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Abstract

In this article we find the optimal solution of the hedging problem in discrete time by minimizing
the mean square hedging error, when the underlying assets are multidimensional, extending the results
of Schweizer (1995). We also find explicit expressions for the optimal hedging problem in continuous
time when the underlying assets are modeled by a regime-switching geometric Lévy process. It is also
shown that the continuous time solution can be approximated by discrete time Hidden Markov models
processes. In addition, in the case of the regime-switching geometric Brownian motion, the optimal prices
are the same as the prices under an equivalent martingale measure, making that measure a natural choice.
However, the optimal hedging strategy is not the usual delta hedging but it can be easily computed by
Monte Carlo methods.

Key Words: Hedging, option pricing, regime-switching, Lévy processes.

Résumé

Dans cet article, nous trouvons la solution optimale du probleme du portefeuille de réplication en
temps discret lorsque 'on désire minimiser 'erreur quadratique moyenne entre la valeur finale du porte-
feuille et la valeur intrinseque d’une option, lorsqu’il y a plusieurs actifs sous-jacents. Nous généralisons
ainsi les résultats obtenus par Schweizer (1995) qui a traité le cas d’un seul actif, sous des conditions plus
fortes. Nous trouvons aussi la solution en temps continu de ce probléme de réplication lorsque les actifs
sous-jacents sont des processus de Lévy avec changement de régimes. On montre aussi que la solution
optimale en temps continu peut étre approchée par celle en temps discret lorsque les actifs sont modélisés
par des chaines de Markov avec états cachés. De plus, dans le cas de mouvements browniens avec change-
ment de régimes, on montre que les prix obtenus et la stratégie de réplication obtenus par la solution
optimale sont les mémes que ceux obtenus sous une certaine mesure martingale et que contrairement avec
la plupart des modeles connus, la stratégie de réplication n’est pas donnée par le gradient des prix par
rapport aux sous-jacents; par contre la stratégie optimale peut étre obtenue facilement par une méthode
Monte Carlo.

Acknowledgments: Partial funding in support of this work was provided by the Natural Sciences and
Engineering Research Council of Canada, by the Fonds Québécois de Recherche sur la Nature et les Tech-
nologies, the Institut de Finance Mathématique de Montréal and by the PPF Complexité-Modélisation-
Finance de I’Universtité Nice-Sophia Antipolis.
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1 Introduction

In many applications one is interested in finding a portfolio which will be traded dynamically at discrete time
period so that its value at maturity is as close as possible as a target function of the underlying assets. Of
course, it can be interpreted as option pricing and hedging, but sometimes the target function is not a payoff.
For example, that kind of problem arises when one tries to replicate hedge funds or create synthetic funds
with prescribed law and dependence with a given portfolio. See, for example Papageorgiou et al. (2008).

The hedging problem for one risky asset was first solved by Schweizer (1995), when the error measure is the
average quadratic hedging error. He showed that the initial value of the portfolio, which can be interpreted
as the “value” of the option, is the average, under the “real probability measure”, of the discounted payoff,
multiplied by a martingale. However the “price” can be negative since the martingale is not necessarily
positive. In the latter case, which is more the norm that the exception, the martingale cannot be used as
the density of an equivalent martingale measure. However, the discounted asset price process, multiplied by
that martingale is itself a martingale.

Even if that hedging problem as been solved quite generally by Schweizer (1995) in the one-dimensional
case, it seems to have been ignored or forgotten, e.g., (Bouchaud and Potters, 2002) or Cornalba et al. (2002).
More troubling, delta hedging, based on the Black-Scholes-Merton model, is sometimes used in practice even
if it is known that the geometric Brownian motion model is inadequate for the underlying assets (Kat and
Palaro, 2005). Furthermore, even when the geometric Brownian motion model is adequate, the hedging
error in discrete time is not zero. It converges to zero as the number of hedging periods tends to infinity.
That problem is well documented. See, e.g., Boyle and Emanuel (1980), Wilmott (2006)[Chapters 46-47] and
references therein.

Motivated by replication applications, Papageorgiou et al. (2008) proposed a locally optimal solution
minimizing the average quadratic hedging error at each period, in the general multidimensional asset case.
They erroneously claimed that it was globally optimal, which is true only if the discounted underlying assets
are martingales. A first motivation for the present paper is to correct that mistake and generalize the results
of Schweizer (1995) to the multidimensional case. This in done in the next section. Another motivation is to
give a partial answer to the question: What happens when the number of hedging periods tends to infinity,
specially when one uses Gaussian Hidden Markov models (HMM). To answer that, we first solve the optimal
hedging problem in continuous time for possible limits of general HMM.

Minimizing the average quadratic hedging error in continuous time has received much attention. Unfor-
tunately, most of the time it is assumed that the discounted prices are martingales (Cont and Tankov, 2004)
or that the discounted portfolio is a martingale under a class of equivalent martingale measures (Foéllmer
and Sondermann, 1986). See also Pham (2000). As mentioned in Cont and Tankov (2004), minimizing the
hedging error under an equivalent martingale measure is not realistic.

When the market is not complete but there is no arbitrage, there are infinitely many martingale measures.
One has then to choose the “best” martingale measure with respect to some utility criterion. There is a huge
literature on that subject. One interesting paper is Duan (1995) where the author proposes a choice of the
martingale measure when the log-returns are distributed as a GARCH-M process. Unfortunately he also
proposed a hedging strategy which has been shown to be wrong by Garcia and Renault (1998). Hence the
need to find optimal hedging strategies.

The optimal solution of the discrete time hedging problem is stated in Section 2, extending the results
of Schweizer (1995). It is interesting to note that when the price process is Markovian, or a component
of a Markov process, then the optimal solution can be implemented using approximation techniques. Such
examples include the GARCH-type models and some HMM.

In Section 3 we find the solution of optimal hedging problem in continuous time when the log-returns of
the price process follow a regime-switching Lévy process. It is shown that for all but the so-called geometric
Brownian motion, the optimal strategy ¢; is not given by the so-called Delta and in fact depends on the
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whole trajectory up to time t. When the discounted price process is a martingale, one recovers the formula
established by Cont and Tankov (2004) for one-dimensional Lévy processes. A very interesting case is the
regime-switching geometric Brownian motion. It is proven that in that case, the martingale appearing in
the pricing formula is indeed positive, thus permitting an equivalent change of measure under which the
discounted prices are martingales. Surprisingly, under the change of measure, the Markov chain associated
with the regime changes in non homogeneous. That is totally different from the equivalent martingale
measure proposed by Guo (2001). However Monte Carlo simulations can be used to find the associated price
and compute the optimal hedging solution.

In Section 4, we show that under weak assumptions, a regime-switching geometric random walk converges
in law to a regime-switching geometric Lévy process. Moreover, under additional conditions, the associated
discrete time optimal strategy converges to the optimal strategy of the limiting continuous time process.
In particular, the optimal hedging solution in the regime-switching geometric Brownian motion case can be
approximated by a regime-switching geometric Gaussian random walk. All results are proved in a series of
appendices. Finally, an example of application involving the regime-switching geometric Brownian motion is
given in Section 5.

2 Optimal hedging strategy in discrete time

Denote the price process by S, i.e., Si is the value of the d underlying assets at period k£ and let F =
{Fi,k = 0,...,n} be a filtration under which S is adapted. Assume that S is square integrable. Set
A = BrpSk — Br—1Sk—1, where the discounting factors f; are predictable, i.e. [y is Fjp_i-measurable for
k=1,....n

The aim of this section is to find an initial investment amount V and a predictable investment strategy

2
E) = (¢ )p_, that minimize the expected quadratic hedging error E [{G (VO, 2)} } , where

G =G (Vo 9) =BuC Vo,
and

k
Vi=Vo+3 ¢/ A, k=0,...n
j=1

Set P41 =1, and for k =n,...,1, define

Ay = E(ApA) P Fi-1)

b, = AJ'E(ApPrgr1]Fe-1),

ap = A;'E(B,CApPii1|Fro1),
P, = H (1-b]A))

Theorem 2.0.1 Suppose that E(Py|Fr—1) # 0 P-a.s., for k =1,...,n. Then the solution (VO, E}) of the
minimization problem is Vo = E(8,CPy)/E(Py), and

¢k:ak—vk,1bk, k:l,...,n.

The proof is given in Appendix A.

Let Cy be the optimal investment at period k so that the value of the portfolio at period n is as close as
possible to C, in terms of mean square error. It follows from Theorem 2.0.1 that C} is given by

E(ﬁncpk—kl |—7:k)

C =
PuC E(Pyy1|Fr)

k=0,....n. (2.0.1)
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Using (2.0.1), it is easy to check that an alternative expression for Cy is given by

Be-1Ck—1 = E(BkCrlly|Fr—1)
= %E {BrCr (1 = b Ak) Yrs1|Fi1) (2.0.2)
= E(B.CUy - U Fr-1),
where Uy, = %, Vi = E(Py|Fi—1), k=1,...,n+ 1, while an alternative expression for ay, is
ar = A E (BeCrA iyt | Fr—1) - (2.0.3)

Remark 2.0.2 Setting Zo =1 and Zj, = H?:l Uj, k=1,...,n, one obtains that (Zy, BrCr 2k, BrSkZr) 0
are martingales, since E(Uy|Fr—1) =1 and E(AUR|Fr—1) =0, because E {Ak(l — b;Ak)Pk+1|fk_1} =0.
However, in most applications, Z does not define a change of measure in general since it can take negative
values.

