, generate a sample (Y;*,,...,Y}", ) from law Py, and compute S} ;, = ¥n (Y,

Y.
The parametric bootstrap work if it can be shown that as n — oo, (S, S}, 1, - -, S;N) converges jointly to
(S,8%,...,8%), where all variables are independent and identically distributed. In other words, S5,..., Sk

are independent copies of S and, for example, P(S > ¢) can be estimated consistently by N ~* Zivzl 1(52,19 >
¢). In particular, assuming that large values of S,, lead to the rejection of Hy, an approximate P-value for
the test based on S, is given by N1 Zivzl 1(57*1,1@ > S,,). Note that the size of N has generally an impact
on the power of the test.

To describe the conditions for the validity of the parametric bootstrap, set

én(}/lvvynvo) _1Og{—

Suppose that uniformly for all @ in a compact subset of R?,

1
én(Yl,...,Yn,H—l—nflﬂa):aTWn—EaTJa—I—OP(l), as n — oo, (1)

where W, is a statistic of Y3,...,Y,, and W,, ~» W, with W ~ N(0,J). It appears that in goodness-of-
fit testing, W,, plays an essential role, as shown next. The main result for the validity of the parametric
bootstrap procedure can now be stated as follows.

Theorem 1 Suppose that A, constructed from Yi,...,Y, has values in the Skorohod space D(T,R™), for
some closed interval T of [—00,00]|”, and assume that (1) holds true. Further assume that (W, ©,,A,) ~
(W,0,A), the joint law being centered Gaussian, with a(t) = E{A(t)W'} for allt € T and ' = E (OW).
Let 0% and A¥ be the bootstrap analogs of 0, and A, and set ©F = n'/2(0} —0). Then

(Wi, On, Ay, 07, A7) ~ (W, 0,A,07, A7),
where ©* = ©+T0, A* = A+a0, and (e, A) is an independent copy of (©,A). In particular, the parametric
bootstrap works for A, if and only if A is independent of W.

For the proof, see Appendix A.1.

Example 1 In many goodness-of-fit tests, the statistics are based on a process D, that satisfies (W,,, ©,,B,,
D,) ~ (W,0,B,D), withD =B — 0", and v(t) = E{B(t)W}, t € T. Then, according to Theorem 1, the
parametric bootstrap will work if D is independent of W, which in turn is equivalent to (I —T)T~(t) =0 for
allt € T. The latter is obviously satisfied if ' = 1I.

The previous example motivates the following definition, which appeared in Genest and Rémillard (2008)
in a serially independent context.

Definition 1 Suppose that 6,, = T,,(Y1,...,Y,) is an estimator of 6 € O C R® and set O,, = n1/2(9n —0).
Then 60,, is called regular if (W,,,0,) ~ (W,0) ~ N(0,X), where ¥ = ( J I ), and I is the identity

I Vv
matriz.

It follows that the parametric bootstrap procedure works for I,,, as described in Example 1, provided 6,
is regular.
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Remark 1 According to Theorem 1, 0,, is reqular if and only if n*/?(0 — 0,,) ~ O, an independent copy
of ©. It was shown in Genest and Rémillard (2008) that the usual estimators (MLE, moment matching,
minimum distance) calculated from i.i.d. observations were reqular. A priori, it might seem strange that in
all previous papers proving a version of the validity of the parametric bootstrap, that “regularity” of 0, was
not assumed. Well, it was implicitly assumed. For example, in Andrews (1997), condition E2 states that
if 0,, is any non random sequence converging to 0, then one must have n*/?(0% — 6,) ~ ©. On the other
hand, choosing 0,, = 0 +n~'2y, it is easy to check that (£,,(0,),O0,) ~ (7 W — 377 J7,0). As in the proof
of Theorem 1, one can use Le Cam’s Third Lemma to obtain that n*/?(0} — 6,) ~ © + (I' — I)y. Hence
condition E2 of Andrews (1997), also similar to condition (5.4) in Beran et al. (1987), implicitly assumed
that I' = 1, and it is in fact a stronger assumption which is much more difficult to verify than the reqularity
condition appearing in Definition 1.

Remark 2 Instead of studying convergence on the Skorohod space D(T;R™), one may also consider con-
vergence on U (A), over some class of functions A; for more details, one may consult van der Vaart and
Wellner (1996). The conclusions of Theorem 1 still hold in that case.

We are now in a position to study the validity of parametric bootstrap for dynamic models, extending
the results of Genest and Rémillard (2008).

4 Goodness-of-fit for dynamic parametric models

The first category of models one considers is the family of parametric models, where the null hypothesis takes
the form

Hy: For some 0 € O, the conditional distribution of Y; given F;,_ is Fy g, for all ¢t > 1.

Throughout this section, one will assume that F; g has a strictly positive density f:s with respect to a
reference measure A, not depending on 6. Since each F} (-, 6) is a distribution function, one can then associate
with it a Rosenblatt transform Ry g.

Recall that for a given multivariate distribution function H, with X = (X1,...,X4) ~ H, and continuous
marginal distributions Fy, ..., Fy, the Rosenblatt transform R, studied in Rosenblatt (1952), can be defined
as R(z) = (RW(z1),... ,R(d)(xl, ..., xq)), with R (z1) = Fi(z1), and for j =2,... .4,

R(j)(:vl,...,xj) = P(XJ S $j|X1 Z,Tl,...,Xj_l Zl'j_l).

The main property of the Rosenblatt transform is that X ~ H if and only if U = R(X) ~ C, i.e., U is
uniformly distributed in [0, 1]¢. It also follows that by inverting the mapping, one can generate X ~ H viz.
X =R"YU), by simulating U ~ C .

Therefore, if d > 1, the null hypothesis can be restated as follows:
Hy: For some 6 € O, the Rosenblatt’s transforms of Y; given F;_1 is Ry, for all ¢ > 1.

It follows that under the null hypothesis, Uy, ..., U, are independent and uniformly distributed in [0, 1]¢
where Uy = Ry 9(Y:) ~ C1. Unfortunately, 6 is unknown and must be estimated by some statistic 6,
T.(Y1,...,Y,). So U; is not observable and has to to replaced by the pseudo-observation u, ; = R g, (Y2
Therefore it is natural to base a goodness-of-fit test on statistic on the empirical process D,, = nl/ X(D,-C1

with
1 n 1 n d
—;1 unt<u Ezgl(un,t,kguk)a ’u,:(’ul,...,’u/d)E[O,l]d.

