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Abstract

The Capacitated Arc Routing Problem (CARP) consists of determining a set of
least cost capacitated vehicle routes servicing a set of arcs. In this paper the undi-
rected CARP is formulated as a pure binary linear integer problem. Valid inequalities
are generated and the problem is solved by branch-and-cut. All the benchmark in-
stances proposed by DeArmon and Benavent et al. can be solved optimally without
any branching, for the first time ever.

Keywords: Capacitated arc routing problem, integer programming, branch-and-cut.

Résumé

Le probléme non orienté de tournées sur les arcs avec capacités (PTAC) consiste &
déterminer un ensemble de tournées de véhicules de moindre cott desservant un en-
semble d’arcs. Dans cet article, le PTAC est formulé comme un programme linéaire
binaire. On génere des inégalités valides et on résout le probleme par séparation et
coupes. Tous les problémes tests de DeArmon et de Benavent et al. sont résolus a
Poptimalité pour la premiere fois.

Mots clés : probleme de tournées sur les arcs avec capacités, programmation en
nombres entiers, séparation et coupes.
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1 Introduction

The purpose of this article is to present a new formulation and a branch-and-cut algorithm
for the undirected Capacitated Arc Routing Problem (CARP) defined as follows. Let G(V,
E) be an undirected graph, where V' = {0,1,...,n} is the vertex set and F is the edge set.
Vertex 0 represents the depot at which are based m identical vehicles of capacity Q. A
subset R C F of edges are required, i.e., they must be serviced by a vehicle, but any edge
of E can be traversed or deadheaded any number of times. Each edge has a non-negative
cost (or length) c.. In addition, each required edge has a nonnegative weight (or demand)
d.. The CARP is to design a set of least cost vehicle routes such that each route starts
and ends at the depot, each required edge is serviced by exactly one vehicle, and the total
demand serviced by any vehicle does not exceed ). The CARP was introduced by Golden
and Wong (1981). It is NP-hard since it includes as a special case the Rural Postman
Problem (RPP), shown to be NP-hard by Lenstra and Rinnooy Kan (1976). Applications
of the CARP arise in garbage collection, snow removal, street sweeping and gritting, mail
delivery, meter reading, school bus routing, etc.

While the CARP is a central problem in arc routing and has been known for a long
time, it is still almost exclusively tackled by means of heuristics. As far as we are aware,
the only available exact method for the CARP is a parallel branch-and-bound algorithm
proposed by Hirabayashi et al. (1992a) and Kiuchi et al. (1995) in which a lower bound is
computed at each node through a node duplication lower bounding procedure (Hirabayashi
et al., 1992b). This enumerative algorithm was capable of instances ranging from 15 edges,
with an average of 35.2 nodes in the search tree, to 50 edges, with an average of 124.5
nodes. Transformations of the CARP into an equivalent vertex routing problem (namely
the Capacitated Vehicle Routing Problem, CVRP) have been proposed by Pearn, Assad
and Golden (1987), Longo, Poggi de Aragao and Uchoa (2006), and Baldacci and Maniezzo
(2006). The first two procedures require three CVRP vertices for each required arc of the
CARP, while the third method needs only two CVRP vertices. By using a state-of-the-art
CVRP algorithm, Baldacci and Maniezzo (2006) were able to improve the lower bounds
obtained for a number of classical test problems, and could solve some instances involving
up to 98 required edges. Various lower bounds have been developed by Benavent et al.
(1992), Amberg and Vo8 (2002), Wghlk (2003), and Belenguer and Benavent (1998, 2003).
In addition, Welz (1994) has proposed valid inequalities and separation procedures for the
directed version of the CARP. In recent years, the advent of metaheuristics has given rise to
a new generation of powerful algorithms. These include those of Hertz, Laporte and Mittaz
(2000), Hertz and Mittaz (2001), Beullens et al. (2003), Lacomme, Prins and Ramdane-
Cherif (2004), Doerner et al. (2004), and Brandao and Eglese (2006). The best methods
are based on tabu search, variable neighbourhood search, and memetic search. We refer
the reader to Eiselt, Gendreau and Laporte (1995), to Assad and Golden (1995), and to
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the book of Dror (2000), for a detailed description of early lower bounds and heuristics.
Polyhedral studies of the CARP and other arc routing problems are reviewed in Eglese
and Letchford (2000) and in Benavent Corberdan and Sanchis (2000).