Set G, = OBxCr — Vi, £k = 0,...,n. The following properties of the hedging error process G will be
important in the next section.

Proposition 2.0.3 v41+1Gy is a martingale and so is BxVg+15t G-
Proof: First, V}, = azAk + Vi1 (1 — kaAk), SO

E{ViE(Piy1|Fi)lFror} = E{of AB(Pera|Fi)|Fr}
+E {Vi—1 (1 = b} Ag) E(Piy1|Fe) | Fror}
= ap Arbe + Vi1 E(Py| Fr—1)
by B(BnC Ak Pri1|Fi—1) + Vi1 E(Py| Fr—1)
= E(BnCPry1|Fr-1) — E(BnCPy|Fr-1)
+ Vi1 E(Py|Fr—1)
= E{BCrE(Piy1|Fr)Fr—1} — Gr1 E(Py|Fr—1).

Hence, vi+1Gy is a martingale. Finally, the last claim follows from the fact that E(G,Ag|Fr-1) = 0,
combined with the martingale property of ;1 G. [ |

2.1 Markovian models

If the price process is Markov and C,, = C,, (Sy,), then Cy, = C(Sk), ar = ai(Sk-1), and by = b (Sk—1). Tt
follows that all these functions can be approximated using the methodology developed in Papageorgiou et al.
(2008).

Another interesting case encountered in practice is when Sj is not a Markov process but (Sk,hg) is
Markov, even if hj is not observable, as in GARCH models or Hidden Markov models (HMM for short).

If Cn = On (Sn), then Ck = Ok(Sk,hk), O = Otk(Skfl, hkfl), and bk = bk(Sk,hhkfl).

More precisely, setting v (Sk—1, hg—1) = E(Pg|Fr-1), for k =1,...,n+ 1, then, assuming for simplicity
that B = £18k—1, one gets, for k=mn,...,1,

Ar(s,h) = Bi 1 Ean{(B1S1 — )(B1S1 — 5) " yk41(S1,h1) }
bi(s,h) = Br_1A4; (s,h)Esn {(B1S1 — 8)vk+1(S1,h1)},
Vk(svh) = E87h{7k+1(517h1)} _b;(svh)Ak(svh)bk(Svh)v
Cr-1(s,h) = %E&h [Cr(S1, b )Ye+1(S1,ha) {1 — Be—1bi(s,h) " (BLS1 — s)}]

ar(s,h) = BiBr—14; " (s,h) Esp {Ck(S1, h1)ve+1(S1, h1)(B1S1 — s)}
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Again, all these functions can be approximated using the methodology developed in Rémillard et al. (2009).
Implementation of the hedging strategy then requires prediction of h; given Sp, ..., Sy, which is a filtering
problem. See Rémillard et al. (2009) for an implementation in the HMM case, where P(7 = i|So,...,S)
occurs naturally when estimating the parameters of the HMM model using the EM algorithm.

Remark 2.1.1 One could suggest to use the smallest filtration to get rid of the unobservable process h but
in that case, all conditional expectations based on Fi would depend on all past values Sy, ..., Sk, making it
impossible to implement in practice.

2.1.1 GARCH type models

For that model, one assumes that
Ak = LSk — Br—Sk—1 = Be—1k—1&k,
with
e = mi(hk-1,ex)
hi = ma(hk—1,€x),

where the innovations €, are independent and identically distributed with probability law v. It is immediate
that (Sk, hi) is a Markov process. Furthermore, almost all known GARCH(1,1) models can be written in
that way. Further assume that C' = C,,(S,,).

It is easy to check that for all k =n,..., 1, vx = vk (hk—1) and

Ag(s.h) = B2y s By(h),
_ ik (h)
bk(svh) - Sﬁk_lBk(h)v
b(Sk_1,hi_1) Ar = %7
Cirlonh) = o [ G| 24 w2 (ra(h)
{1 ) f vt
ag(s,h) = sBﬁkl(h)/Ck [é{l'i‘ﬂ—l(hay)}uﬂ—?(h?y)] Vi1 {ma(h, y)}
<y (b, y)(dy),
where
B = [ why)n (malh )} vidy)
wi(h) = / w1 (g {ma(y)} v(dy),

) = {15 b (ot} ota).

Example 2.1.2 (Binomial tree) Suppose that d = 1 and S, = Sp_1Ck, Bk = (1 + R)™F, where P(¢x =

U)=pand P(¢(t = D) =1—p, where D < 14+ R < U. Then &, = 1%R—1,u=p[{;g—1ﬁ§;%l) and
14+R—D

B =p(1- p)(g;—g)); + p2. Furthermore, setting q = 5 it follows that Uy, = % with probability p and

U, = }_;Z with probability 1 — p.

It is easy to check that one recovers the usual formulas from (Cox et al., 1979) for Cy, and ¢y. In addition,
G =0, i.e., there is no hedging error.
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2.1.2 Regime switching geometric random walks

An important alternative model to the usual geometric random walk is to consider a regime-switching geomet-
ric random walk. That model displays serial dependence in the log-returns and accounts for much variability
of the asset behavior. For implementation issues, including estimation, prediction and goodness-of-fit tests,
one may consult Rémillard et al. (2009).

To define the process, suppose that 7 is a finite homogeneous Markov chain with transition matrix @ with
values in {1,...,1}. Further assume that given 7 = i1,..., 7, = in, &1, ..., &, are independent with &; ~ Py,
j =1,...,n, have mean E;(&;) = E(§|r; = i) = p(i) and E; (§;¢]) = B(i). Setting Xj, = .Sk, suppose
that Ay = Xy — Xg—1 = D(Xk—1)&, k = 1,...,n, where D(s) be the diagonal matrix with (D(s)); = si,
foralli=1,...,d.

It then follows that given the regimes, the log-returns associated with .S are independent, hence the name
regime-switching geometric random walk.

Note that S is not a Markov process in general but (S, 7) is a Markov process.

Next, set yi(mh—1) = E(Px|Fr-1), k =1,....,n,and vp41 = 1. For k=1,...,n+ 1, and i = 1,...,1,
further set

l 1
> Qi (5)B()) > Qi (i) ¢ - (2.1.1)
j=1 j=1

Then, it is easy to check that on {Sk_1 = s and 74,1 =i},

b = bi(s,i) = e TID T (s)prsa (4),
b = pk+1() &k,

Z Qi1 () {1 = prsa () (i)}

Vi (4)

forallk=1,...,n

The following proposition, proved in Appendix E.1 is important in the sequel.
Proposition 2.1.3 For any k=1,...,n+1 andi=1,...,1, v (i) € (0,1].

For simplicity, set

Q0 %{1—%“()%(;')}, L<ij<l

It follows from Proposition 2.1.3 and the definition of 7 that @ is the transition matrix of a non
homogeneous Markov chain.

If in addition C' = ®(S,,), then Cy = Ck(Sk, 1) and g = g (Sk—1,Tk—1), where

B < Yit1(4)
. o .. +
Ci-1(s,1) = ﬁHJ;Q” k(1)

/ck{ﬂgkl (5)(1 + 1), }{1—% Ty} Py (dy)

! T

_ B g Be-1 5 - —prt1(d) 'y .
= 7 ;(Qk)w/ck{ 5. D )(1+y),y}{1_pk+l( )Tﬂ(j)}P,(dy),
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and

-1

1 l

awsi) = D) S QunaGIBG) p 3 Q)
- j=1 j=1

< [ e { B pa+ i e,

3 Optimal hedging strategy for regime-switching geometric Levy
processes

We first define the models, state some important properties and then prove the optimality of the proposed
solution.

3.1 Regime switching Lévy processes

First we recall the definition of a Lévy process. In the following, we consider Lévy processes with exponential
moments, i.e., L is a Lévy process with parameters (v,a,v) if it is a cadlag process with independent
increments, such that for all 8 € B4(0,2 + ¢),

E (eeTLt) — Vo (®),

where )
TO)=0"v+-0"abh +/
2 R\ {0}
Here v € RY, a is a non-negative definite d x d matrix, and v is a Lévy measure, that is a non-negative
measure such that fRd\{o} min (1, ]y|?) v(dy) < oo. In particular, E(L;) = tv, Cov(Ly, L¢) = t(a+ a,), where
ay = fRd\{O} yy ' v(dy), and E {e(Lf)i} = ei | where

(eyTG -1- HTy) v(dy). (3.1.1)

ajj : .
’(/Jj:’l}j‘f'%‘i‘/ (e —1—yv(dy), j=1,....d.
R4\{0}

Remark 3.1.1 Note VU is usually written as follows:

T(H)=0"0 + %9%9 +/

-
(ey o _ 1-— 9Ty1{|y|§1}) V(dy)
R4\ {0}

However, since it is assumed that the moment generating function exists in a ball of radius at least 2,

then the Lévy process has moments of all orders, and it follows that [ [y[1{y>13v(dy) is finite, and since
e % —1—60Ty=0(yl?), one has

- T
/ {ey 01— HTy} v(dy) = / {6” f-1- 9T?J1{\y\s1}} v(dy)
R4\ {0} R4\ {0}

Therefore the two representations coincide if

v=1"+ /yl{\y\>1}1/(dy)-
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The infinitesimal generator £, of L is thus given by

d d
ZZ 350,00, f (@)

[ iy - @) -y S @) o)
R4\{0}

l\D|P—‘

ELf szawzf

for all nice function f, in particular for infinitely differentiable functions with compact support and their
limits. That includes for example exponentials.