)
)

3

Following the results obtained in many power comparisons, in particular, Genest et al. (2009), it is
suggested to use the Cramér-von Mises type statistic
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Sn = Sp(Unis.eeyUnn) = / Di(u)du
[0,1]

n n d n d
ZZH {1 — max (un,t,k Un,ik)} — ZH (L=l p) + %. (2)

t=1 =1k t=1 k=1

S|

Remark 3 One could also consider Kolmogorov-Smirnov type statistics but their power seem to be much
smaller than those using Sy, in addition to be more difficult to compute.

4.1 Convergence of the empirical process

Suppose that Hy is true, i.e., assume that for some 6 € O, the conditional law of Y; given F;_; is Fy .
Furthermore, the following assumptions will be imposed on the parametric family {Fy ;6 € O}:

Assumption 1 For everyt > 1, F, ¢ has density f ¢ with respect to some reference measure A, not depend-
ing on 0. Furthermore,

Al: For every t > 1, the density f; o admits first and second order continuous derivatives with respect to
all components of 0. The gradient (column) vector with respect to 0 is denoted fi g, and the Hessian
matriz is represented by fig.

A2: For every t > 1, and for every 0y € O, there exist a neighborhood N of 0y and a \¢-integrable function
) 2
ft’e(y)H < hi(y), Ae-almost surely.

he¢ such that supge ’ fte(y)H < hi(y) and supgpe ’

jt 00 (Y1)

NCOL then

A3: Setting & =

—Z&T” (3)

with J invertible, and for every e > 0,

1 « v
=Y E{lglP1iig] > en'/?)|Fir } 2 0. (4)
t=1

Al

IREOEY g

In the sequel, 6y represents the true (unknown) value of # and P = Pp,. Furthermore,

ft:ftﬁm f:t:f.‘tﬁm f;:ftﬁo'

Remark 4 Using Assumptions A1-A2, together with Lebesgque’s dominated convergence theorem, one may

%/m PA(dy) = /m PA(dy), (6)

for any bounded measurable function g on R% not depending on 0. In particular,

conclude that

£ (%)
fe(Yr)

:/ﬁwkuw:u (7)

Fi—1

Set

71271 .t}/t
WQ:n/g;%E; (8)
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Note that by Assumption A3 and (7), & = Yt) are square integrable martingale differences satisfying the

conditions of the Lindeberg-Feller Theorem for martingale differences stated in Appendix C. As a result,
Wy, ~ W~ N(0,J). Furthermore, in most applications, & is a function of an ergodic Markov process with
a unique stationary measure, so assumptions A3-A4 are automatically met.

The following theorem generalizes the results of Bai (2003) and Bai and Chen (2008) and identifies the
limiting deterministic function v appearing in the limit. To state it, set B,, = n'/?(B,, — C), where

121Ut<u u e [0,1]4,
t=1

and where Uy = Ry ,(Y:), t > 1.

Theorem 2 Suppose that Assumptions Al1-A4 are met and that ©, = n~'/? Sor_im + op(1), where the
ne are square integrable martingale differences satisfying the conditions of the Lindeberg-Feller Theorem for
martingale differences in Appendix C. If in addition,

! sz o, (10)

and

> Uy < u)me 25 p(u),  uwe 0,19, (11)

S|

where v and ) are continuous, then (W,,0,,B,,D,) ~ (W,0,B,D), with D, ~ D = B — 0", where
y(u) = E{B(u)W}, u € [0,1]¢, and B is a C| -Brownian bridge. In addition, the parametric bootstrap work
for Dy, since 0y, is regular.

Example 2 If the mazimum likelihood estimator 0,, of 0 exists, then ©, = J'W,, + op(1), som = T
satisfies conditions (10) and (11).

Remark 5 As discussed in Bai (2003), in practice, a truncated conditional expectation is used, instead of
the full conditional expectation, meaning that the information about (Yz)i<o is replaced by setting Yy = 0, for
all t <0. In most dynamic models, that does not affect the methodology since for large t, the process usually
forgets from where it starts (otherwise estimation would be impossible).

The rest of the section is dedicated to particular examples.

4.2 Markovian models

Suppose that (Y;);>1 is a time series with values in R?. Tt is called p-Markov, p > 1, if the the process
{Z, = Yi—p+1,..., Y1) }i>p is Markov. In other words, if ¢ > p, then the conditional law of Y; given F;_4
depends only on Z;_;. Suppose that under Py, that conditional law has a density gs(z,y) with respect to
some reference measure \. As a result, fio(y) = go(z1—1,y), t > p. Assume also that under Py, the law of
Z, has density mp with respect to a reference measure A\g, with mg bounded and continuous with respect to
#. Finally, suppose that the process is ergodic, with unique stationary measure v. For simplicity set g = gy,
and let Xy = (Z;-1,Y:) = (Yi—p,...,Yy), t > p. Then

_,—1/2 9(X p(1
=n Z Xt (1),

t= p+1

and Assumptions A3-A4 are met if A1-A2 holds for f; 9 = gp.
Finally, let 6,, = T,,(Y1,...,Y,) be an estimator of # and introduce 0,, = n'/2(6,, — ).
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4.2.1 Empirical process for goodness-of-fit

For simplicity set Z; = (Y1,...,Y;) whenever t < p, and X; = (Z;_1,Y:) = (Y1,...,Y;) whenever t < p. It
follows that the Rosenblatt’s transform R, g is given by R;le) (y) =P (Ya <wy1| Zi—1), and for j =2,...,d,

RY)(y) = P (Y < ujl Zo1s Yo = g k= 1,...,5 — 1),

)

for all t > 1. When ¢ > p, then Ry o(y) = Go(Zi—1,y), where Gy(z, -) is the Rosenblatt’s transform associated
with density gg(z,-). As a result, condition (9) is satisfied with

v(u) = /1 {G(z,y) < u}glz.y)Mdy)v(dz) = E{B)W},  uel0,1], (12)
where G' = G, and g = gy,

Remark 6 For simplicity, set G = Gy,. Hy(z) = Gy, (x), H(x) = R(z). It follows easily that if H, =
n'/2(H, — H), and ©,, ~ O, then H,, ~ H, where HV (z) = 0TGU (), z ¢ RPTVI j c {1,...,d}. Using
the results in Ghoudi and Rémillard (2004), one can then conclude that D,, = n'/?(D,, — C 1) ~ D, where

d
D(u) =B(u) =07 yi(w) g,  wel0,1]4
Jj=1
with
() = E{CGD (X1 (Vo1 S)lVpsrg =5}, j=1od (13)

The next lemma, proven in Appendixz B.1, shows that v = Z‘;:l Yj.

Lemma 1 For all u € [0,1]¢, y(u) = E{B(u)W} = Z;l:l vj(w), where v and 7y, are respectively defined by
(12) and (13).

Finally, we state some conditions on the estimator 6, so that it is regular and satisfies all conditions of
Theorem 2.