In this paper we formulate the undirected CARP as a pure binary linear integer pro-
gram, and we introduce four families of new valid inequalities, which are embedded within
a branch-and-cut algorithm. The remainder of this article is organized as follow. In Sec-
tion 2, we present the new formulation and the valid inequalities. We then describe the
branch-and-cut algorithm in Section 3, and computational results in Section 4. Conclusions
follow in Section 5.

2 Formulation

Our linear formulation is inspired from a non-linear model described by Belenguer and
Benavent (1998). Let x* be a binary decision variable equal to 1 if and only if vehicle k
services the required edge e € R, and let 3* be an integer variable equal to the number of
times vehicle k£ deadheads edge e € E. Given a subset of vertices S C V\{0}, let E(S) be
the subset of edges with both endpoints in S, Er(S) = E(S) N R the subset of required
edges with both endpoints in S,0(S) = {(i,7) : i € S,j ¢ Sori ¢ S,j € S} the cutset
associated with S, and 0r(S) = (S) N R the cutset of required edges associated with S.
In addition, for any subset of edges £’ C F and for every subset of required edges R’ C R,
let 2"(R') = > ,cp 2¥ and y*(E') = Y. y¥ for a given vehicle k. The Belenguer and
Benavent (1998) formulation is as follows:

Minimize f: Z ce:E’; + f: Z Ceyf (1)
k=lecE k=lecR

subject to

eER
2" (0r(9)) + y*(8(5)) > 2%
2" (0r(S)) +y"(6(S)) =0 mod (2)
a¥ € {0,1}
yf > 0 and integer

S CV\{0},f € Eg(9),k=1,...,m)
SCV\{0},k=1,...,m)
eceRk=1,...,m)

ec E\k=1,...,m),

o~ o~ o~ o~

where the objective function (1) is the total traversal cost, constraints (2) state that ev-
ery required edge must be serviced, constraints (3) impose the vehicle capacity is never
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exceeded and constraints (4) ensure that the solution is connected. Finally, parity con-
straints (5) stipulate that each route induces an Eulerian subgraph. Unfortunately, these
constraints are non-linear. Belenguer and Benavent (1998) propose a relazation of their
formulation in which constraints (5) are substituted with the following valid inequalities:

2" (Sr(S)\H) +y*(8(8)) = «"(H) — |H|+1 (S CV,H Cor(S),[H| odd ).  (8)

2.1 CARP reformulation

We introduce a linear formulation for the undirected CARP in terms of the z¥ and y*
variables. Our model exploits the fact that in a CARP optimal solution each vehicle route
can be seen as an optimal RPP route spanning the required edges of the route. Hence the
RPP dominance relations described in Christofides et al. (1981) can be reformulated as:

yh <2 (e€ E\R,k=1,...,m), 9)

yh k<2 (e€ R k=1,...,m). (10)

Indeed, on the basis of the results reported in Ghiani and Laporte (2000), only a small
number of the inequalities (9)—(10) are satisfied as equalities in an optimal CARP solution.

These dominance relations allow us to replace each integer valued y* variables with a pair
of binary variables y;k and ygk, such that:

gk =gk gyl (eeEk=1,...,m), (11)
yF e {0,1} (ec B k=1,...,m), (12)
y. e {0,1} (e€ B k=1,...,m). (13)

Using these variables, we can now express the parity constraints (5) as cocircuit inequal-
ities (Barahona and Grotschel, 1986; Ghiani and Laporte, 2000):

DRSS S e S S A N e N A S S A VA B VA VB

e€dr(S)\F e€d(S)\F’ ecd(S)\F" ecF ecF’ ecF"
(S CV,F C 6n(S), F' C 6(S), F" C 8(S), |F| +|F| + |F"| odd, k= 1,...,m). (14)

Constraints (14) state that if an odd subset F U F' U F” of serviced and deadheaded
edges are incident to a set of vertices S, then at least another edge of the cutset has to be
serviced or traversed.

2.2 Equivalent solutions

The new CARP formulation (1)—(6), (11)—(14) yields a large number of equivalent solu-
tions. First, since all vehicles have the same capacity, for any given solution m! equivalent
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solutions can be obtained through a permutation of the vehicle indices. We introduce
additional constraints to remove this redundancy. Let o be a permutation of the set Ir
of the indices corresponding to the required edges e € R, and let o(i) = j € Ig. Define
i(k) = min{i € N : 2F . = 1} as the smallest index of the required edges serviced by
vehicle k. To impose the condition

i1) < ... <i(m), (15)

:Eéa(l) =1 (16)
k k-1 .
€o(i) — Z a(4)’ (k - 37 , 1,7 > 2)7 (17)
]_17" 77/_1
$§U(i):07 i:]‘?“"m_17 (k:Z‘i'l,,m) (18)

Constraints (16) state that vehicle with index 1 must serve edge e,(;). Constraints (17)
stipulate that if a required edge e, ;) is serviced by vehicle k (k = 3,...,m) then at least
one edge €,(;), j = 1,...,7—1, must be serviced by the vehicle with the index immediately
preceding k. Finally, constraints (18) state that edges e,(;) (i = 1,...,m — 1), cannot be
serviced by vehicles with indices larger than k =i+ 1,...,m.