The main property of infinitesimal generators £ of a Markov process z; that will be used throughout the

paper is that for any nice function,
t
fzy) — / Lf(zy)du
0

is a martingale. In fact, in most interesting cases, the latter property characterizes the law of the process
and it is basically the definition of the so-called martingale problem. See, e.g., Ethier and Kurtz (1986).

Next, to define a regime-switching Lévy process, let 7 be a continuous time Markov chain on {1, ... 1},
with infinitesimal generator A. In particular, P(r, = jlro = i) = P;;(t), where the transition matrix P
can be written as P(t) = e, t > 0. The process L; is a regime-switching Lévy process with parameters
(v(?),a(i),v;), i =1,...,1, and A, if the process (L, ) is a Markov process with infinitesimal generator

ELf(S,Z) ‘CL fz +ZA1]f S ]

Jj=1
where L, is the infinitesimal generator of a Lévy process L; with parameters (v(i),a(i),v;), i =1,...,1.

Such a process is easy to construct. If T} denotes the time of the k-th jump of 7, and if 7 jumped from
state ¢ to state j, then
Li=Lgp, +Lj(t)— Lj(Tk), Ti <t <Tpi1.

In particular, Ly, — L1, = L1,y v, — L1y 7r, -

In Appendix D one shows another construction than can be applied in the more general case of non-
homogeneous Markov chains.

It follows that L is continuous if and only if each Lévy process L;; is continuous. Therefore the only
continuous regime-switching Lévy process is the so-called regime-switching Brownian motion (Hamilton,
1990) with generator

ELf(S,Z) ;CL fl +ZA13.]C S ]

7j=1
with
1 d d
Lp,f(x sza Nic: +§;;auazla%f ),
i=1,...,1L

geeey

Next, since L plays the role of the log-return of the price process S, hereafter called a regime-switching
geometric Lévy process, the process S is defined by

S, = D(s)elt, t>0,

ie., forall j=1,...,d, the j-th component (S;); of S; is sje(Lf)f.



8 G-2009-77 Les Cahiers du GERAD

As a result, (S, 7) is a Markov process with with infinitesimal generator £ defined by

l
j=1
where for each i = 1,...,1, £; is the infinitesimal generator associated with the (geometric Lévy) process

Si+ = D(s)elit, and is given by

d d
Lif(5) = 6(0) T D)V F(5) + 5 D0 D ks (0)skssda, s, £(5) + L:F(5),
k=1 j=1

with

) =v(i lia a(i e —1—yy
#00) =) + ping(e@) + [ (e =1y i),

where diag(a) is the diagonal matrix formed with the elements of the diagonal of a,
Lot = [ IFADOL 40}~ F6) DTS 7,
0
and
[ twntn= [ e 1)
R4\{0} R4\ {0}
Finally, for e = 1,...,1, set

m(i) = (p(i) —r1).

It is assumed that for each i € {1,...,1}, A(i) is invertible and so p(i) = {A(i)} 'm(i) and £(i) =
p(i) Tm(i) are well defined.

We are now in a position to state some properties of the Markov process (S, 7). First, note that S and 7
are semimartingales. In fact, if g(s,j) = s, then Lg(s,7) = D(s)9(i), so

t
MY =8, — 8y — / D(S.)(7)du (3.1.3)
0
is a martingale. As a result, one obtains the following representation for the discounted value X of S:

t t
X, =e S, =8, +/ D(X.,)m(7,)du +/ e UMD (3.1.4)
0 0

Next, setting h(s,j) = j, one obtains that
¢
Mt(h) =T —T0— / Ah(7y)du
0

is a martingale. Moreover, it follows from Lemma C.0.4 that [M @ M (h)] , 1s a martingale.

Next, set
y(t) = eHA-DO} g (3.1.5)

Then v(0,i) =1 foralli=1,...,] and

301 = Sy (t4) =~ (L) + 3 A )
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Finally, set

(Ab)ij = Mgy (8, 5) /v (@, 0), i, (A)ii = — > (M) (3.1.6)
J#i
Remark 3.1.2 Note that Ay, defined by (3.1.6) is the infinitesimal generator of a time non homogeneous
Markov chain 7. Moreover, for any function f on {1 A
A f (i) zﬂtj{f() f(@)}-

In that case, given T, = i, one has

P(Teqy =1 for alu < s|fp =1i) = i T (Bu)indu

= G -y, (3.1.7)
Y(t+s,4)

which is the distribution function the time in state i after time t, if 7, = i. When it jumps after time t, T

/ (As)ijef:(A“)“duds.
t
Finally, for everyt <s, andi,j € {1,...,l},

P(’f‘s = j|Tt = ’L) = (e tt+h A“du)” .
ij

chooses state j # i with probability

The following lemma is fundamental for the analysis of the optimal solution. Its proof is given in Appendix
B.1. Before stating it, set, for any i =1,...,1,

Kif(s) = / y [H{DE) A + )} — F(5) -y D(s)V £ ()] 74(dy).
RA\{0}

Lemma 3.1.3 If X; = e "'S;, M; = f(f p" (tu_)D Y(X,)dX, and Z = E{—M}, then Z is a multiplicative
Sfunctional, and if
vi(s,1) = v(t,8,4) = E{f(St, ) Z|So = 5,70 =i} /7(t,1),
then v(0,s,i) = f(s,4) and
Oy = Hyvy, (3.1.8)

where

Hof(5,3) = Lif(s,8)—m" ()D()VI(s) — pT ()il (5,7) + Auf(5,) (3.1.9)
d d
= rZskﬁskf(s i %ZZ (i)5510s;0s, f(5,1)
k=1 j=1 k=1

+/ {1=p"(0)y} [[AD(s) X+ 1)} = f(s) =y D(s)Vf(s)] 7s(dy)
R\{0}

!
+Z(At>ijf(s,j>.

In particular,
v(t,i) = E(Z|So = s,70 = 1), i=1,...,L
and

E(Zr|F) = Zy(T —t,7), 0<t<T. (3.1.10)

Furthermore, one can write
t
Ve = efo H“duf,
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Remark 3.1.4 SetY; =~(T — t,7)S5:Z;. Using Lemma B.0.8, it is easy to check that
t
Y, — Yy — T/ Y., du
0
is a martingale, proving that e="'Y; = Xyy(T —t, 1) Z; is a martingale. As a result, using the last result and

Lemma 3.1.3, one obtains that

E{XrZr|F}  E{eTYr|FR} ey

— = = X, Z;.
E(Zr|F:) E(Zr|F) YT —t,7) e

If it happens that Z is positive, then Zg = Zp/y(T,i) defines a change of measure under which X is
a martingale. For example, for the regime-swiltching geometric Brownian motion, S is continuous so Z is

positive, being an exponenttial.

3.2 Optimal solution

Let C' be the unique solution of

01Cy(8,4) + Hr—1Cy(s,1) = rCy(s,1), Cr(s,i) = D(s). (3.2.1)

Using Lemma 3.1.3, one can write
Ci(St, 1) = E{®(S7)Zr|F} JE(Zr|Fi) = E{®(ST)Z1rFi} [yr—1(Tt), (3.2.2)
where M, = [} p" (7,-)D~(X,_)dX, and Z = € {~M}.
Set

JA@) T DT (s) {Li(Crg) — gLi(Cr) = 7gC4} (5,4)
$)A(D) " {m(i)Cy(s,1) + A(i)D(s)VCy(s,1) + K;Ci(s, i)}
= VCi(s,1) + D (s)A>G) " {Ci(s,)m(i) + K;Cy(s,0)}. (3.2.3)

a(t, s, )

D7 '(s
DY
Suppose that V satisfies the following stochastic differential equation:
t t
Vi, = C(0, s,1) +/ a(u—, Sy, 7y ) dX, — / Vi_dM,. (3.2.4)
0 0

It follows from Protter (2004)[Theorem V.7] that V' is uniquely determined by M and S, since the solution
of (3.2.4) is unique.