Example 3 Suppose that 0,, = T,,(Y1,...,Yy) for 6 € O satisfies
O, =n""7 " Jy(Xy) +op(1) (14)
t=p+1

where the score function Jp : R — R* is square integrable with respect to gg(z,y)\(dy)v(dz) and such that
for all 8 € O, one has both

/ Jo(5,9)g0(5,1)A(dy) = 0 and / Jo(5, )i (2 )M (dy)m(dz) = 1. (15)

Then 0,, is regular and conditions (10)-(11) are met. Also, since X is ergodic, n, = Jo(X¢) satisfies the
Lindeberg-Feller CLT for martingale differences (Appendiz C).

As shown by Genest and Rémillard (2008), many well-known estimators are regular. With a few adapta-
tions for the Markovian setting, they are also regular. In addition to the MLE, there are other well-known
estimators satisfying (14)—(15).

Example 4 (Moments-based estimators) Many moments estimators also satisfy (14)—(15). Assume
that 0 = (), where for all z, vy a.s.,

[ MG =



Les Cahiers du GERAD G-2011-69 9

for some integrable function M : R@tDe — Re that does not depend on 6. Suppose also that v is continuously
differentiable and that the matrix w of derivatives is non-singular. Then V™' exists and is continuously
differentiable by the inverse function theorem. Furthermore, Slutsky’s theorem implies that for all z € RP+1d,
condition (14) is satisfied with Jo(x) = {1 (0){ M (x) =~ (0)}. Finally, condition (15) is also met since

/ (M (z.y) — 0" (0)bgo 2. y)\(dy) = 0
and

BOWT) = H0 00} [ Ml 0)ilen)Mdy)n(dz)

60} |55 [ [ MGt )

0=6q

e} o) 1

0=0¢

4.3 Regime-switching Markovian models

Suppose that (73) is a (non observable) Markov chain on {1,...,m} with transition matrix @ and (7%, Y})
is a Markov process so that given 7,_1 = i and Y;_1 = z, (7, Y:) has density Q;;fo(J, z,y) with respect to
measure A X v, v being the counting measure on {1,...,m}. It means that for any bounded continuous
function h on {1,...,m} x RY,

E{h(r,Ye)|re-1 =4, Yi1 = 2} = ZQij/h(jv Y)foj,z,y)dy.

J=1

Even if (7¢,Y:) is a Markov process, the results of the previous section does not apply directly since the
regime process 7 is not observed, only Y being observed.

The next result shows that the parametric bootstrap works for regime-switching Markov models when
parameters are estimated using the EM algorithm.

Proposition 1 Suppose that the process (1¢,Y:) is ergodic with stationary measure w for the Markov chain
7. Under the smoothness conditions in Cappé et al. (2005), if (Q,,0,) are the estimated parameters of (Q,0)
using the EM algorithm, then these estimators are regular and parametric bootstrap works.

The proof is given in Appendix B.3. Note that the conditions of Proposition 1 hold for the traditional
HMM model with Gaussian densities. An implementation of the parametric bootstrap in that setting is
illustrated in Rémillard et al. (2010). Note that because the process is ergodic, the values of 7y and Yy are
not important.

Remark 7 For the selection of the number r of regimes, it makes sense to choose the first ro for which the
P-value of the test of goodness-of-fit is larger than 5%. That was proposed in Papageorgiou et al. (2008).

4.4 Dynamic models with innovations
By a dynamic model with innovations, one means a model of the following form:
Y = pe + oy,

where the ¢ are i.i.d. with mean 0, covariance matrix I and common distribution Ky,, with density go,,
and with Rosenblatt’s transform Gy, , pu: € R and o, € R**? are F,_; measurable and do not depend on
parameter 61, only on parameter 65. Here, 6 = (6, 92)T. In addition, oy is invertible.
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In a model with innovations, it follows that Ry g(y) = Ga, {07 '(y — )}, and f1.0(y) = go, {07 ' (y — 1) }
/o], where |oy| is the determinant of oy. Note that R, ¢(Y:) = Gg(e,) and if e, ; is the residual estimating
€, depending on 6y, 2, then v, s = Go, | (en,).

It follows that fi(y) =g {at_l(y — pe) } /o, so

B g{ort(y—ne)}

0p, 1 =
01 ngt,@(y) g{ot_l(y _Nt)}

and
gl{agl(y_ﬂt)} 1 1 892'|Ut|
892]' ]~ng,9 Yy)=— _ o 602]'0- 0 Yy—p +602jﬂ - . )
T e O A

1 < j < s9, where ¢’ is the (row) gradient vector of g with respect to . As a result, W,, = (Wn,l,Wn,g)T,
with .
. g(er)
Wy =n"1? (16)
; g(er)
and
L Dy, ot
Wi, =-—n"1/? [—g (€)1 By, v + By} + 2271 | 17
12,7 ; g(at) t { 02, 9tEt GZJMt} |0't| ( )

forall 1 < j < so.

692]' ‘at‘

Remark 8 Recall that 0,log A, = Trace (A;lavAv). As a result, A

1<) <so.

= Trace (0[189%0,5), for all

It is easy to check that if € is estimated by the maximum likelihood method, then @, if it exists, will be
regular.

However, in applications, 5 is often estimated using the so-called quasi maximum likelihood method
(QMLE), where the innovations are treated as Gaussian even if they are not. More precisely, 6, 2 is the value
minimizing

On,2 = argmin {Z(yt — ) The (e — ) + Y log |ht|} = argmin L(62),
t=1 t=1

where h; = otoj .

The following proposition in proven in the Appendix.

Proposition 2 Under the conditions above, if 0,,1 is a reqular estimator of 81 then 0, is a reqular estimator

of 0.

Note that unfortunately, the limiting process will depend on the unknown value 02, so one cannot just ap-
ply the parametric bootstrap to the innovations. One has to generate the process Y and estimate parameters
0 = (61, 02) for each replication.

Finally, in addition to Theorem 2, one can state a result that will be useful when dealing with tests of
independence or goodness-of-fit for the innovations.

To do so, set K,, = (K,, — K), where

Further set
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Theorem 3 Suppose that Assumptions A1-A4 are met and that ©,, 5 = n=1/2 Sor_ i m + op(1), where the
1 are square integrable martingale differences satisfying the conditions of the Lindeberg-Feller Theorem for
martingale differences in Appendiz C. If in addition,

and

- 1(e <x) L =5 (x),z € [—o00, 0]?, (20)

where v and v are continuous, then (W, 2,0, 2,0an,K,) ~ (Wa, 09, a,K), with K = a — Og 2, where
y2(7) = E{a(x)Ws}, 2 € [~00,00]?, and « is a K-Brownian bridge.