To illustrate, let m = 3, I = {3,5,10,21,7,35,46}, {o(1) = 46,0(2) = 10,0(3) =
3,0(4) = 7,0(5) = 5,0(6) = 21,0(7) = 35} and consider the three routes (6(17(2), 6(17(7),
6(17(1)), (efr(?)),efr 6)) and (e 3(5) o )) Then i(1) = min{2,7,1} =1, i(2) = min{3, 6} =3
and i(3) = minf5,4} = 4. Therefore i(1) <i(2) <i(3) and inequalities (16)—(18) become:

T = 1;

al < a;§46;

$§3 — 646 + xem’

x27 — 646 + xelo + ‘ng;

':L'LZO - 546 + xel() + :E + x€77

xif < 646—|—x610+:17 —I—x —I—xes,
xg&) 646 + xem + a: s T x .t x s T %21

Moreover, xlga(i) =0fori=1,2 and k = 2,3.

2.3 Surrogate valid inequalities

Our branch-and-cut algorithm uses two classes of constraints, introduced by Belenguer and

m
Benavent (1998), which impose conditions on the aggregated variables z, = 3 (v.F +y.%),
k=1
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e € E. Given aset S € V\{0}, define D(S) = 3_.c g, (s)usp(s) de, and observe that at least
[D(S)/Q] vehicles are required to service the demand D(S), and any vehicle that services
some edge in the set Er(S) UJdr(S) will have to cross §(S) at least twice. Therefore, any
feasible solution contains at least 2[D(S)/Q] — |0r(S)| deadheading edges in the cutset
0(S). This condition is expressed by the following surrogate capacity constraints:

Z > (wE+uk) >2[D(9)/Q1 —16r(S)] (S S V\{0}). (19)

k=1 e€d(9)

We now introduce new valid inequalities based on a basic property of Eulerian graphs,
namely that such graphs must be even, i.e., all their vertices must have an even degree.
The graph associated with any feasible solution for the undirected CARP must be an even
and therefore, any edge cutset must contain an even number of edges. In particular, if any
edge cutset has an odd number of required edges, then at least one edge in the cutset must
be deadheaded. This condition is expressed by the following odd edge cutset constraints:

Z Z W+ =1 (S CV,|0r(S)| odd). (20)

k=1 e€d(S

3 Branch-and-cut algorithm

In this section we describe a branch-and-cut algorithm based on the CARP formulation
defined by (1)—(6), and (11)—(19).

Step 1 (First node of the search tree)

Let Z be an upper bound on the optimal solution value z*. Define a first subproblem
as a linear program containing the objective function (1), constraints (2) and (3), the
fixing constraints (16)—(18) generated for the permutation o, with o(i) < o(j) for each
1 < 7, a connectivity constraint for each single component, a cocircuit constraint with
FUF' UF"” =0 for each R-odd vertex. Insert this subproblem in a list.

Step 2 (Termination test)
If the list is empty, stop. Otherwise select a subproblem from the list according to the
smallest lower bound strategy.

Step 3 (Subproblem solution)

Solve the subproblem and let z be the solution value. If z > Z, remove the current
subproblem from the list and go to Step 2. If the solution is feasible for the CARP and
z < Z, set Z: = z, remove the current subproblem from the list, and go to Step 2. Otherwise,
go to Step 4.
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Step 4 (Cut generation)
Identify as many violated inequalities as possible. If no inequality is generated, go to Step
5, otherwise add the violated inequalities to the current subproblem, and go to Step 3.

Step 5 (Branching)
Branch on the fractional variable 2%, 3.¥ or y,* nearest to 0.5 and generate the correspond-
ing subproblems. Insert the subproblems in the list and go to Step 2.

In Step 1, we use the TSA upper bound of Brandao and Eglese (2006), which empirically
outperforms all upper bounds obtained by means of recent heuristics.

For Step 4 we have developed the following separation procedures. Let (Z,7,7”) be
the current solution of the subproblem selected in Step 3, with z € ®R™ %Al 77 e R™El and
7" € RMEI the separation problems for the constraints (4), (14), (19), and (20) solved as
follows.