Next, set
(bt = Oé(t, St_,Tt_) — ‘/t_Dil(Xt_)p(Tt_) (325)
= VC(Si—, 1)+ G- D™ (B:Se—)p(Te—)
+D71(St7)A71(Tt7)ICTt7 Ct(Stf,th), (326)

with Gy = e~ "C(t, Sy, 7¢) — V;. Note that ¢ is predictable.
As a result, one can also write

t
V; = C(0,s,1) +/ b, dXy, (3.2.7)
0

i,.e., V4 can be seen as the actualized value at time ¢ of a portfolio with strategy ¢, while Gy is the corresponding
hedging error at that period. One can now find an expression for the hedging error associated with strategy ¢.
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Lemma 3.2.1 Let M(©) and M9 be the martingales respectively defined by
t
MO = Ct,5,m) - C0,5,i) —/ £Cu(Sur ),
0

t
M9 = St—s—/ D(8,)t (7 )du.
0

Then, for 0 <t <T,
t t
G, = / e " dMC) — / e ") dMLY
0 0

—/ K(Tu)Gudu—l—/ e " {(A = Ar_,)Cus, } (Tu)du.
0 0

The proof is given in Appendix B.2.

Finally, here are some interesting properties of the hedging error which are essential in proving the
optimality of the strategy based on ¢.

Lemma 3.2.2 For all 0 < t < T, v(T — t,7:)Gt and y(T — t,7:)S:Gt are martingales. In particular
E{Gr} =0 and for any 0 <u <t <T,

The proof is given in Appendix B.3.

Finally, using (3.2.8), one can state the main theorem of the section, whose proof is in Appendix B.4.

Theorem 3.2.3 The optimal solution of the hedging problem for a regime-switching geometric Lévy process
is given by ¢, as defined by equation (3.2.5) and the actualized value of the associated portfolio satisfies
(3.2.4).

We now give some examples of calculations, the most interesting being the regime-switching geometric
Brownian motion which should be used in practice instead the geometric Brownian motion.

3.2.1 Geometric Brownian motion

In that case, one can write MY = fot D(S,)odW,, where oo = a and W is a Brownian motion. Also
M) = fot VC.(S.) " D(S,)odW,,. It follows from Lemma 3.2.1 that

t t
G, = / ey (S,) T D(Sy)odW,, — / G D(S ) od W,
0 0

t
—pTo/ G dW,.
0

Since the solution of the last stochastic differential equation is unique, it follows that G = 0, proving the
perfect hedging, as it is well known for the Black-Scholes model. One also obtains the usual expression for
¢, that is ¢t == VCt(St)

3.2.2 Risk neutral measure

To recover known results from the literature, suppose that X; = ¢7"tS; is a martingale. It then follows from
(3.14) that m=0,s0¢Y=rl, Hy =L, p=0,{=0,80c=1, M =0and Z = 1.
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Next, we get from (3.2.2) — (3.2.5) that

Ci(s,i) = e "T=DE{®(Sr_,)|So = s,70 =i},
alt,s,i) = VCi(s,i)+ D (s)A>G) K Cy(s, )
= {I- D_l(s)A_l(i)D(s)agi} VCy(s,1)

DA [ YD+ ).} - s, D] ()
RN{0}

t

v, = C(O,s,z’)—i—/ a(u—, Sy, ) dXy,
0

¢t = Oé(t,Stf,th).

In particular, if there is no regime-switching and d = 1, one obtains formula (10.35) of Cont and Tankov
(2004).

3.2.3 Regime switching geometric Brownian motion

Suppose that v; = 0. First note that A = a, S is continuous, and its infinitesimal generator is given by

d d
ZZ )5j5%0s;0s, f(5,1)

l\D|P—‘

Lf(s,i) = ¥(i) Vfi(s)+ f(s,i) +

l
+3 A f(s,4)- (3.2.9)

Jj=1

Next, it follows that (3.1.9) reduces to

d d d
1
Hef( Zskaskf $,1) + Ezz%k )5j510s, 05, f(5,1)
k=1 j=1k=1
1
+> (A f (3.2.10)
j=1

As a result, H; is the infinitesimal generator of a time non homogeneous Markov process (5’ ,T), where
the Markov chain 7 has infinitesimal generator (A¢), so

Cils,i) = e " TV {@(S‘Tﬂgt =57 = z} . (3.2.11)

That law corresponds to the change of measure described in Remark 3.1.4. Note that using the algorithm
described in Appendix D, it is easy to use a Monte-Carlo method to estimated Cj.

Next, according to (3.2.3),

alt,s,i) = VCy(s,i) + Ci(s,) D (s)p(i), i=1,...,1L

Again, using an obvious extension to the multivariate case of the “pathwise method” in Broadie and
Glasserman (1996), one can use simulations to obtain an unbiased estimate of «;. More precisely, if ® is
differentiable almost everywhere, then

VCy(s,i) = e " T-OD"Y(s)E {D(ST)V¢(§T)|§t =57 = z} : (3.2.12)
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S0 oy can be written as an expectation of a function of Sp.

Finally, from (3.2.5), one gets
th = VC’t(St, th) + Ct(St,th)Dil(St)p(th) - ‘/t,Dil(Xt)p(Tt,).
In particular, ¢g = VCy(Sp, 7). It follows from (3.2.11) and (3.2.12) that ¢; can be estimated by Monte-
Carlo methods.

Remark 3.2.4 Since the martingale M is continuous, Theorem 7?7 can be applied to yield the following
representation for V :

t
V, = 7, {HO +/ Z ‘d(H, + [H, M]u)} ,
0

+
where
t
= s oo
0
t
— CQ(S,Z') +/ {vCu(SuaTu) + Cu(SuaTu)D_l(Su)p(Tu) ' D(Xu)m(Tu)du
0
t
+ / ¢V CU(SusTa) + Cu(Sus ) D (Su)p(ra) ) ML
0
and ¢ t
Mt:/ é(Tu)du‘i‘/ p(Tu)TD_l(Su)dMi(Lg)’
0 0
with

t
[H,M]; = / e " a(u, Sy, 7)) " D(Sy)m(7,)du + martingale,
0

by Lemma C.0.4.

4 Continuous time approximation

In what follows, we state some conditions under which the HMM model described in Section 2.1.2 can be
approximated by a regime-switching geometric Lévy process. We then show that under slightly the same
conditions, the “option prices” and the optimal strategy under a HMM model converge in some sense to the
optimal strategy of a regime-switching geometric Lévy process.

4.1 Continuous time limit of the HMM price process

Suppose now that for each n, one has a HMM model (S,(Cn), T]gn)), where BI(C") = ¢ "Tk/" . Define S (t) =

S[(:t)/T]' From now on, when talking of convergence in law, denoted by ~+, we mean convergence in law in

the space D([0,T]) with the Skorohod topology.

We will now state conditions under which S ~ S, where S is a regime-switching geometric Lévy
process. For simplicity, let E; denote expectation under the law of {%n) given 7'1(") = ¢ and recall the following

>
notations from Section 2.1.2: E; (é”)) = ™ (i) and E; (§1n)§£n) ) =BM™@E), i=m...,lL

Further let Co(R?) be the set of continuous functions f on R? so that f(y) = O(|y|?) and f(y)/|y|*> — 0
asy — 0.
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Theorem 4.1.1 Suppose that lim, .o n (Q(") — I) — AT. Assume also that for any i = 1,...,1, the fol-
lowing conditions are satisfied, as n — oo:

(i) np™ (i) — Tm(i),
(i) nB™ (i) — TA(i),

(iii) for all f € Cy(RY),
e {s (&)} = [, s

Then (S™,7(M) ~s (S, 1) with infinitesimal generator L defined by (3.1.2).
The proof of the theorem is given in Section B.5.

Example 4.1.2 Consider a regime-switching geometric Gaussian random walk with

g](cn) — eR(k")frT/n -1

3

where under P;, R,(Cn) is Gaussian with mean v(i)T /n and covariance matriz a(i)T/n, where v(i) = (i) —
sdiag{a(i)}. It is easy to check that the conditions of Theorem 4.1.1 are met with (i), A(i) = a(i) and v; = 0.
In other words, the limiting process is a regime-switching geometric Brownian motion with infinitesimal
generator (3.2.9), as one might have guessed.

4.2 Continuous time limit of the optimal hedging strategy

For the rest of the section, suppose that the assumptions of Theorem 4.1.1 are met. We also use the definitions
of Section 2.1.2, by adding the subscript n to denote dependence on n.

(n) (n)

The first lemma deals about the behavior of v, and p, ", as n tends to infinity. Its proof is given in

Appendix B.6.

Lemma 4.2.1 Set v(™)(t,i) = 77(:_?1_[7“5”] (i) and p( )(t,i) = pfsz/T]H('). Then ~vn(t) — ~(t), where 7y is
defined by (3.1.5). Moreover p™ (t,i) — p(i) = A= (i)m(i).

Set C,g") =T/ (f,(cn) + 1), k=1,...,n. Note that assumptions (i-iii) are equivalent to
() s (¢ = 1) = Tw(i),

(i’) nE; {( 1) (o - 1)T} — TA(i),
(iii’) for all f € Ca(RY),
e (@00} [ s

We are now in a position to study the behavior of C(™).