To see that one can recover Theorem 2 from Theorem 3, consider the case d = 1. In this case,

Dp(u) =n~"! Z 1{Fp, (ens) <u} =K, o Fe_nl (u),

t=1
so D, (u) = n'/?{D,,(u) — u} can be written as

Dy(u) = KpoFy ' (u)+n'*{KoF;" (u)—u}
Ko F~Yu) — 0] Fo F(u)
= aoF '(u)=O370F '(u) - 0] FoF ' (u)
= Blu) =0 Ty(u),

where y(u) = E{B(u)W}, u € [0,1], and 8 = a o F~! is a standard Brownian bridge.

5 Goodness-of-fit tests for copula-based models

The second category of models one considers is the family of semiparametric models, where the null hypothesis
is a parametric hypothesis about the serial and interdependence of the series. In most cases, these models
are concerned with two-stage modeling: The first stage is the modeling of univariate series, while the second
stage is the modeling of the dependence between the series. More precisely, it is often assumed that Y; ; =
Mg+ h;/fst,j, where py, hy € Fi—1 and g, = (g41, - - - ,st)d)—r are i.i.d. with continuous marginal distributions
Fi,...,F; and copula C. These models appeared in van den Goorbergh et al. (2005), Patton (2006), Chen
and Fan (2006a). Formal goodness-of-fit tests were treated in Rémillard (2010), so there is no need to pursue
that subject here.

Another type of copula-based models for univariate time series were studied in Chen and Fan (2006b)
and extended to the multivariate case in Rémillard et al. (2011). More precisely, assume that the time series
Y is p-Markov and stationary. One is not interested in modeling the series Y but in modeling the series U,

where
Uy=M(©;) = (My(Yn), ..., Ma(Yea)) ", t>1,

and where M; is the (continuous) marginal distributions of Y;;, 7 = 1,...,d. As aresult, each Uy; is uniformly
distributed over [0,1]. For that reason, the p-Markov process U is said to be on natural scale. The copula
C of interest in this case is defined as the joint distribution function of V;_1 = (Uy—p,...,Us—1) and U;. For
details on estimation and tests of goodness-of-fit, see, e.g., Rémillard et al. (2011). The rest of the section is
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devoted in proving the validity of the parametric bootstrap methodology proposed in Rémillard et al. (2011).
Not all copulas can be used. In fact, by stationarity, one must have,

Clu)=C(u,1,...,1)=C(1,u,1,...,1) =---=C(1,...,1,u), foralluel0,1]%

Note that C is a stationary distribution for the p-Markov process U. Throughout the rest of the section, the
null hypothesis takes the form

Hy: The distribution function C of (V;—1,U;), t > 1, belongs to the parametric family {Cy; 0 € O}.

From now on, assume that the density ¢y of Cy is continuous and positive on (0, 1)P+1>4 Tt then follows
that the Markov chain V' is irreducible and ergodic (Bradley, 2005)[Theorem 3.5]. As before, instead of
working directly with the distribution functions, one will work with the Rosenblatt transforms. Therefore,
the null hypothesis can be rewritten as

Hy: The Rosenblatt transform R; of (Vi_1,U;), belongs to the parametric family {R; ;0 € O}.

Note that because V' is a Markov process, it follows that for all ¢ > p, R;¢(u) = Gg(ve—1,u), for some
parametric family Gy defined on (0,1)P+D*? For simplicity, set G = Gy,, G = Gy,, and G = Gy, , where 6
is the true (unknown) parameter. For simplicity set ¢ = ¢p, and set ¢ = qg,, where ggp(v) = f(o 1" co(v, u)du.

Then
- . ¢(Vie1,U)  4(Vi1)
=n 1/2 { t—1, Y1 _ 4o 1 ,
t;rl (Vie1, Up) - q(Vioa) p(1)

and Assumptions A3-A4 are met if A1-A2 holds for f;g(v,u) = co(v,u)/qo(v).

Before describing the test and the parametric bootstrap procedure, set w, ¢ ;j = M, ;(Y;;) = En j(Us;),
where

1 n
B j(uj) *EZIUH<UJ (21)
t=1

is the j-th marginal of E,(u) = 37 1(U; < w), u € [0,1]%. Further set E, = n'/2(E, — C), F,(u) =
(Eny(u1), -, Ena(ua))

T
Hy(v) = (F, (vi1, -+, 01a)s -, B (Up1, -+, Vpa))

V= (V11, -y Vldy - s Upls -, Vpa) | € [0,1]P*9 and B,, = n'/2(B,, — C), where

1
= E Z 1 {Rt,OO(Ut) < u} R u e [0, 1]d
t=1

Define e, = Ry, (uny), t € {1,...,n}. Then for p < t < n, ey = Gg, {H,(Vic1), F,,(U)}. In the
present context, recall that (U;) is a statlonary and ergodic Markov process so that (V;_1,U;) ~ C. Under
the null hypothesis Hy, the empirical distribution function

1 n
—Zl (ent < u), u e [0,1]%
t=1

n

should be “close” to C'|, the d-dimensional independence copula. Based on the results in Genest et al. (2009),
to test Hy, it was proposed in Rémillard et al. (2011) to use the Cramér-von Mises type statistic

= = 2(w)du =n n(u) — u)V? du
So = 1@ = [ Diwdi=n [ (Do - Cuw)a (22)

n d d
= 3—2 - 2d1,1 Z H (1—eh ) + % ZZ H {1 — max (en ik, €n jk)}
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where D,, = n'/?(D,, — C}). Thus assume that 6, = T,,(Uy,...,U,) and suppose that S, = ¢(D,,) is a
continuous functional of the empirical process I,,. The parametric bootstrap procedure can be described as
follows:

For k = 1,..., N, generate a stationary Markov process U*, so that so that the joint law of
(Uf -+ Ut yip) 38 Co,, 1 < j < n—pand estimate 0 by 6}, = T (U7 1, U}, ) Then define

Wine = Fin (Ufe) and €0 = Rigy, (W )s t € {1,.,n}. Compute 87, = v, (Df, )
=13 (e, <)
t=1 kn,t — .