Connectivity inequalities (4). While the separation problem is solvable in O(|V|?) time,
we use a modification of the heuristic proposed by Fischetti, Salazar and Toth (1997). For
each vehicle k, we construct a maximum spanning tree on an auxiliary graph G* where each
connected component C}'f of R* is represented by a vertex h/*, and edges e/* = (h' k tk ) have
a cost equal to the sum of variables z¥, y;k and ygk corresponding to edges ¥ = (i¥, j*)
such that i* € V}f and j* € VF. At any stage of the construction of this tree, let S* be
the set of connected components of R¥ corresponding to vertices of the partial tree. If S*
yields a violated connectivity constraint, this constraint is generated. Once the spanning
tree is complete, another check for violated connectivity constraints is made by removing
in turn each edge of the tree.

Cocircuit inequalities (14). This separation problem can be solved in a polynomial time
by using the heuristic procedure proposed by Ghiani and Laporte (2000) for the undirected
RPP. The slack of (14) can be expressed as:

Sooak+ Y wk+ Y wkY a-dH+ > a-eh+ > a-gh

e€or(S)\F e€d(S)\F’ ecS§(S)\F” ecF ecF’ ecF"

To minimize this quantity, include in F every edge e such that :Z"k > 0.5, in F’ every edge
e such that 7. > 0.5 and in F” every edge e such that §.* > 0.5. If |F| + |F'| + |F"| is
odd and the associated slack is negative, then constraint (14) is violated by the current
solution. Otherwise, no constraint (14) is violated.

Surrogate capacity inequalities (19). This separation problem can be solved in polyno-
m

mial time whenever . 3 (y.F+y.%) > 2D(S)/Q — [0r(S)|, by applying a modification
k=1 e€d(S)
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of the procedure proposed by Belenguer and Benavent (2003). We solve a maximum flow-
minimum cut problem on an auxiliary graph G constructed from G by adding a dummy
vertex n + 1, connected to every vertex i € V. The capacity u. of every edge e of G is
defined as follows:

=% (B +a%) HE\R

k=1
Ue =4 5 +1—do/Q iteecR
>, df/Q ife=(i,7),i€{1,...,n}and j =n+1.
fesr({vi})

Using a reasoning similar to that of Belenguer and Benavent (2003), we observe that a
minimum cut separating the depot and vertex m + 1 corresponds to a cut edgeset which
induces a partition of V.U {n + 1} into {V,V U {n +1}\V} such that 0 € V and n+ 1 €
VU {n+ 1}\V. Also, given a set S C V\{0}, the capacity of the cutset 6(S U {n + 1}),
minus the constant 2 _pd./Q, is equal to the slack of constraint (19). It follows that
if the maximum flow from 1 to n +1 minus 2} . d./Q is negative, then constraint (19)
corresponding to a minimum cutset §(S*) is violated by the current solution. Otherwise,
no constraint (19) is violated.

Odd edge cutset inequalities (20). We have applied the O(|V|*) exact procedure of
Padberg and Rao (1982). Given surrogate variables z. = >, /(7. + 7.%), let G(Z) be
the graph induced by edges e € E such that z. > 0. We define Z. as the capacity of edge
e € F, and label as odd the vertices incident with an odd number of required edges of G.
An odd cutset is defined as an edge cutset §(S) such that S contains an odd number of
odd vertices. Using the algorithm of Padberg and Rao (1982) we determine the minimum
capacity odd cut in G(z). If the capacity of this cut is less than 1 then constraint (20) is
violated by the current solution. Otherwise, no constraint (20) is violated.

4 Computational results

The algorithm was coded in C using the Microsoft Visual Studio C++ Environment and
the CPLEX library. It was executed on a PC with a Pentium IV processor clocked at
2 GHz. We used CPLEX 9.0 to solve the linear programs. The algorithm was tested on
two sets of the CARP benchmark instances introduced by DeArmon (1981) and Benavent
et al. (1992). Computational results are provided in Tables 1 and 2. The column headings
are defined as follows:
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V| :  number of vertices of the graphs;

|E| : number of edges (all required);

z : initial upper bound;

z : lower bound at the root of the search tree;

CONNECT :  number of generalized connectivity inequalities;

COCIRCUIT : number of cocircuit inequalities;

AGGRCAP :  number of aggregate capacity inequalities;

ODDEDGE :  number of odd edge cutset inequalities;

z* : optimal solution value;

z/z* :  lower bound at the root node of the search tree, divided by
the optimal solution value;

Nodes :  number of nodes in the search tree;

Seconds : CPU time in seconds.