Theorem 4.2.2 Set C")(t,s) = O[(,?t)/T]

z" = f[[l—{,m (@]

j=1

(s,4), set Z(M(t) = Z[(:;t)/T], where
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and t
0
where X (™) (t) = e~/ TISM) (1),
Then
(S("),X("),T("),M("),Z(")) (S, X, 7, M, 2),
where Xy = €75y, My = fcf p (tu—)D YN Xy_)dX, and Z = E{—M}, as defined in Section 3.

Moreover, if ®(s) = O(|s|?) for some integer p, and for any j =1,...,d,

k
E{(g(")) } =140 /n+o(l/n), k=1,...,2p+2, (4.2.1)
J

then C’t(n) (s,7) = O(]s|P) and

e—r(T—t)

C™(t,s,i) — Cy(s,i) = E i {®(St_¢)Zr_+},

Vo1 (i)
where, by Lemma 3.1.3, C' satisfies (3.2.1).

If in addition ® is almost everywhere differentiable with derivative ®'(s) = O(|s|P™1) and (4.2.1) holds,
then VCt(n)(s, i) = O(|s|P~1) and

VO™ (t,s,i) — VCi(s,i)
e—r(T—t) . ,
= 71) (S)ESJ' {(I) (ST—t)ST—tZT—t} . (422)
Yr—(i)

The proof is given in Appendix B.7.

Remark 4.2.3 [t is easy to check that (4.2.1) holds for p = oo for the regime-switching geometric Gaussian
random walk.

Remark 4.2.4 The result on the convergence of the gradient on C™) is comparable to a result of Broadie
and Glasserman (1996) on the unbiased estimation of Greeks by Monte Carlo methods.

Before stating the main approximation theorem,we need to study the convergence of o(™ (t,s,1) =
al™ (s,1)
[nt/TI\>> 2

Lemma 4.2.5 Suppose that ® is almost everywhere differentiable with derivative ®'(s) = O(|s|P~!) and
assume that (4.2.1) holds. Further assume that (iii) holds for all f € C,(R?). Then o™ (t,s,i) — a(t, s, 1),
where « is given by (3.2.3).

The proof is given in Appendix B.8.

Finally, one can state the main approximation result, namely the convergence of the portfolio value V(™)
and the discrete time optimal strategy ¢(™, whose proof is given in Appendix B.9.

To that end, set ¢(™ (t) = ¢$t)/T]7 and V(" (t) = V[i:&)/T]

Theorem 4.2.6 Suppose that ®(s) = O(|s|P), D is almost everywhere differentiable with derivative ®'(s) =
O(|s|P~1) and (4.2.1) holds. Then

(S0, X0, 700, 00,0 V0, 6, GOV o (8, X, 7,C,0,V, 6, G),

with Gy = e "' Cy(Sy, 1) — Vi, where V and ¢ are given by (3.2.4) and (3.2.5).
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5 Example of application
In Rémillard et al. (2009), the authors analyzed the daily log-returns of the S&P 500 from January 1st 2007 to

December 31st 2008, and concluded that a regime-switching geometric Gaussian random walk with 4 regimes
was the best fit for that data set. Their estimated parameters are given in Tables 1-2.

Table 1: Parameter estimations of the daily log-returns using 4 regimes.

Regime | Mean | Variance | Stat. distr. | Prob. of next regime
1 -0.00500 | 0.002221 0.133 0.0084
2 -0.00134 | 0.000191 0.517 0.9850
3 0.00131 | 0.000126 0.113 4.2798e-006
4 0.00119 | 0.000014 0.237 0.0064

Table 2: Transition matrix @ for 4 regimes.

Regime | 1 | 2 3 | 4
1 0.9842 | 0.0158 0 0
2 0.0043 | 0.9744 0 0.0213
3 0 0 0 1
4 0 0.0542 | 0.4754 | 0.4704

To find the associated parameters in continuous time (measured in years), one can multiply the mean and
variance by 250 and set A = 250(Q — I). Our aim is to price, using a regime-switching geometric Brownian
motion, at-the-money call and put options with a maturity of 0.12 years (30 days), using an annual rate of
3% and a starting price of the underlying asset of 100. The continuous time corresponding parameters are
given in Tables 3—4.

Table 3: Parameters for the continuous time case.

Regime | P | A | p | 4
1 -0.9724 | 0.5553 | -1.8053 1.8096
2 -0.3111 | 0.0478 | -7.1440 2.4370
3 0.3433 | 0.0315 | 9.9444 3.1151
4 0.2993 | 0.0035 | 76.9286 | 20.7130

Table 4: Generator A.

Regime | 1 | 2 | 3 | 4
1 -3.9500 3.9500 0 0
2 1.0750 -6.4000 0 5.3250
3 0 0 -250.0000 250.0000
4 0 13.5500 118.8500 | -132.4000

One can now evaluate v; and A;. The graph of —A4(3,3), which is much larger than the others, is given
in Figure 1. To simulate the process according to the algorithm in Appendix D, it follows that one can take
A = 250, using r instead of v, according to (3.2.10).

Based on equations (3.2.11)—(3.2.12), the results of the simulation, including the price of at-the-money call
and put options, together with the value of ¢g = %C’O (s,4), are given in Table 5, using 1,000,000 repetitions
and antithetic variables. Using the results of Table 1, one predicts that the next regime will be regime 2,
having probability .98. Hence, from Table 5, the price of an at-the-money call option is 3.5034, while the
price of an at-the-money put option is 3.1435. Note that the put-call parity principle is respected since the
difference between the two prices is 0.3599 ~ 100 x (1 — e_'03X30/250) = 0.3606. Furthermore, for the call
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Figure 1: Graph of —A(3,3) for ¢ € [0,0.12].

option, the initial number of risky asset is 0.5356, while for the put option, one should start by short-selling
0.4644 units.

Because one can evaluate Cy and ¢, for any t, one could do as proposed in Rémillard et al. (2009) and
compare the optimal discrete hedging with the discretized version, i.e., by considering ¢7y/, for k=1,...,n,
as in the discretized version of the Black-Scholes model, using filtering to predict the regimes using information
available previously.

Table 5: 95% confidence intervals for at-the-money price of calls and puts, together with initial investments,
using 1,000,000 simulations.

| Call || Put |
Regime Price o2 Price o2
1 9.3103 +0.0182 | 0.5524 +0.0004 || 8.9549 + 0.0110 | —0.4475 £ 0.0003
2 3.5034 4+ 0.0069 | 0.5356 £ 0.0001 3.1435 £ 0.0055 | —0.4644 4+ 0.0001
3 2.6398 £ 0.0049 | 0.5380 =+ 0.0002 2.2803 £0.0041 | —0.4620 4 0.0002
4 2.6469 £ 0.0049 | 0.5384 =+ 0.0002 2.2874 £0.0042 | —0.4616 4 0.0002

6 Conclusion

In this paper we presented the optimal discrete hedging solution for a dynamic portfolio. If the underlying
assets are Markovian or form a Markov process by adding a latent process, then the optimal hedging strategy
depends on deterministic functions that can be approximated. We also find the optimal hedging strategy in
the continuous case when the underlying assets are modeled by a regime-switching geometric Lévy process.
For the regime-switching geometric Brownian motion, the optimal strategy can be deduced from a risk neutral
measure. It is therefore natural to choose that risk neutral measure to be the one used in pricing contingent
claims. Finally, it is shown that under appropriate HMM models, the optimal strategy in the discrete case
converges to the one obtained in the continuous time when the number of hedging periods increases.

A  Proof of Theorem 2.0.1

2
It is easy to check that a necessary a sufficient condition for (Vo, E)) to minimize F [{G (Vo, E))} } is that

E{G (VO,E’)} — 0 and E{G (VO,E’) Akm,l} —Oforallk=1,...,n.
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The necessity comes from the fact that for any event A € Fj_1, one must have

i\ g {{G (VO,Z) - eHAAkﬂ - —2E{G (VO,E)) Ak]IA} :

0= —
de

e=0

which is equivalent to the condition F {G (VO, E)) Ak|.7-"k,1} = 0, while the condition F {G (VO, E))} =0
comes from the fact that for any 6, one must have

_e|{e(vwrad)}] - —2p{c(n.7)}.

To see that the conditions are sufficient, it suffices to check that

[{o (o m879) )] £ {6 (6.9) ) £ (10 i)

d

0= —
de

2

The proof that E’ is the solution is based on the following proposition.