Assuming that large values of S, lead to the rejection of Hy, an approximate P-value for the test based

according to formula (22), where Dj , (u )

on S, is given by

1 N
Zl Sin > Sn)
k:l

5.1 Convergence of the empirical process D,

In addition to Assumptions A1-A4, assume that E,, ~» E, where E is a continuous centered Gaussian process.
That condition yields the convergence of ID,,, as well as the convergence of pseudo-likelihood estimators of 6.
See, e.g., Rémillard et al. (2011). In fact, a sufficient condition for the convergence of E,, is that the process
U is a-mixing, with a(n) < en™¢, for some ¢ > 0 and a > 1. Most copula families satisfy this property
(Rémillard et al., 2011). Under these conditions, it can also be shown that C,, = n'/?(C,, — C) ~ C, where
C, =n'?(C, - C) ~ C,

n

Cp(v,u) =n""t Z 1(Hy(Vie1) < v, Fo(Ur) < ),

t=p+1

Cvu—nlz (Vier <0,U <),
_p+1

and C has representation C(v,u) = C(v,u) — F(u)"V,C(v,u) — H(v)"V,C(v,u), (v,u) € [0,1]®+D9 Un-
der the smoothness assumptions on Gy, it then follows that for all j = 1,...,d, n'/? [Gé{? {H,(v), F,(u)}

—GUY (v, u)} converges weakly

P d
@TG(J) (v,u +Za GU )(v w) By (ug —l—ZZ&,MG v, w)Eg (vig).
k=1 1=1 k=1

Next, under Assumptions A1-A2, AM,; = zg“z:g;g — 282:3, t > p, form a martingale difference sequence
satisfying the conditions of the Lindeberg-Feller CLT for martingales (Appendix C). As a result, W, =

n=1/2 Y tepi1 AM; +op(1) ~ W ~ N, (0,7), where

. . T . . T
g T -
(0,1)pxd

©O1)@+xa  co(v,u) q0(v) ’

if the chain is ergodic. As said before, the latter is true because cp(v,u) > 0 for all u,v € (0,1)PTV*d By

Lemma 1,
d

SE{GO(V,UHG(V,U) < ul|GV(V,U) = u; } = 1(u) = B {Bu)W}.

j=1
Next, for any k € {1,...,d}, and for any bounded continuous function h on [0, 1] so that h(0) = h(1) = 0,
set
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pe(u,h) = Y )E {%G“’(v, D)h(Vi)I{G(V,U) < u}|GY(V,U) = uj}

j=11=1
d . .
+ 3 EB{ 0,69V, 0)U)UGV,U) < u}|GD(V,U) = u;}
j=1
Therefore, using the results in Ghoudi and Rémillard (2004), one may conclude that D,, ~» D, where D(u) =
B(u) = ©7(u) = Xy pon(u, Br).
5.2 Validity of the parametric bootstrap

It follows from Theorem 1 that if 6,, is regular for @, then the parametric bootstrap work if and only if
E{D(u)W} = 0 for all u € [0,1]¢. This is the content of the next result which is proven in Appendix B.2.

Lemma 2 E{D(u)W} =0 for all u € [0,1]% and E{C(v,u)W} = C(v,u) for all (v,u) € [0,1]F+Dd,
We now give some examples of regular estimators.

Example 5 (Pseudo maximum likelihood) An obvious extension of the pseudo mazimum likelihood
method (Genest et al., 1995) to the Markovian case consists is maximizing

n Co (VZ—L Ut)
2w () 0

with respect to 0, where ¢y is the density of Cy, assumed to be non vanishing on (0, 1)(p+1)Xd, and qp 1
the density of Cy(v,1). Note that (23) is the logarithm of the conditional density of Upy1,...,Un, given
Ur,...,Up. Under assumptions A1-A4 in Rémillard et al. (2011), and if the sequence Uy is a-mizing, then
the maximum likelihood estimator 0,, obtained by mazimizing
< Co (‘/;—17 Ut) }

log § ————= 24
> {2 2

t=p+1

with respect to 6 behaves nicely. In fact, n'/? (én - 9) =J W, +op(1) ~ 0=J1W~ N, (O, j’l). It
follows that n'/? (6,, — 0) ~ © + © ~ N, (0,J), for some covariance matric J, if Lg(v,u) = Cov.w) _ do(v)

) colv) ~ a0(v)
is continuously differentiable with respect to (v,u) and © = J ' [{V,L] (v,u)F(u) + V,L{ (v,u)H(v)}
dCy(v,u). It then follows that 0, is a regular estimator of 0, since by the proof of Lemma 2, E{F(u)W} =0
and E{H(v)W} = 0, for all (v,u) € [0, 1)@+,

Example 6 (Moments-based estimators) Often, it can be shown that for some moments M, M =
K(0), with K invertible and differentiable, and n*/*(M,, — M) = Hq¢(C,) + op(1), for some continuous
linear function H with values in R*. It then follows that 0,, = K~1(M,) is a reqular estimator of 6 if
Ho(Cy) = K'(0). In particular, Kendall’s tau and Spearman’s rho are moments that satisfy n'/?(M,, — M) =
Ho(Cy,) +op(1).

6 An illustration

Consider a GARCH(1,1) model with GED innovations, i.e., Y; = pu+ 04, where 07 = w+ao? 671+ fo?_4,
Izl

and ¢; has GED distribution with parameter v > 0, with density h,(z) = W”F(l/y)efé(bu) , and

b, = 271/ }:%?Z; The innovation ¢ are independent and ¢; is independent of F;_;. Note that the case
v = 2 corresponds to the Gaussian distribution. From the results of Section 4.4, using the MLE or QMLE
estimates, the parametric bootstrap approach is valid.
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Implementing Khmaladze’s transform for Gaussian innovations is relatively easy, while implementing it
for the GED distribution is very difficult. However, the parametric bootstrap approach is always easy to
implement. Using the parametric bootstrap approach with the maximum likelihood estimator, we obtain
the following parameters for the returns of Apple (appl) from January 14th 2009 to January 14thm 2011.
f=0.0028, & = 7.12x 1077, & = 0.0817, B = 0.8969, and 7 = 1.3511. The P-values corresponding to the
Kolmogorov-Smirnov test statistic (K,,) and the Cramér-von Mises statistic (S,,) are respectively 14.4% and
28.4%, using N = 1000 bootstrap samples. Hence the null hypothesis of a GARCH(1,1) model with GED
innovations is not rejected. For the Gaussian distribution however, corresponding to a GED with v = 2, the
Kolmogorov-Smirnov and Cramér-von Mises statistics based on the Khmaladze’s transform, and both our
test statistics K,, and S,, yield P-values close to 0, rejecting the null hypothesis of a GARCH(1,1) model
with Gaussian innovations.

A Proofs of the main results

A.1 Proof of Theorem 1

The proof is very similar to the proof of the analogous result in Genest and Rémillard (2008) obtained in the
serial independent case; however it is included here for sake of completeness.