Our computation times do not include one time required to compute the upper bound
Z. According to Brandao and Eglese (2006), this time is on average 2.5 seconds for the
DeArmon instances, and 20.2 seconds for the Benavent et al. (1992) instances, on a
Pentium Mobile (1.4 GHz).

Our results indicate that the proposed algorithm can solve, for the first time and with-
out any branching, all the DeArmon (1981) and Benavent (1992) CARP instances. The
lower bound z generated at the root node of the search tree is always equal to the op-
timum z*. It is also never less than the best of the available lower bounds: CPA (Be-
lenguer and Benavent, 1998), LB2 (Benavent et al., 1992), NDLB (Kinchi et al., 1992),
and DWMLB (Longo et al., 2006). The best of these bounds is often equal to Z so that
there is then no need to execute our algorithm. However, we decided not to use these
bounds in order to test and illustrate the strength of our lower bounding procedure. It can
be seen that all four types of valid inequalities played a role in the solution process, but
the connectivity and cocircuit inequalities were the most useful. The instances for which
optimal solution were identified for the first time are boldmarked. Solutions are available
at: www.deis.unical.it/deisl.0/portale/home/musmanno.

5 Conclusions

The undirected CARP is a hard combinatorial optimization problem with several applica-
tions in the field of distribution management. We have described a new linear formulation
that provides a full description of the CARP in terms of binary variables. A fully auto-
mated branch-and-cut algorithm was then developed and implemented. This algorithm is
capable of solving to optimality all instances of two benchmark sets, for the first time ever
and without any branching.
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Table 2: Computational results for the Benavent et al. (1992) instances

Instances |V| |E| Z 2 CONNECT COCIRCUIT AGGRCAP ODDEDGE 2* 2z/z* Nodes Seconds
1.A 24 39 173 173 66 99 0 27 173 1.000 1 2.67
1.B 24 39 173 173 142 265 1 23 173  1.000 1 12.06
1.C 24 39 245 245 497 469 0 21 245 1.000 1 55.95
2.A 24 34 227 227 62 46 3 15 227 1.000 1 1.75
2.B 24 34 259 259 99 202 3 21 259 1.000 1 8.34
2.C 24 34 457 457 540 684 4 16 457 1.000 1 140.81
3.A 24 35 81 81 93 98 2 26 81 1.000 1 3.20
3.B 24 35 87 87 153 269 4 24 87 1.000 1 17.05
3.C 24 35 138 138 388 294 3 13 138 1.000 1 78.1
4.A 41 69 400 400 380 544 4 29 400 1.000 1 82.22
4.B 41 69 412 412 432 708 3 25 412 1.000 1 166.25
4.C 41 69 428 428 56 553 2 19 428 1.000 1 138.89
4.D 41 69 530 530 1396 975 1 4 530 1.000 1 402.83
5.A 34 65 423 423 249 588 3 31 423 1.000 1 58.20
5.B 34 65 446 446 381 723 2 26 446 1.000 1 135.53
5.C 34 65 474 474 485 730 2 23 474 1.000 1 202.40
5.D 34 65 577 577 1208 1278 0 32 577 1.000 1 756.31
6.A 31 50 223 223 195 250 2 31 223 1.000 1 29.25
6.B 31 50 233 233 316 408 3 22 233 1.000 1 32.30
6.C 31 50 317 317 467 145 0 3 317 1.000 1 222.94
7.A 40 66 279 279 341 415 0 25 279 1.000 1 51.61
7.B 40 66 283 283 433 431 2 16 283 1.000 1 79.14
7.C 40 66 334 334 2157 1513 5 53 334 1.000 1 4169.44
8.A 30 63 386 386 209 507 1 386 1.000 1 45.45
8.B 30 63 395 395 303 595 3 395 1.000 1 86.02
8.C 30 63 521 521 529 440 0 2 521 1.000 1 556.01
9.A 50 92 323 323 509 817 1 51 323 1.000 1 190.06
9.B 50 92 326 326 580 698 1 28 326 1.000 1 229.26
9.C 50 92 332 332 724 940 0 10 332 1.000 1 597.42
9.D 50 92 391 391 2583 5007 19 13 391 1.000 1 495.64
10.A 50 97 428 428 157 233 2 18 428 1.000 1 648.92
10.B 50 97 436 436 482 543 5 11 436 1.000 1 776.83
10.C 50 97 446 446 876 769 3 35 446 1.000 1 1025.58

10.D 50 97 526 526 2148 1099 2 33 526 1.000 1 4865.07
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