Proposition A.0.7 Foranyk=1,...,n,

E(Vo|Fr) = Vi E(Prg1|Fr) + E{,C(1 = Pry1)| Fi} - (A.0.3)

Clearly, (A.0.3) holds true for & = n. To show that is holds for k = n — 1, note that V;, = V,,_1 + ¢,] A,

SO
E(Vn|—7:n—l) = Vn—l + E(An|-7:n—1)—r¢n =Vno1+ bIAn(an - Vn—lbn)
= VaaE(P,|Fno1)+ E{6,C(1—P,)|Fn-1}.
Suppose now that (A.0.3) is true for & = j. We will prove that it is also true for k = j — 1. Now,
E(Vo|F;) = V;E(PjlF;) + E{B.C(1 - Pj1)|F;}
= Vi1 E(Pi1|F)) + ¢ AjE(Pja|Fy) + E{B.C(1 — Pi1)|F;}
= Vi1 E(P|F)) + a] E(A; Py |Fy) + E{B.C(1 — Pjy1)| 75},
SO
E(VulFio1) = Vi E(Pj|F-1) +af B(A;jPia|Fi-1) + E{B,C(1 — Pjy1)|Fj1}
= Vi E(Pj|Fj1) +a] Ajbj + E{B,C(1 — Pj11)|Fj1}
= Vi E(Pj|Fjo1) + E{BnCb] AjP1|Fj 1} + E{B.C(1 — Pjy1)|Fj-1}
= Vi1 E(Pj|Fj-1) + E{B,C(1 — Pj)|Fj-1}.
This completes the proof of the proposition. [ |

To complete the proof of theorem, note that it follows from (A.0.3) that for any £ =0,...,n,

E {G((vo, E’) |]-'k} — E(BnC P |Fr) — ViE(Pos1 | Fr). (A.0.4)

Now using (A.0.4), one has

E {G((Voa 5) Ak|fk} = E(BnCArPyi1]Fr) — E(ViAg Pey1|Fr),
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S0
_
D) {G((V(), ¢) Alc|]:k—1} = E(BnCALP1|Fi-1) — E(ViApPrg1|Fr—1)
Ap(ar, — Vi—1bp — ¢p) = 0.

Finally, it follows also from (A.0.4) that

E {G((Vbag)} = E(8,CP) — VoE(P) = 0.

B Proof of the main results
First, we need the following lemma.
Lemma B.0.8 If X; = 3,S;, M; = [y p" (ru—)D~"(X,,—)dX, and Z = € {~M}. Further let
Hf(s,i) = Lf(s,1) = f(s,0)0() —m ()D(s)V f(s) = p (DK f(s,7). (B.0.5)

Then
t

f(St,Tt)Zt = f(So, 7’0) +/0 Zuﬂf(Su,Tu)du + Mt,

where M is a martingale. In particular

.1 ; .
i = (Bl {f (S0, 7) Ze = f (5, D)}] = H [ (s,0).

Proof: For any f in the domain of £, there exists martingales M9 and M) so that

¢
S, =5+ / D(Su) () du + Mt(g)
0

and

F(Sea7) = £(Sosm0) + /0 £ (Surm)du+ MY,

In addition, it follows from Lemma C.0.4 that there exists a martingale M (/9 so that

(MO M| =gl /Ot {L(fg) — fL£g — gLF} (Su,mu)du. (B.0.6)

It is easy to check that
t t
Zi =1 —/ Z () du —/ Zu_p (Tu_)D7(Sy_)dMD.
0 0

It follows from It6’s formula (Theorem C.0.3) that there exists a martingale M so that

t

f(StaTt)Zt = f(5077'0) +/0 Zy, {‘Cf(sm Tu) - f(Sua Tu)E(TU)} du + My

t
~ [ 2o D (S [0, 219
0

According to (B.0.6),

), M(Q)L = MU 4 /0 LL(T0) — FLg— gL)(Sur )} du.
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for some martingale M (59 As a result, there exists a martingale M so that

t

F(Sem)Z = f(So,m) + /0 2oL (S ) — F(Susa)(ra)} du+ M,

- / Zup" (ru)DM(Su) {L(f9) — FLg — gLS} (Sum)du

f(So,70) +/ ZuHf(Sy, 7o)du + M,
0

where

Hf(svl) = ['f(svl) - f(svl)f(l) - pT(i)Dil(S) {['(fg) —[Lg - gﬁf} (877’)
= Lf(s,i) = f(s,0)()) = p" ())D ™" (5) {Li(fg) = [Lig — gLif} (5,9),

since g does not depend on 7. Finally, one can check that

{Li(fg) — fLig—gLif} (s,i) = D(s)A(i)D(s)V f (s, i) + D(s)Ki f (s, %) (B.0.7)
Hence .
Ff(s,1) = Lf(s,3) = F(s,0)60) —m" () D(s)V(5) = pT (1)K f (5.3).
The rest of the proof is easy. [ |

B.1 Proof of Lemma 3.1.3

Proof: First,
t+h t ~
Zt+h = Zh — / Zu_dMu = Zh — / Zh+u_th(u)
h 0

where
t+h t+h
Mh(t) = Miyp— My = —’f‘/ pT(Tu)ldu +/ pT(Tu—)D_l(Su—)dSu
h h
t ¢
= = [Tt [T () D Sk S
0 0
Setting
¢
Zh,t =1 —/ Zhyu,th(u),
0
it follows from the uniqueness of solutions that Z,y; = Z,Zp ;. Hence, since 7 and (S,7) are Markov

processes, it follows that Z is a multiplicative functional. As a result, for A > 0 small enough,

1

v(t + h,s,1) = m [E{Znv(t, Sh, Th)y(t,m)|S0 = 8,70 =i} —v(t, s,4)y(¢,1)]
—v(t t .
v(,s,z){ TS +o(t, s, 1)
Consequently, using Lemma B.0.8, one may conclude that
Opve(s,1) = Hyve(s, i) = Ty ve(s,1) + . ,)H(”ytvt)(s,z).

It is then easy to check that

Hif(s,i) = Lif(s,i) —m" (i)D(s)Vf(s) = p' (i)Kif(s,1)
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1 < ’ . |
) ;Am(taj){f(say) — f(s,9)}.

Because the solution to (B.0.5) is unique, f = 1 entails that v; = 1, so E(Z;|So = s,70 = i) = (¢, 1).
Finally, from the multiplicative property of Z, one gets

E(Zr|Fy) = ZiEs, +,(Zr—t) = Zyy(T — t, 7).

B.2 Proof of Lemma 3.2.1

By Lemma C.0.4 and (B.0.7), there exists a martingale M(©9) so that

[ M), M(g)}

t

t
e s [ty 161~ 5,
0

t
— MO 4 / D(S) {A(T0) D(S)VCo(Sus 7u) + K, Cu(Sus 7)) .
0

As a result,
t t
X, :5+/ eme(Su)m(Tu)du—l—/ e T dMY
0 0
and
t
v, = C(O,s,i)—i—/ e " (u—, Sy, Ty ) dMLY)
0
t
—|—/ e " m(ry) " D(Sy)d(u, S, T )du
0
t
- C(O,s,i)‘i‘/ e " p(u—, Sy, Ty ) TdMY)
0
t
+ / (1) T D(S)VCa (S, 1) du
0
t t
+/ Guf(Tu)du—i-/ e (1) " Kr, Cu(Sus ) du.
0 0
Next,

t
e "C(t, S, ) = C(O,s,i)—i—/ e " {0,C(u, Sy) — rC(u, Sy)} du
0
t ¢
+/ e " LC(u, Su,ru)du+/ e T dML),
0 0

Therefore, one obtains, using (3.2.1),

t t t
G, = - / e " Hp_yCu(Su, T )du + / e " LCY(Sus Tu)du + / e TudM(C)
0 0 0

¢ t
_ / eirum(Tu)TD(Su)vCu (Su7 Tu)du - / €7T“¢(u_7 Su—u Tu—)TdMég)
0 0

t t
—/ Guﬂ(Tu)du—/ e_rup(Tu)TlCTuOu(Su,Tu)du
0 0
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t t
= /e—T“dMP—/ e " p(u—, Su—, Ty ) T AMY
0 0

— / K(Tu)Gudu—l—/ e " {(A = Ar_y,)Cus, } (Tu)du.
0 0

B.3 Proof of Lemma 3.2.2
By Lemma 3.2.1 and It6’s formula in Theorem C.0.3, one gets
t t
tht(StuTt) = / fu(Su—uTu—)dGu +/ aufu(suuTu)Gudu
0 0
t t
n / Lfu(Sus ) Gudu + / Gu_dMP) + [G, Mm}
0 0 t
t t
_ / FulSur s T )dMO) + / GudM) 4 {G, MU >}
0 0 t
t
— [ e uSu ol dn
0
t
b [ e S ) (A = Aro)Cus,) (R
0
t
+/ {‘CfU(Sua TU) + aufu(sua Tu) - fu(Sua Tu)g(Tu)} Gudu,
0

where the martingale M () is defined by

t t
M = fi(Si,m) = fols,i) — / Oufu(Sus Tu)du / Lu(Suy 7u)du
0 0

and where, by Lemmas 3.2.1 and C.0.4, one has

[G,M<-f>] — /te—rud [M<C>7M<f>]
0

t u

_ /Ot e*m(bzd [M(9)7 M(f)}u

t t
/e—rudMéCj)_/ e~TupT AMU)
0 0

+/0 e " L(fuCu) = ful(Cu) — CuLl(fu)}(Su, Tu)du

- / e GT{L(fug) — Fullg) — 9L(fu)} (S T )du.