Suppose (371, e ,}7”) is an independent copy of (Y7,...,Y,). Denote their joint law by P,. Set 0,
£,(Y1, .. Yn, 6,), and denote by P* the joint law of (Y7,...,Y,,Y7,...,Y,) under the change of measure
defined by TF Lo — exp(ly). It is easy to check that under P,, and conditionally on (Y1,...,Yy), (Y1,...,Yy)

has law Py, , 1.e., under P,, (Y1,...,Y,) has the same law as the bootstrap sample (Y7,...,Y."). The rest
of the proof is based on a very powerful result, called “Le Cam Third Lemma”, that can be used to transfer
any convergence result valid for statistics of (}71, LY, ) into a corresponding result for the bootstrap sample
(Y,...,Y."). However, it is much easier to work with (Y1,...,Y,), since it is independent of Y7,...,Y},)
and its law is the same. In particular, if S, is any statistic of (Yl, LY, de, Sy = 0 (Yh, .., YY), let
S, be its independent copy based on (Y1,...,Y,), ie., S, = 1/1n(Y1, ..., Y,), and let S} be its bootstrapped
version, i.e. S} =1, (Y7, ...,Y,¥). In particular, deﬁne (W, 0,, Ay), (W=, 05, A%) accordingly. Further set
0, = n'/2(0, — 0) and ©F = n'/2(6% —0).

By construction, under P, (Wn, O,, An) is an independent copy of (W,,,©,,A,), so
(th @n7 Anv an énv An) ~ (W5 65 A? W) é) A)?

where (W ©,A) is an independent copy of (W, 0, A). Using the tightness of ©,, and the joint convergence
of (©,,,W,,), it follows from (1) that

by =ln(Y1,...,Yn,0,) =0 W, ——eTje +op(1),

as n — oo. Consequently, setting ¢, = exp(@n), one also gets

(C’na Wnu 9717 Ana Wnu én7 An) ~ (<7 Wa 97 Aa W7 é7 A)a
with { = exp (@TW— %GTJG). Note that ¢ > 0 and E(¢|W,0,A) = 1 since W ~ N(0,J) and is
independent of (W, 0, A), so ¢ defines a change of measure.

Invoking Le Cam’s Third Lemma (van der Vaart and Wellner, 1996), one can now see that P} is contiguous
with respect to P,, and one may conclude that

(W’fh @THA?MW:N 627A;) ~ (Wa GaAv G*aA*)v

where o
E{L(W,0,A,0" A")} = E{(L(W,0,A,0,A)},
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for any bounded continuous function L on R®* x R® x D(T,R™) x R* x D(T,R™). It remains to study the
law of (W, 0, A, ©,A) under the change of measure ¢. To do so, it is enough to study the law of any linear
combination of

W,0,A(t),...,A(tr),0,A(s1),...,A(s;).

Therefore, to complete the proof, it suffices to study the law of (£1,&2) under the change of measure, for
any random variables & and &, with & independent of (W, 0, A, &), (1,82, W) centered Gaussian, with

E(&) = 0% and E (fgW) = v. To that end, let (£f,&;) denote the associated vector under the change of

measure and note that for every A\;, Ao € R, one has

E{exp (iMig] +iX283)} = BE{Cexp(idi&r +iX2&2)}
E{exp(iMé& +idaéa +OTW -0770/2)}
= BE{exp(i\& — M302/2 +i)yy' ©)}
= Elexp{idi&y +ida(&2 +7'0)}).

As a result, (£5,&5) has the same law as (&1,& +7'0). O
A.2 Proofs of Theorems 2-3

Let 6 > 0 be given. First, note that because O, is tight, one can find M > 0 such that P(||©| > M) < 4.
Also, one can find a finite number of vectors aq, ..., a.m,m, m depending on M and 6, so that

{10all < M} € |J {100 — il < 3/n'/},
k=1

where 6, 1, = 0+n="'2a;, k=1,...,m. The trick now is to replace the random value ©,, by the deterministic
values 0, ;, using partitions of unity as in Ghoudi and Rémillard (2004). See also van der Vaart and Wellner
(2007) who used the same trick.

Under P = Py,, W,, ~~ W ~ N(0,7). Since

( Py, |
log :

dP

1
) ~ a;W — —agjak,
‘F’Vl 2

then under P, ,, W, ~» W®) =W + Jag, so under Py, .
o ar
S\ ap,,

Next, again invoking Le Cam’s Third Lemma (van der Vaart and Wellner, 1996), under Py, ., Dslk) ~ B,
where B is a C-Brownian bridge, then under P, D, ~ B — a/ v, where y(u) = E{B(u)W}. As a result,
going back to ©, under P, D, ~ B — ©T~, completing the proof of Theorem 2.

1 1
) ~ —agw(’“) + §a£jak = —aEW — 5(1217%.
]:n

The proof of Theorem 3 goes along the same lines. Under Py, ,, n'/2(K, — Ky, ) ~ Bg, where By is
a K-Brownian bridge and E {Bx (2)W} = v (x). Hence, by Le Cam’s Third Lemma, one gets K,, ~ K =
By — a] vx. Going back to ©, one may conclude that K,, ~ By — O Tk, completing the proof of Theorem
3. O
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B Auxiliary results

B.1 Proof of Lemma 1

It follows easily that

BB = £ {10 < 04538 = (11660 < witzranais),

for any ¢t > p. Here E; stands for the expectation under the stationary distribution 7 of Z;.

Next, set y) = (y1,...,;), and define
gD (2,07 = /g(j)(z,y(j),ijrl))\j(dyj)v
1 <j<d, with ¢D(z,y) = g(z,y). Note that for any j = 1,...,d,

Go) (z,y):/ g (z,yofl),w) X (dw) /gD (Zhy(J*l)). (25)

Next, using (25), one gets
/1 {G(d)(%y) < Ud} 95" (27y(d‘1’7yd) Na(dya)

_ géd—l) (z,y(d*”) Géd) {Z,y(dl), {G(d)}_l (Zvy(dl),ud)} 7

so using Lebesgue’s dominated convergence,
/1 {G(d)(zay) < Ud} g (Z, yl=, yd) Aa(dya)
= 0y {/I{G(d)(z,y)éufz}g( ( Y ya) Al dydL .
S ST ST G I Al
0=0,
_ 4a- (Z,yw—l)) @) {Z (d-1) { <d>} (Zy (@), )]
;

90 (2,54D) G@ [, @0 e 1( @1, g
— ugg@dD (Z,yw—l)) _

4gld=D (27y<d—1>) () -z,y(d_l), {G<d>}71 (z,y<d—1>, ud)

As a result,
E{B(wW} = 7a(u)
d—1
u //gwfl) (g @ D) TT1La® (2,y®) < u
of [0 o) T (60 () < )
) A@=D) (dy<d—1>) (dz).