As a result, if fi(s,i) = yr—+(i), then

and
N(fuug)(svi) = {‘C(fug) - fu‘c(g) - gﬁ(fu)}(s,z) =0
by (B.0.7). Moreover

N(fu7 Cu)(sai) = {‘C(fuCU) - qu(CU) - ch(fU)} (577’)
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= —r—u())ACy 5 (i) — Cu s (D)AYr—u (i) + A(yr—uCls) ()
= —fuls, ) {(A - ATfu)Cu,s} (4),

since

A(yeh) (i) = ve(D) AR (i) = (i) Ay (i) = (i) (Ae — A)R(i), — i=1,...,L

Hence Gyy(T — t,7¢) is a martingale with initial value 0 and terminal value G, since vy = 1. Hence
E(Gr)=0.

Next, take f(s,7) = sgyr_¢ (i), for a given k € {1,...,d}. Then
{L(fug) — fullg) — 9L(fu)}(s,1) = fu(s,i)D(s)A(i)ex
by (B.0.7), with (ex); = I;.. Furthermore,
Lfu(s,1) + Oufu(s,i) — fuls, 1)0(0) = fuls, i) (i)
and

N(fm CU)(Sv z) = {‘C(fuCU) - qu(CU) - ch(fU)} (577’)
= fuls,i)el D(8)VCy(s,i) + fu(s,i)ef KiCu(s, i)
—fu(8,0) {(A = Ar—y)Cls } (4).

Therefore, setting Ry = f;(S¢, 7¢)G¢, one concludes that

t
Rt —T/ Rudu
0

is a martingale. Hence , so is e "' Ry = X Gyyr—i(7¢).

Finally, to prove (3.2.8), note that E(Gr|F;) = vr—(7)Gy and E(Gr|F,) = yr—u(7u)Gy. Therefore
E{GT(Xt - Xu)p—:u} - E{Gt'YTft(Tt)Xt - Gu'YTfu(Tu)Xu|fu} - 07
since we just proved that X;Gyyr—+(7:) is a martingale. That completes the proof. [ |
B.4 Proof of Theorem 3.2.3

Proof: It follows from (3.2.8) that for any B € F,,, and any u < v < T,

T
E <GT/ thdXt> =0,
0

where 1) is the predictable process given by vy = 1pl(,,(t). Therefore, using properties of stochastic
integrals, one may conclude that for any predictable process ¥ so that fOT 4 dX; is square integrable, one

gets
’ T _
E <GT/0 U, dXt> =0.
T 2 T 2
FE [{QTT(I)(ST> _/ 1/};rdXt} ] =F (G%) +E [{/ ((bt _wt)TdXt} ] )
0 0

because E {GT fOT(qSt — z/Jt)TdXt} =0. ]

Hence
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B.5 Proof of Theorem 4.1.1

Without loss of generality, one may suppose that 7" =1

Set Tuf(s,i) = B{ 1 (S0, 7" )| 8 = s,70" = i}.
According to Ethier and Kurtz (1986)[Theorem 1.6.5, Theorem IV.2.6], it suffices to prove that
(T = 1) f(s,1) — Lf(s,7),
I} for all f so that f; is infinitely differentiable and has compact support

uniformly on [0,00)¢ x {1,...,
Consequently, it is sufficient to show that

n(T, —I)f(s,i) — Lf(s,1),
[}, for all functions f that are bounded and such that

uniformly on every compact subset of [0, 00)% x {1
fi is twice differentiable with bounded continuous derivatives

First, note that 5\ = s + (er/™ —1) s + e"/mD ()™ = D(s) (1 + an)), where ¢{" = (er/m—1)1+

€T/n§£n) .

It follows from assumption (ii) that ‘f
Hence, for any 6 > 0, sup|, < ‘S%n) — s‘ — 0,asn — o0

Since

- nZQ”)E{ (0.5) = £s.i)}
_ nZ(Q(") — 1)K, {f (S§"),j) —~ f(sai)}

=1
Tk, {f (S§">,z’) - f(s,z')}

n(Tn = 1) f(

and since f is continuous and bounded, one gets that as n — oo

ni@(")— B {f(s"4) -/ (s,i)}H_Xl:Aij{f(s,j)—f(s,i)},

uniformly on |s| < 4.
Suppose now that f does not not depend on i. To simplify, just ignore i, i.e., suppose there is no
regime-switching. It only remains to show that uniformly in |s| < §, nE {f (Sgn)) — f(s)} — Lf(s).

Next, assumption (i-iii) imply that as n — oo, nFE (Cfn)) —rl+m=1, nk <§1n)c(") > — A, and

o {s ()} = [, Twia

Set
hs(y) = fAD(s) (X +y)} — f(s) —
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where H; is the Hessian matrix of f at s.
It follows from assumption (iii) that uniformly on |s| < 6, hs € Co(R?).

As a result, uniformly on |s| < 4,
(T =1)f(s) = nE[f{s+ D)} = f(s)]
= w2 {n ()} 4B () D5V HG)
+imace{ 5 (76" ") Doy ID) |

— " D(s)Vf(s)+ +%Trace {AD(s)Hs(s)D(s)}

since A = a + a;. [ |

B.6 Proof of Lemma 4.2.1

First, remark that

where F{" = Q™ — D (p{),) QD (u).

It follows from Proposition 2.1.3 that minj<j<, minj<;<; ”y](gn) (¢7) > 0 and pg’}i—)l = p+ O(1/n) uniformly
in k, by formula (2.1.1), since

nZQ (HB™ () =" ()AG) + O(1/n)

and

nZQ"> Y™ () = A (iym(i) + O(1/n).

As a result, n (Flg") - I) — A —D(?), so

Yu(t) = yg’fk[mm SA(t) = eHA=DOY — (1),

B.7 Proof of Theorem 4.2.2

For simplicity we do the proof with d = 1, the case d > 1 being similar.

First, note that by assumptions of Theorem 4.1.1,
2 2
E(x{") < B (X)) +o/m),  E(x{) < B (X)) (1 +6/m),
for some § > 0. Hence, for any k=1,...,n,

2
E (X,@) <s(1+6/n)" —seb, E (X,g"> ) < $2(146/n)" — 5%,
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As a result, the sequence of semimartingales Xt(") is P-UT in the sense of Jacod and Shiryaev (2003),
meaning that the sequence H - X (") is tight uniformly in H™, for all (™) -predictable process H™) bounded
by 1. To show that it is indeed the case, note that

) xn () (x ) _ x
g™ . xm = S (Xk —Xk_l)

M+ I4-

ng )Xlg—)l(é.l(c - Mé_)l) + ZHIE )X( 1#2 )17
k=1

>
Il
—

where

l
=B (1A = 3 Q™ () = mi)/n+ o(1/n),

7j=1

provided Tlgﬁ)l = 4. Hence there exists §; > 0 so that [u(™)| < &;/n. Similarly, by choosing §; large enough,

we may suppose that

B{(e" = u")?) 1A} < ou/n.
Hence, for any H™,
k=1

Thus 37, HW X ™ 4™, is P-UT. Finally,
2
E [{Zk—l ng Xlg—)l (51(9 ) - /Ll(c—l))} ]

- n)2 n) 2 n n) 2 n)
S e { (6 - ) 0|

k=1
$261(146/n)" — s%61€°,

} Z k 1 )81/n < 861 (14 38/n)" — sd1€°.

k=1

= b

IN

completing the proof that X (™ is P-UT.
It is easy to check that
t
ZW() =1- / ZM) (u=)dM™ (u),
0

where M (™ can also be written as

MO™(t) = / H) () TAX ) ).
0

with (" (u) = D=1 {X ™ (u)} p™ {u, 7™ (u)}.

Because the sequence of semimartingales X (™) is P-UT, and (S("),X("),T(")) ~ (S, X,7) with X; =
e~ "S;, one may apply Rubenthaler (2003)[Theorem 4.3] (see also the original results in Stominski (1989),
Mémin and Stominski (1991), Kurtz and Protter (1991a) and Kurtz and Protter (1991b)), to conclude that
(s, X ) M) s (S, X, 7, M), where

t
Mt:/ p (1w )D7H X, )d X,
0

Moreover, it is easy to check that M) is P-UT, so now one can invoke Rubenthaler (2003)[Theorem 4.4]
to conclude that
(S(n),X(n),T(n)7M(n)7 Z(n)) (S, X, 7, M, Z),
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where Z = E{—-M}.
k
Note that if F (Cin) ) =1+4+6i/n+o(1/n), forall k =1,...,2p+ 2, then
2P ()2 .
B (507 207) < (14 6y/nY,
for some §, > 0. As a result S(Tnjthénjt is uniformly integrable.

Next, if ®(s) = O(|s|?), the sequence P (Sgpn_)t) is uniformly integrable.

Since

efrT

et/ TIT/n ) (g Y — — g e — )\ o
e CONts,1) = oy gy o [cp{s (T t)}Z (T t)},

one can use Lemma 4.2.1 and the fact that (S("), X @) () ppn) Z(”)) ~ (S, X, 7, M, Z), to conclude that
C(t,5,i) — Clt,,0) = "I VB {®(Sr—4) Zr—i} /1(T — 1,),
where, by Lemma 3.1.3, C' satisfies (3.2.1).

Finally, note that Z(") does not depend on Sén). As a result, if @ is almost everywhere differentiable,
with derivative ®’(s) = O(|s[P~!), one gets
e—rT-l—r[nt/T]T/n

™M (s,i) = —————D
v t (S,Z) ’}/(n)(T—t,Z)

“1(s)E, . [@’ {s<"> (T - t)} ST — 1) Z2M(T — t)]

which converges to

—r(T—t)
e .
ST T D (Bui {2 (Sr-0) Sr-tZr-i} = VCils, ),
because®’ (SFEF"_)t) Sgpn_)tZrEpn_)t is uniformly integrable. -

B.8 Proof of Lemma 4.2.5

First, note that

—1

a(s,) = e TmDH) Y QWA (HBW Gy ST QWA ()

j=1 j=1

xE; [C]gn) {erT/nD(S) (1 + fln)) J} 5171)} :
Because of assumptions (i-iii) and Lemma 4.2.1, it suffices to show that
n; [ {(D(s) (1+€,1) & | = A@DD(s)au(s,9).

By Theorem 4.2.2, one only needs to prove that

nk; HCé”) {(D(s) (1 + é”), z)} _ Ct(n)(s, z)} gin)}

converges to
A@)D(s)VCy(s,i) 4+ KiCy(s,1),

which in turn is true if one can show that

nE; {70 (6)} — KiCu(s, i),
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using Theorem 4.2.2 for the convergence of the gradient, where

F) =y {CHDE A+ ). i} = O (s,) =y D(5) VO™ (5,1) |

Now to f(") € Cy(R?) and is uniformly O(|y|?) in n, and ) — f € Co(R?) defined by
f(y) = CAD(s)(1 +y),i} = Ce(s,i) — y " D(s)VCi(s,i)

by Theorem 4.2.2. Consequently, by dominated convergence and assumption (iii), one may conclude that

{500} = [ ) = KOs

B.9 Proof of Theorem 4.2.6

First, note that

v = V(")(O)+/ta("){u—,S’(")(u—),T(")(u—)}TdX(")(u)
0

t
- / V) (u=)dM ™ (u)
0
toT
= V() + / o dX ™) (u).
0
Because X (") is P-UT, it follows from Theorem 4.2.2, Lemma 4.2.5 and Rubenthaler (2003)[Theorem 4.4]

that
(50, X0, 70,00, V) s (8, X, 7,C.a, V),

with V satisfying (3.2.4). Hence
(S(n),X(n)ﬂ—(n)’C(n),a(n), v g G(n)) (8, X,7,C, 0, V,6,G),

where ¢ satisfies (3.2.5) and Gy = e "' Cy(Sy, 7¢) — V;.

C Stochastic calculus for semimartingales

Definition of quadratic covariation. Let X and Y be semimartingales. The quadratic variation of X, denoted
[X, X], is defined by

t
(X, X], = X2 - 2/ X, dX,,
0

and the quadratic covariation of X,Y, denoted [X,Y], is defined by

t t
[X,Y]t:Xth—/ Xu,dYu—/ Y, dX,.
0 0

Note that the operation (X,Y) — [X,Y] is bilinear and symmetric and

2[X,Y] = [X +V,X +Y] - [X,X] - [V,Y].

The following result is proved in (Protter, 2004, Theorem 28, page 75).
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Theorem C.0.1 Let X and Y be two semimartingales, and let H, K € .. Then

t
[H~X,K~Y]t:/ H K d[X,Y],.
0

The following result is proved in (Protter, 2004, Theorem 37, page 84).
Theorem C.0.2 Let X be a semimartingale with Xo = 0. Then there exists a (unique) semimartingale Z
that satisfies the equation Z; =1+ f(f Zy—dX,. Z is given by
1 1 9
Zy = &(X) = exp{ X; — 5[X, X, I] O +AX.)exp —AX, + 5 (AXy)
O<u<t

where the infinite product converges.

Theorem C.0.3 (Itd’s formula)
t t
fEX) = £(0,X0) + / 00 f (u, X.)du + / Vo fu, X, ) TdX,
0 0

d d ¢
1 —

i=1 j=1

+ Z{f(ua Xu) = [, Xue) = Vo f (u, Xuo ) TAX,

u<t

Lemma C.0.4 Suppose that M = f(z,) — f(zo) — fot Lf(za)du and M? = g(z;) — g(zo) — fg Lg(xy)du
are martingales. Then

Mt(f’g) _ {M(f),M(g)]t - /Ot{ﬁ(fg) — fLg— gLfHwxy)du

is a martingale. Moreover

t t
MUED — A9 _/ {g(xu) _ M&g)}dMéf) _/ {f(xu) _ngf)}dM&g)_
0 0

Proof: By definition of the quadratic covariation,

)
t

t t
MM — / MM + / M@ anh + [Mm, M(g)}
0 0
and .
MY = feg(e) — Faolglan) — [ £9)ea)du
0

is a martingale. Setting V f; = fg Lf(zy)du and Vg, = fot Lg(zy,)du, it follows that

. t t
Mt(j)Vgt:/ Eg(wu)Mif)dqu/ VgudMD,
0 0

and . .
MOV S~ [ LiworPaus [ v,
0 0

Now, by definition,

MIOMO = fla)g(e) — glzo)f(w) — fl@)Var — fzo)g(ae) + f(x0)g(wo)
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+f(@0)Vgr — g(xe)V i + g(xo)V i + ViV
t
I+ [ L(fo)wa)du— MOV, ~ MOV,
0
—g(iﬂo)Mt(f) —g(zo)V fi — f(x0)Vg: =V i Vg
' t
= M0 [ L(fg)wa)du— glen)V i = fon)Voi~ ViV
0
t t
- [ er@om@Pau- [ £rwom
0 0
t
= MU9 +/0 {L(fg) — fLg — gL} (xy)du.
Hence the result. [ |

D

Construction of a non-homogeneous switching Lévy process

Suppose that the Markov chain 7+ is non-homogeneous, with generator A, i.e., for any j # i,

1 . :
limn P (Teen = e = i) = (Ao)is.

For a given T, assume that one can find 0 < A so that

max sup —(A¢)i < A
1<i<lo<t<T

To construct a switching Lévy process L on [0, 7] based on the Markov chain 7 and Lévy processes L;,
do the following;:

Generate N ~ Poisson(\T).

If N = n, generate independent uniform variates Uy, ..., U,, and order then. Denote the resulting sample
by Un:1,s-- -y Upin, with Uy < Upo--+ < Up.y. That can be done by generating n + 1 independent
exponential variates Fn, ..., E,41 and by setting

i
A O
Unzzzijrll -7, 1=1,...,n.
Zj:l E;
Set t; =T x Uy, i =1,...,n. These values are the possible switching regime times. Further set to = 0

and t,41 =T.
For k=1,...,n,if 7, , =1, then 7, = j with probability P} ;;, where

Prij = (Aey)ij /A, 3 # 0 Prii = 1+ (Mg )ii /A
For k=0,...,n, and t € (t,tr11], set

Lt - Ltk + Lt,Tk - Ltk.ﬁ'k'

In particular, if 0y = tx —tg_1, k=1,...,n+ 1, then

n+1

Ly = Lo+ Z Loy 1
k=1

Law

where L;M-, ceey L;HM- are independent and L;W- = L5 i k=1,....,n+ 1.
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E Auxiliary results

Proposition E.0.5 Suppose A =% +bb" where ¥ is symmetric and invertible. Then A is invertible, and

pp Tyt

Al=yt_2 _— = |
14+56TE-1p

Moreover, 1 —bT A=1b = 5 > 0.

1
146731

Proof: It is easy to check that A (2’1 - w) = I, so A is invertible and its inverse is ¥7! —

[EEAS e
%. Finally, setting ¢ = b X71b, one gets
2
1
1—b A h=1—ct—— = > 0.
14+4¢ 1+4c¢

E.1 Proof of Proposition 2.1.3

The result is obviously true for k =n + 1.

Suppose that it is true for k + 1. For ¢ given, set m; = Q;;vk+1(j)/D, where D = Zi-:l Qijvk+1(j). By
hypothesis, m1,...,m are probabilities and letting X be a random vector with law P; with probability =,
one gets

(@) =D —p"'B '),
where 1 = E(X) and B = E(XX"). Let ¥ be the covariance matrix of X which is non singular since the

covariance of X under P; is assumed non singular. It then follows from Proposition E.0.5 that 1 — uw' By =
L > 0, where ¥ = B — ' is the associated covariance matrix. Since D > 0 by hypothesis, one may

1+pTS T

conclude that (i) > 0. As a by-product we get that v, (i) < 1if y,41(j) < 1 for all j =1,.... Since that is
true for 7,41 = 1, one may conclude that for all k =1,...,n, v (i) < 1. [ |
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