Using (25) and iterating the last procedure, one ends up with
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E{Bu)W} = ~ya(u)+--+7q(u)

d
Wi ()27 ()Z, SUu maz).
+<]1:[2 J) //91( y)1{GD (z,91) < i f M (dyn)(dz)

Finally,
/9(1)(27y1)1 {G(l)(zuyl) < Ul} A1(dyr)
= 0Oy {/gél)(z,yl)l {G(l)(zayl) < U1} /\1(dy1)]
6=6o
—1
— Oy [/ G {27 {G(l)} (Z,ul)}]
0=0,
. -1
o0 o {6} ).
As a result
(H “J) // (z,91)1 G( (z,1) < Ul})\l(dyl)ﬂ'(dz)7
so E{B(u)W} = ~v(u), completing the proof. O

B.2 Proof of Lemma 2

Since one already knows that E{B(u)W} = v(u), E{D(u)W} = 0 is equivalent to ZZ:1 E{pi(u, Ex)W} =0,
u € [0,1]%. From the very definition of uy, to prove the previous equality, it is sufficient to show that
E{Ex(s)W} =0, for any s € [0,1]. That follows from the fact that E(CW) = C', proven next, since

E{Ex(s)W} =C(1,1,...,1,s,1,...,1) = 0p [s],_y, = 0.

Since C(v,u) = C(v,u) — F(u)"V,C(v,u) — H(v) " V,C(v, ), it follows from the proof of Lemma 2 that
E{C(v,u)W} = E{C(v,u)W}, for all (v,u) € [0,1]P+D4d,

Now
. S e(Vie,Up) d(Vies)
E{C Wl o= i -'E — Vioi <o, U, <
{ClowW} = lm n [Z Z{ ViU~ vy [ Vs obesm)
i=p+1t=p+1
é(Vie1, Uy)
- o 3 E { s~ 2t }”‘””U‘“)
t=p+1
) _ ¢(Viza, Uy) d(V} 1)
+ lim n7! E (Vi1 <o, U <) .
e 2 { W D) vy [ 1= tis
p+1<t<i<n

First, E {%1(1/}_1 <o, U; < u)} = C(v,u), since

/ ¢z, w)l(z <v,w <w)dzdw = 0Oy
(0,1)(r+1)d

/ c(z,w)1(z <v,w < u)dzdw
(0,1)(p+1)d

= 0Oy [C(v,u)]ezeo = C’(v,u).

0=6q

Next, since f(o 1) c(u,v)du = q(v), one gets, whenever p+ 1 <t < i,

E { C’(‘/tfla Ut)
C(W—lu Ut)

1(Viey < 0,U; < u)} _ E{ZEVti

1(Vieq <0, U; < U)},

=



Les Cahiers du GERAD G-2011-69 19

by using the Markov property and integrating with respect to U;_,. As a result,

Z;E (s - e i < ot < w)

r 2E [{253‘1353 : ZEKZ‘B}W—l <t <)

p+H1<t<i<n
t=p+1 1)
2 E [{ 1 Q(Vt_l) } 1(Viey <v,U; < u)}
pri<t<i<n aVi)  q(Vi-1)

= (n-p)Clv,u)— Y E{Q(V]")I(Uikgs)}.

Hence, since C,, converges in probability to C, it follows that

B{C(.wW) = Clv,u)~ lim n! i_z:;rlE{ZE“;Zil(Vz_l <o,U < u)}
= Cv,u) —C(v,u)E { ZE‘KZ; }
— Cu) - Cvu) /@,wd i(v)dv = C(v, ).
Hence one may conclude that E{C(v,u)W} = C(v,u) for all (v,u) € [0, 1]®+14, O

B.3 Proof of Proposition 1

Suppose (77, Y,*)7— is an independent copy of the chain (7, Y})7_, with parameters (Qo, 6p). Denote by F;
the sigma-algebra generated by (7;,Y;*)%_,. Suppose that (Q,,6,) are n'/?-consistent estimates of (Qo, )
and define the law Py, ¢, ® Pg, 6, on F, V F,;: by

dP, P,
6 = log < Q.00 ® Qn,en)
dPQo 0o @ PQ0,90

_ Zl {Qn Tt 17Tt> fen(Tt*vift*—la}/t*)}
(Tt 15Tt f@o(Tt*uy;e*_pY*)

’)
_ Qn(Tt* lth*)} {f(') 7—t’th< lvy*)}
— 1 ]
Z"g{ Qo7 1.77) ZO Joo (77 Y71, Y;7)

1 't

FnVF}E

Then under Py, .9, ® Pg, 6, given F,, the Markov chain (7;,Y;*) is determined by law Py, o, .
For simplicity, set Q = Qo and f = fy,. Further set A, = {(i,7);4,5 € {1,...,m},j #i}.
Then, setting N (i,j) =Y, (771 = i,77 = j), and N} (i,-) =Y 1, 1(r;_1 = i), one gets

log { Qn(Tttla Tt*) }
Q17 1,74)

S

1t=1

gnl =

)

NgE

M1 2

Il
-

1 J
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- i ijN;u,j) log { %néf’]%)}

=1 j=1
IR B o P\ C¥) 1O Ni(, )
N W;; Qi 5) Qn(i,5) — %;; W{Qn(z 7)1 +op(1)
— L N;(’Lv]) _ N;:(Zal) ’L j i
oo (i,j)EAm{ Q(Z,]) Q(sz) }Q (z])gA {Q 2{(@"( ])}
2
QnZ{Qll}g =3 " Quli,§) p +op(1)

J#i
= QIW:M - §QIAnQn +op(1),

where @Q,, and Wy, | are respectively the m(m — 1)-dimensional vectors with components n'2{Q.(i,7) —
Q(i,5)}, and n=1/2 {% - J\g&;) }, (i,7) € Am, Ay is the m(m — 1) x m(m — 1) diagonal matrix with
element % at (i,5) € Ap, and A, = A, +2 37 {Q(l(z)]?g 1,1, where 1; is the m(m — 1)-dimensional
vector with zeros everywhere but at elements (i, j) where it is 1, Whenever j # i. Note that A, — A a.s.,

where A=A+ 3", Q(l 1il; , and A is the m(m — 1) x m(m — 1) diagonal matrix with element # at
(i,7) € Am.
As a result,
T r* 1 T
gn,l - QanJ - 5(@” AQn + OP(l)- (26)

Further note that W}, ; ~ W7, where W7 is centered Gaussian with covariance matrix A. To see that, set

G = ml(ﬁtl =i,7 =j)— Q1“ Wry =d,7f =i)and & = Q(; B) Wiy =1 =08)— ml(ﬁtl =
a, 7 = ). Then E((|Fi—1) = E(§]|Fi—1) =0, 80 E((€) = 0if ¢ # k and

E(Gé&) =

Linlip + Iiq .

Qi) Qi)

As a result, if A is a m(m — 1)-dimensional vector, then one has

S Y @A ﬁ){Q(.,j)LaI]HQ(Z,Mm}

(4,7) €A (a,B)EA,

Var(ATW?)

2
SV RS R PRty
(i,5)€EAm VE
= ATAN (27)
Next, set
YY)
W — /2 Ttv t—1>
a=n Y S
and remark that % is a difference martingale since for any i € {1,...,m} and any z € R,

/f(z, z,y)dy = 0. (28)

Ty :Z"j Fr e Y S Y YO Y YT
Fm YY) P YY)

Furthermore,

t=1
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converges in probability to —cly, where

Jy = ZZT‘—ZQ (4,7 / f j,Z y j,Z y) (i,Z)dZdy,

z
P fGszy)

the sequence (77", Y;" 1, Y;") being ergodic.

By the central limit theorem for martingales, e.g., Durrett (1996), one may conclude that Wy , ~
N(0,Jy). One can also show that the covariance between W,, ; and Wy , is zero, again because of (28).
From the calculation in Section 4.2, it follows that

- f9 (Tt*vntl’}/zﬁ*)}
6"1 = 1Og{ Y * * *
’ Z f(Tt 7Y;5—17Y;5 )

t=1

1

— oI 10100 orl)
1

= @ZW:;Q — 5@1[7]‘@" + Op(l).

As a result, £, = Q, W; | — 3Q) AQ, + 6,/ W} , — 0,1 7¢O, + op(1). Finally, by construction, Wy, ; and
W, 5 are independent of (Q,, ©,) and one may conclude that

(@77,7@ W:LDW:LJ) ~r (Q7®7WT7W§)7

where the latter is a centered Gaussian vector with (W7, W3) independent of (Q, ©®). Furthermore, since the
covariance between W | and Wy , is zero, it follows that W} and W3 are independent, with W} ~ N (0, A)
and W3 ~ N (0, Jf). As a result,

(Qnaenvwn 1 nlv ) (Q o lew%é)v
with £ =Q'W; —1QTAQ+©"W; — 167 7;0. Furthermore, using (27) and independence of W} and W3,
one has FE {exp(¢)|Q,©} = 1, showing that E {exp({)} = 1.

It remains now to show that the MLE estimators (Q.,6,) based of the EM algorithm, and depending
only on Y3, ...,Y,, are regular. According to Cappé et al. (2005), one has

Qn _7—1 _ 71 Zn,l
[@n]—J Zn=d71 G0

where Z,, 1 is a m(m — 1)-dimensional vector with component Z,, 1(i, 5),(%,j) € A, given by

Zna(iy§) =02 " milis ),

t=1
where the martingale differences 7; are defined by
RN ) _m(m)H }_ sztlu',j)_zvtl(i,i)}
06 =B {5 g 1) B\ e e

and Z,, o = n~1/2 Z?:l Z¢, where the martingale differences =; are defined by

yt1:| ’

T, Y1, Vi) Thy Yi—1, Y
B[y g ily] g |y Sty
S (T, Y1, Ya) S (T Vi1, Ya)
where ); is the o-algebra generated by 79, Yp,...,Y;. Moreover Z,, ~ Z, where Z is centered Gaussian

with covariance matrix J. Therefore, to show that (Q.,,6,) are regular, it suffices to show that F (WZ T) =
J. First, note that E{N, (i, j)|F} = Ni(i,5) + 2121 Yopeyey 1 = 1) (QM177), Q. As a result, since
Vi C Fy, it follows that E{W, 1(i,5)|V:} — E{W,.1(i,5)|Vi—1} = n~Y?n.(i,5), (i,7) € An. Therefore,
Zn1=EW,1|V,). Similarly, E{W, 2|V} — E{W,,2|Vi_1} = n~Y28,, so Zp2 = E(W,, 2|Y,). Combining
the two equalities, one obtains that Z, = E(W,|Y,). Hence, as n — oo, E (W, Z,]) = E(Z,2,]) — J,
completing the proof. O
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B.4 Proof of Proposition 2

It follows that for j, k € {1,...,s2},

602,jL = _2Z(yt - Mt)Th;Iaez,th - Z(yt - Mt)—rh;laez,j hthgl(yt - Mt)
t=1 t=1
vy el
and
892,j892,kL = _2Z(yt - /Lt)Th;1892,j892,k/Lt =+ 2Z(yt - /Lt)—rh;laez,jhthglaez,kﬂt
t=1 t=1
+2Z(yt - /J't)—rh;laez,khthglaez,jﬂt + 22692,j/‘:h;1692,kﬂt
P t=1

1
+ Z(yt - Mt)Tht_l {2892,jhtht_1892,kht - 892,j892,kht} ht_l(yt - /J't)

t=1

6921692k|ht| 8921|ht|692,k|ht|:|

. . Da, s,
;{ |he |he|?

Note that since Trace {h;1892’].} = 0p,; log |hy|, it follows that

602,j602,k|ht| 602,j|ht|892,k|ht|

o - 2 = Trace {h; ‘09, 0, . hu — hy " Do, huhy " Og, i} .
t t

Set (. = 25;'—0;139“% + Trace {Utfl&gwht (ot—r)_l (eeef — I)}, and
V;f;jk = 25:0;1 {602,jhth;1602,kut + aez,khth;laez,jﬂt - 692,j892,kut}
+20p, , 11ty "o, e + Trace {hy ' Op,  hihy " 0g, ;i }
_ _ —1
+Trace {o7 ! (200, huhi Ou e = 00,00, 00) (0]) " (2] = 1)}
and note that E(¢;|F;—1) = 0 and
E(Vijk|Fio1) = 20, uehy ' 0o, e + Trace { hy ' Op, ,hehy ', e},

1 < j,k < s2. Assuming that L 37V, 25 Vand L7 | E(Vi[Fio1) 25 V, then O, = n~ /230,
Vﬁlct + OP(l).

Finally, E (Ct&t,lLthl) = O and

E (G &2kl Fio1) = 20p, ,uehy ', e + 2Trace (hy ' 0p, jhihy '0p, 000, )
= E(Vik|Fi-1),

since h; '9g, ,hyh; " is symmetric. As a result, if (0,2, W,,) ~ (02, W), then E (©2WT) = (0,1)". Hence,
if 6,1 is a regular estimator of 61, then 6, is a regular estimator of 6. O

C Central limit theorem for dependent variables

The following theorem is proven in Durrett (1996).

Theorem 4 (Lindeberg-Feller CLT for Martingales) Suppose that E(X, m|Fnm—1) = 0 and set Vi, i
= an 1 E( ,%m|]-'nm 1). Set S,(t) = Z[nt] Xonm, t € [0,1]. If, for every t € [0,1], V,, jny LTt and
>t E {X (| Xnm!| > €)|Fnm— 1} Lr, 0, for every € > 0, then S, ~ 3, where 8 is a Brownian motion,

m=1

50 5a(1) ~ 5(1) ~ N(0, 1).
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